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Potent divisors of the characteristic matrix of à 
minimum simple square ante-slope. * 


Ф Bx Е 
4 ` NnarPENDRANeTH GHOSH 


г 


[Read February 2904, 1920] 


The most general simple square ante-slopes of oder im are of two 
types, the square matrix (Y) representing the first type and the square 
matrix (2) representing the second type. ` 


T- — F NS = 
а 
Н 


| 411 “із rs ... Gin Sum =- 0 FO, OF 


O 4:2; Qos - Qam, аө, 
(1) | о о ада = 23m |, (2) Ваза = да о. 0) 


баш s баз ба; O 


.. ” 
4 


о о о ..а,ш yw es 012-044 


Since either ofthe two types can be converted into the other by а 
symmetric derangement, it will be sufficient for our purpose to consider 
-simple square ante-slopes of the first type. When minimum such а 
slope contains not more than one non-zero element in each horizontal 
row and not more than oue non-zero element in each vertical row. 


Let A=([a]" be a minimum simple square ante-slope of the first 
type. We shall find the: potent divisors of its characteristic matrix 
or simply the characteristic potent divisors of A. ы 


It will be proved that А can always be converted by a symmetric 
derangement into a compartite matrix in standard form. The successive 
parts of the compartite matrix can be found by grdéuping the diagonal 
elements of A in the way which will now be described. 


First, put aside every non-zero element of the parametric diagonal. 
Let there be « such elements forming the group 
* Ch ы "heh, t "RU, 
• where • Eh he] . wwe (h) 
. is а corranged minor of [1 2...44]. | 


"* Commauuicated by Prof. С. E. Cullis, M,A., Ph.D, 


<> 
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Next, put aside every zero-element of the*parametrie diagonal, which 

18 such that neither the horizontal row nor the vertical row through it 

contains a non-zero .element. “Het there. be т suci? elemients forming 
the group ': т " | 

ә ey, 3 ау, өсе 4, . e (K) 

where . (Гр, ] ы we (k) 


| . PRE e 
ів а corranged minor of (1 2...m], 


Now consider the remaining zero elements of the parametric diagonal 
each of which is such that either the horizontal row or the vertical row 
through it contains a non-zero element. Let the first of these elements 
be a |. Then there is a non-zero elemeñt in the p,tk horizontal 


PPr 


row of А. Let this ‘be a, p, Where Pe>py. Draw straight lines 
we ! - 


joining the zero element a , . to a 
PiPr PsP. 


element a`  .' lf there is àny non-zero clement in the p,th horizontal 
s 2172 > 


and а tp the zero 
' PiPs 


row of A, let this: be d uno where p,>p,. Draw straight lines joining 
2 ais 


the zero element a о and a to the zero element a 


to a ; 
Рарз PoP: PPs > PaPa 
If there is any non-zero element in the p,th horizontal row of A proceed 
as before, otherwise stop. When this process has been continued as 
long ås possible, let the zero elements of the parametric diagonal which 
have been used be # in number forming the group 


а „а 3G A ree (P) 
Pipi Борг PPa 
where | | | [рара: -Р. ] e qne 


isa corranged minor of [2...0] having no element in common with 
either of the sequence (h) and (ғ). 


If there are any remaining elements of the parametric diagonal not 
included іп the gyoaps (Н), (К). (P), let the first of these be the zero 


element a, a Then there is а non-zero element in the q,th horizontal 
111 7 


row of A.. Let this be a d when g,2q4,. ^ Draw straight lines 
11% 5 
joining the zero elementa оа _ Sand a io the zero element 
SF сакав па qne s "pg. 0 К 
If there is апу non-zeró element 1n the g,th horizontal row of 


"дада - 4 4 
‘A, let'this be LE where д, > да. Draw straight lines joining ће 
t 218 


zero element аад to CER and 0400 thé zero element ав" Tf 


there is any non-zero element in tbe g,th horizontal row of A proceed 
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hs before, otherwise stop. When this process has been continued as 
long as possible, let the zero elements of the parametric diagonal which 
have been used.be.j.in.number.forming the group 

“. S 
КА "q.d. D En наде = 09) 
where o7 (ае 4У1-- і eq 
is а corranged-minor of 41 2-..m] having no element in common with 
неу ene of the sequences (2), (В), (p). 


In this way we can divide the elements of the parametric diagonal 
into the groups (А), (А); and a certain number of groups (P), (Q), (R),... 
all formed in succession in the same way as the group (Р). 


Then the symmetrig minors 


~ -- — — -- 


i - + 
ћ, Ings Dey Е, kk. ру Deep 
Н, = | а | „К,= | а ‚ DP = | а , 
• hy hg. h, | k, ka. A, Di PawDP, 


— ME E. Шы 


are mutually. complementary corianged parts of A. Thus A cun be 
converted by а symmetric derangement into а compartite-matrix in 
Standard form whose successive parts are 


Но P,, Qo, R,...K,. 


In the same way the characteristic matrix Ace) of А can he 
eonverted into a compatite matrix in standard form whose successive 
parts ave the characteristic matrices H,(+). P,(x), Q,.(:)..K,(4) of 
H,, Pa, Qo. K, respectively; and the potent divisors of A(.c) are the 
potent divisors of these successive parts. Thus A (#) has 

u potent divisors а-а» а-а ћу ema, of H, (о). 


v potent divisors each- being ж...” ` of K, (+), 

the single potent divisor a‘ =. —— of P, (x), 

the-single potent divisor a^ а. pot 7.2 90, (е). 
&nd so on. | 


Consider, for example, the minimum simple square ante-slope of tho 
E 2 e a е . . ` 
first type [e] (shown in Fig. 1) in which the non-zero elements are 
19 0%. 7 r а” NM 


4 баз: 837) 0545 453» 460» 61,11: 45,1%: 


im this case the group H is formed by the non-zero parametric elements 


s 
баба Сове } 
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the group К consists of the zero elemeuts 


M 
0115; Оро Созду 5 


the group P consists of the zero elements • 


қ 053: баз. 075, 011,11 j 


- а - 
and the group Q consists of the zero elements - 


: • 
ess быз; Fayre j -© 
. 
so that the symmetric minors are - * 
V оа, 0 .0 " 
1 9 10 
а о 00 а о 
Н,= D , Кош а , s=] oio n ü , 
|| 66 А А 10 | 7511 
d ND. ES EE o 0 о о 
ILL — 
- = : 
2 i • 
РО Фу» 0 
— $ 
Q= o 0 45,13 | 
о о о : 


Е 


Fig. 2 shows the symmetric derangement of Fig, l. It is а 
compartite matrix, the 4 successive parts being shown by dottod lines. 


The ‘characteristic potent divisors of the first part H,, are 2 in 


number. = : UN 
Же Lys 07-06635 ideis 


the single characteristic potent divisor of the second part P, is ^ 


ы; 


the single characteristic potent divisor of the third part 0, is 


аз; | 


the characteristic poteyt divisors of the last part, the zero matrix K,, 
are three in number, each being + { 


"S zaa 
ИНК ЖАГА de Е . РО E 
Thus the characteristic potent divisors of [a] аге 

du оте 12 


5 2--4,,, а--а,., 4%, 53, 2, 2,0, = À • 


~ ~ ~ - > 


re - ---7. 
I ` T p 


Liquid motion inside certain rotating 
curvilinear rectangles 


Bx 


-NRIPENDRANATH SEN 


. [Read July 871), 1919 aud February 29th, 1920] 


1. In two important memoirs Ferrers? and Filon? have discussed 
tha problems of the liquid motion in rotating vessels and the analogous 
torsione problem for boundaries determined by confocal ellipses and 
hyperbolas. 1n the present paper I have shown that itis possible to 
obrain ` а solution of this problem in its most general aspect and that 
th» different cases discussed by these two writers are deducible as 
particular cases of the general problem here studied. Ву making use 
of the conjugate transformation 

cosh 


_tty=C (étin), - 


sinh 


т 


a solution is obtained for the liquid motion ina vessel bounded by 
ё—а,, a,; п=6,. Ba. 16 is then shown that by giving particular 
velues to a,, а,, Bi, f, solutions can be obtained for a number of 
interesting forms of boundaries including those studied by-Werrers and 
Filon. 

T am thankful to Dr D. N. Mallik and Dr. S. K. Banerjee for their 
interest in the preparation of the paper. 


2. For convenience, ‘the liquid is supposed eto be contained in a 
cylinder of unit length and confined between two smooth parallel planes 
at right angles to the axis of the cylinder. The cylinder is also 
stpposed to be rotating about the centre of the confocal system. The 
corresponding’ result for #tation about any other point can be written 
dowh very easily (see Quart. Jour.. Vol. 17, p. 284, 1881). | 


e. • 
* NM. Ferrers, “ Rotating arcs of confocal ellipse and hyperbola,” Quart. Jour, 


Vol. 17, (227-44), 1881. 
? L. N. G. Filon, “ On the resistance to torsion of certain forms of shafting with 
special reference to the effect of key ways." Phil. Trans. 193A. 309-52, 1900 
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Let us consider the case of the liquid motion inside the rotating 
rectangle formed by two ellipses a,, а, and two hyperbolas Bi, Ba ; and. 


let w be the angular velocity of rotation. • 
- | Case I. 
9. Let (4-4yzO cosh (£+). > 
4 e 
‘Then, y= z [cosh $£4 сов 27]. "ES 
On the bonndaries 
(1) =a, В,<ч<В,, 
(2) é=a,, В,<7<6,.* 
(3) 9g, a, <ё<а„, 
(4) я-В,, а <ё<а,. | • 
8 s e ç 5 E 
Asume y= te cosh 2(é—y) сов 27 4 cosh 2é cos 2(y—8) 
4 cosh 2е, сов 2e, 
M=oo ( 
+ > i Р. sinh СЕ (ey 
т--0 “ез 
+Q sinh CAEDE (а) | du CA TUE ma 
2e, 2e, 
m= оо 
КЕ” sion Фен а) 
т=0 ( 


oH Seah nU" (pp) |. „(За d (ё »] (2) 


where, де, =a, —04; 2e, —B,—p,, 
• *2y=a,+0,, 26=8,+8,. e (3) 
То find Р,, Qu Ка; Зи 


Putting £=a, in (1) and (2) and equating, we have, 





9 
cosh 2а, 4- cos 25 —cos w+ = == со» 2(7—Ô) ы 
% 


+ 5 Qu sinh аша): ( —2e, ) cos о "M 
2 . 


where 8, <7<,. 
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cosh 2a, f -1+ EE 


or, 


cos 2e, 
EQ, sinh RED re uu Om Dri (q), 
| е 2e, 
727 where 8<ч<8.. - 


| 2 ; 
Muliplying both sides by cos Cartier (y—8)dy and integrating 
е; 


` betweer the limits В, and B,, we have, 


(2m + 1) те, n 
е; - 


5 Qa sinh 


Әт--1 1 
ESL 2 cosh 2а [ = — res 
'L т 1) Ма fm 
(—)"64 e," cosh 2a, | 

= Cm, 7" 6 

т (2m+1){ (2m+1)272—16 e,?]sinh ———————3 

7а 
Putting =a, and proceeding exactly as above, we have,- 
(—)7*? 64 e? cosh да, 


P,= eon (5 
т (2m4- V) ((2m4- 1)*0? —16 є, } sinh gom ED s, | 





Ea 


Similarly, putting y=, in (1) mg d equaling, жанады both 


sides by cos PUT @— б 46 ала integrating between the limits а, 


and a,, we base | 22; 
"а бАе, %оз 2, M 
(— ) В, | (6) 


== т Cre Dent ts +16 e,°} sinh(2m+1) E AL 


Similar*y, putting 7=8, and proceeding exactly 28 above, we have, 
Eom РИЗИК He И p 


= ~ ` " есіл ~ 


Thus from (2), (3), (4), (5), (6) and (7), y is completly: ‘determined. 
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Observing that $-F oj —f(£-F79), we can easily deduce the expression 
for, from that for y. 


Thus, 


de _ ec? E 2 (É—y) sin 27 4 EM 22 sin 2(9—8) 
4 cosh 2e, cos 2e, 


+ = { Р» cosh Smet) ds 24. cosh EREDE qa) } 
m= 


x sin CAED e oai 
2e 


p f Ra cosh CEU т, д) +, cosh CT о, | 
m= 1 1 


x sin AT En | =. (8) 
~ ба 
mm --- Е • 
The-expression for the Kinetic Energy Т is easily seen to be 
= = 5 tan 2e, (sinh 4a, —sinh 4a, ) 


— 1 tarh 2e, (sin 4B;—sin 48,) ` 





T: 26, ја tanh де zu eia LM да ) cos 28 ) ^ 
. cos 2e, 





—2‹, ја tan 2e, + (sin 28; —sin 28.) osh 2t | 
1 


dcs кемен саткан M (sinh 4 inh 4a, 
-- >, [xs OFS TP { (біп E а,) 
E m= 


—2 (cosh re + cosh 4а, +2) coth 6--8 cosh 2a, cosh h 2, cosech » 
.” a 
209 m 1. 


7E, бирси PO ado = 


—2(cos 48, +cos 48, +9) coth 6 4-8. £08 28, «os 28, | cosech 63 


-& (cosh 2, “bcos, 224)- (із: 28; сов 28.)- 


e* Pt no) ends E * е 


mE: tanh 3 | danh 2 
P х =, a (M3—4)* + (N* +4)? k Door PEN, (9) 
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where, М=("+Эт, уң (@т+1)+т.. 
3 " > ЕСІНЕ H 
б= (2т+1) те, :0- (2m 4-1) те, Ts .. 0) 
еҙ €i 2 
EE 


"The follasving particular cases are interesting -- 

(1) Liquid motion inside а rotating rectangle formed by two 
ellipses «,, a, and the hyperbola p. 

The expressions for $ and y for this case can be easily deduced by 
putting —8,=6,=—06 (say)eand noting that 2c, — 8, — 8, =28 and 28 
=~, +8, =0. 

. (2) Liquid’ motion inside .a fotating rectangle formed by two 
РРА B. B, and the ellipse a. 





The seals for this case can be obtained by writing a, =—a,=—a 
and noting that eot 
— (у, - 
e 3 à 1 =a, y= pe T =0 


(3) Liquid motion inside the figure formed by one ellipse « and 
one branch of а hyperbola 8. 
For zhis case put а,----а,----а, В,=—8,=—8, «=a, «,=8, 
у=0, б=0. This case has been studied by Filon and Ferrers. . The: 
expressions obtainted by the above substitutions are easily seen to be 
identical with those obtained by ihe labter. 


(4) Liquid motion inside the curvilinear rectangle formed by two 
concentric circles (а,, а,) and fwo bounding radii (B, — 8)” 


This can be very easily deduced by diminishing c and.i increasing, 
24; а,, and ie а: such that 
.. 


с cosh a, =c sinh а, =a, ; с cosh PER sinh é=r 2. 


„2 
с cosh a, =¢ sinh Ф =a, j> £—y-—1log VM 
2 ab 
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Then after a little simplification we have, * 





. e 
_ € Fri сов 27 { sna, (2m+2) т r 
fe 5 Е cos OB + Буг а,% sinh es log — 


^ 


-а,% sinh T „log == 


da os Gurt а 





__о Г sin 27 (2m +1) т т 
ок Geet oh ВЕ 


—a,? cosh 


= 


= E log ^.) sin (2m+1) z т] » 5 (2) 


ут 2 
М= c) СВ 





т( +1) log а, ` (3 
т(Әт--1) [((2m--1)*«* —168*) sinh __ = ау С” 





The above results аге simpler than those of Sir A. George Greenhill,’ 


into which they can, however, be transformed after a little reduction. 


(5) Liquid motion in a rotating elliptic quadrant. 


This can be deduced very easily as follows. Let a, 0, B=0, а, =a. 
В.- H . Evidently, the survilinear rectangle takes the shape of an 


a? 
elliptic quadrant. But the expression for ф and wy and Т take the 
undetermined forms 
| со — со 
. 


which, however, can be evaluated by putting • 


В,=5 +6 where 14. %--0. Ы К 


. 


à Sir A. G Greenhill—Wess. Math., Vol. TX, р 35, 1880 
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The expressions for ф and y thus found out are as follows : 
фи 90 [- {(#— ео) cos 2£ cos 27— ( = 3) sinh 2£ sin 2g 


À sinh 2£ cos %ж-% tanh o cosh 2ё siu 27) 


4 
ы е 
m-oo 
+ SM (eos 2(2m+1) (£—a)—cosh 2a cosh 2 (2m 4-1) 2) 
m=l | 
х cos 2 (2m+1)y 
= оо 
+ EN cosh (2m 1) ("~ i) cos (2m+1) тё | we (1) 
m=0 z 4 * | 


2 


| 4 6 5 
У [ rb Í(£—2) sinh 2£ sin 254- (» - 3) cosh 2£ cos 29 


- sin 29 cosh 2647 tanh a sinh 2£ cos 2y} 


т, == ос T 
+ SM {sinh 2 Bid Deoa) seek да sinh 2 (2m+1)€} 
т=1 
х sin 2 '2тљ+1 y 
Es sinh к ы (- i) сга Gntls SE … (9) 
m=0 ` 
where M= Bee  — (3) 
am (2m--1) (m--1) sinh 2.2m+4+1)a ` 
Ка me — (4) 


„(90 +1)( (2 +1) 2x --4a* | sinh Gne = 


• Case IL 


• Now let” а =ее cosh ¿sin y, y==c sinh £ cos 9j. 


We have then yo = (cosh 2—cos 2), we (1) 


14. "> A 7  NRIPENDRANA H SiN "7 
aud on the boundaries · (1). ё=а;; Bn» 
~ (8) Ф-о, В,стев,.. * 
- (3) | п=В,, а ёа, | 


hao (4) т=86,, a, <é<a,.” 


haies y= e [= 22 cos 2 (y—8) _ cosh 2(£—y) cos 29 - 
4 cos 2e, cosh 2e, 
m= 00 
S f P, sinh Entr (Еа) 
ғ т=0 


+Q,, sinh mm (-а,) } x cos UE (1-65) 
з Ea 


m= оо 
+ = {Be sinh our GBI 
m= 


+8, sin: @т + (4-8) uem @—0],.. © 
1 ae Є; 
where 2e,=a,—a,, Зу=а, +а,, … (8) 


2e, —,—p,, 2686, +8,. 


Proceeding exactly as in Case I, we have, 


= т 70 yet баран $a. 7 7 70 
z(2m--1) (Bm 1) т —16«,*]sinn CRED те, | 











Ey 
Pa ) Е 
ды Eus cosh 2a,, 
У (—)^*:64e, ?cos 20, 
т(#т+1){@т++1)*=* +166 *} кіт ml) ve," • 
А КЕС А ec. 2 
в. | 
=— 9 T 
Ба сов 28, cos а. қ (4) 


ES 


Thus, y is completely determined from (25, (3) and (4). 
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* Since $ ij —f(E-4- 29), ¢ can be deduced from (2) very easily. 


T 


ооз ['sinh 2 sin 90-87 _ sinh 2(£—y) sin 2» 
Ts ; ? • 4 [ cos 2e, | - cosh де, ` 
m= оо 
+ = {P,-cosh (EDT (eeu) и 
т--0 2e, 
e 
s- D & 
3:0. code CR Ра) } sin С (928) 
m= со 2 
- = | Ba cosh Ct Dr (5g. 
• т=0 2e, 
+8, cosh rt D а-А)) sin @т+1)т @— ] „. (В) 
2e, 2e, ч 


The expression for the kinetic energy can be worked out-as before. 


The following particular cases can be deduced from the above 
expressions :— 


(1) Liquid motion inside two. ellipses and two branches ot the 


same hyperbola f. 
For this, put де, —8, 8=0 in the above expressions for. ф and y. 
(2) Liquid motion inside two hyperbolas and one ipse (a). 

For this put 2e, —2a, у=0 in (2) and (5), 
(3) Liquid motion inside o one ellipse (а)” two branches of the same 


“hyperbola (8). 


For this, put a, =—а, ==—а, 


BE c | Й - pr € in (2) and (5). 


бо that é& =a, «,=68, y==0, 8—0. 
. 
The expressions for $ and Vy are thus obtained. The ou thus 
- deducef are Топла о be identical with-those gr Ferrers ` 27: 


LI Ет; - 
~ À Forrérs.—ibid, 


16 
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(d) Liquid motion inside a rectangular box (2a, 2b) rotating about 
the origin with its centre at (2,, 7,). А 


This is deduced very easily fram the above expressioys by increasing 
c and diminishing а, ё, 8, 7, indefinitely, such that 








E cys, ==, 
. 
бе, =a, ce, ==, … (1) 
- ee М Д ` је 
coe, YEY 
we thus get, ` 
dole, уула “2777 
qm -—oo NE e 
m =, P, sinh т Cher ges v1) sin Cotte (4—71) 
m= 
e 
m= ; t 
+ = 9, sinh ee Со) sin (ее (у-у.2Һ 
т == 
| 2550 
Yu, yy, О 
m= оо ^ ~ 
+ = Pa cosh eet enn) cos ss (2—.,) 
m= 
5 m= оо | | 
+ 2 Qu cosh TOME) с, EREDE (у-у, о (8) 
m= 
where 
(—)**116a* 
"LS 5 … (4 
z^ (2m--1)5 cosh (2 + 179 е) 
2a 
0 (-yeugp | 


PT P (n1): cosh Cnt re í 


C=a constant. . 


• 
Putting æ, =0, y, —0, we can ab once deducé the well-known! result 
for the liquid motion inside a rectangular box rotaéing about Xs centre. | 


e 
1 Безтетњ— Quart. Jour., Vol. 16, р. 188, 1877; Vol. 17, p. 231, 1879. 
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The following two alternative solutions can also be easily obtained 
(for y and ф in Case I) :— 
. 


y E | сов 28 cos де, —sin 28 sin де, А 4. Cosh 26 cos 26 
2 








сов 2e, 
| (—)" cosh "rÉ mr 
+18 sin 2e, sin 25 = Halm т віп = 6, 
т-1 2m ( D -4) cosh ~~ 
102-7 -= (m: _ >» (2m+1)rð 


А cos ~ 
T —0 (Qm+f) LT Aj 2e 


А . eosh (2% И тф 
4% X f cosh 2y cosh де, —cos 28 сов де €g 
(cosh 2j tob 2e, D E 
2e, 
sinh (2®+1)тф 
+ sinh ду sinh де, 48 ___ 
s sinh (2m re, 
2e, 


y= с [ cosh 2y cos де, +sinh 2y sinh 2e, $ q cosh 29 сов 20-5) 2% сов 2(0--8) 
4 1 





cosh 2e, 
16 00—09 "T CE cosh me mrp 
To sinh ду sinh 2e, € — 2 ELA 
К gm Әт {== +4 $ cosh ——? те а 

€1 

1627 (ју (2т-Е1)тф 
Fee Se cos === 

Tm=0 (2m-+1) { бент +4 | 2e, 

1 


coah Om) т0 
2e; 


x + (cosh % h де, —сов 20 cos 2, 4а ___ 
{ (eosh 2y сов 2%, D үт 
2 


cosh 
1 
е 
е e. sinh m+ 1) «6 
+ sin 28 sin Le, _____240_ || 2 
КЕ" (2m+1) те, 


. --- 
€ 


where ф==—у; д=7—8. 
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The corresponding expressions for ф can be easily written down. - 
ы . 


Similar alternative expressions for $ and ү cap also be obtained 


for Case II and from these Filon's solutions may be deduced by putting 


у=0, za, 
"The-proof of these expressions fer ф and y depends on the identity 


т cosh 2g sin 2 _ пб , 75799 (—)" 
. 16 cosh 2e, sin 2e, « ion "mz 2m-- 1 





inh без = 








(2®-+1)т 
taire 2m + 1)*z* 2 T5 -A o 
Bi | ( de ne T a ees s m те, s Ж 
v ти оо Lyn cosh mae 
TE Би 2 ( ) в; in тт0 --0, 


P ae oe EEG 51 
т?т? 
ты=1_{_9т MS Я -4) cosh "===> <a 
D 7 СА 
2 є 


and two others. E 
` This identity-may be proved by starting from the expression- 


S (2m+1)76 | 
z8 ‚ m= 00 M sinh TAS UE (2m + 1): 
(2m+lre, ” 2e, 


sinh 
se е €, 


ф 


and noting that the potential function « vanishes on the boundaries 
defined by (ё=а,, a, ; N=, 8,) and gherefore at every point inside 


thé region enclosed by these boundaries. Now since the two, aperators 
• . 


а 
2% n +4 and — as: +4 are identical, if we perform the operations 


(% ӛ TE ы), апа TaI +) on both sides of the above expression with 
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u put equal to zero, we easily obtain 

















"um sinh (tt кб 
бе ee o oq SRI UE M 
Sz. 16e, m0 (2m+ (2m+T) ( m+)? + imd (2m+ l)re, 
| Ае, = 2e, 
e -— (Әт--1)т $ 
i де, 
m= оо in cosh "= 6 
+5 CY. n TEË f(A) sin 20 
теі Йа. {тїт°_ ‚ү jme. "E 
| Ше a тд 
== т0 + z =) 2e, 
16e, es PED [Sr 4 4) sinu Cr Drs 
e де, 
os (m+ l)re 
2e, 
m= од » cog 7 0 
+= E . — — 5 — sin "7" + F(0) cosh 29, 
т=0 m (% Ж” Т 7e е; 
E,” еҙ 
where ~ —«, LEE, —c,«0« e. 


Hence /(ф)--с cosh 29, Е(6)--с sin 20 and by putting ф=е,, 0—e,, 


т 


16 cosh 2e, sin 2e, 
identity is obtained by starting with an expression for и in which 0, ф 


we obtain c= which proves the identity. А similar 


and e,, e, have been interchanged. If on the other hand we start with 
the expression, ha 


osh (™ + Dré - 
moe ( уш (90h 73 (2m --1)«6 
t= — c cos ———===— 
m=0 ?т+1 cosh 2m те; де, 
де, 
w 
. 
• • cosh (2m -F 1)8 

• . 4 2e, сов (2т--1)т a 

„ cosh emt) tq 2e, , 
2e, 
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we get, 





s[: _ cosh 96 cos 90 | _ — 7 { (—)"*? 
16 cosh 2e, cos 2е, 2e, cos де, т=0 (24-1) (егіле _ 1) 
Ez 
7 (дт-4-1)тф 
Bh uer ome ee 
— cos ------- 
" cosh 2m lre, е 2e, 
E, 
7 
E CLA + 1)70 
(-)" ~ де, (21 4- l)re 
+ PRES cos 2-51 
(Әт--1)%т3 (4ӛт--1)те, 2e, 
(2m 4-1) C a} cosh ac c 
(vide Ferrers, l.c.). 
• 
. * 
ә È 5 
сола 


‚ On the Horpolhode' 


Ву.: x - 


BATYENDRANATH Basu 
( Read August 81%, 1919] 


М. de Sparre has shown that the horpolhode of Poinsot contains no 
point of inflexion ; his proof was based upon the properties of elliptie 
functions. Various othgr proofs of the theorem have since been given 
by Mannheim, Saint-Germain,? Routh,? Le-Cornu* and others. 


The following simple proof of the theorem is based solely on the 
dynamical considerations of the Poinsot motion; hence it might appear 
interesting and instructive. 


Let A, В, O be the three principal moments of inertia of a body 
fixed at a point О; let OI and OT be the two instantaneous axes, at 
time % and é+dé, I, I’, etc., on the invariable plane trace out the 
horpolhode, length of OI, ОГ, ete. being proportional to the resulting 
ungular velocity at all times. 


At a point of inflexion of the horpolhode, there will be а stationary 
tangent, 2.е., the total change of the vector II’ will be then along its 
own length. n ; У 


Remarking that Il' has components proportional to c, dí, odt, 


о, along the three moving principal axes, the condition reduces to 





(1) оу —0505-b050, _ 0,— 030,010, _ ©з —0,0, + 0,0, 


оу Фа Os 


S Е UE _=А say. 


2 An exactly similar proof of the theorem discussed in this paper has been given 
by Prof. W. Van der Woude in a paper entitled “Over de Herpolóide Van Poinsot,” 
published i in Nieuw Archief voor Wiskunde, Tweede Reeks, Deel XIII, Eerste Stuk, 
pp. 94, * 95 (1919). It appeays however from an enquiry that this journal was not 
received in the library of the Society before the beginning of November, 1919.—8.K. B. 
e a RA Rendu—1886. 

3 Advanced Dynamics. > 
4 Bulletin de Soc. Math. de France—1906. 
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` We have from Euler's equabions 
Ao, z(B—C)o,o,, 
Bo, =(0—A)o,v,, i 


m Co, —(A—B)o,o, ; 
from which А 


» о, =(В— CJ (ого, os), e 
Bo, S А)(о, о, +o "t 


Co, — (A—B) (0,07 + 0,0, ). 
Substituting in (1) we have | = 59 


23(A4-B—0) —22(0-4-A—B)-X(B—O) 
Ws Os 


and two similar equations. 


- So that 


Bee о =a)+ (0> x Odes B(A- ~B) 


| (A+B— оу 0, 


But remembering that 
` =“ 


_Аојо; + Bo, ud @ ыз, =0, 


Азојо, + Bo, o, + С?о,о, =0, ^s 


| wehave .. 2. 7 07 c7 = 25 € 


ere cere, SEE cere Sennen = ___8.38___ 


hence vilibus. we get as a- -necessary 'eondition for the point of 
inflexion. ~ И 
E BC(B—O)" (8+0—А) , СА(0-А)“(0--А-В) 
€? wg’ 
+ AB(A—B)* (А+В-- C) _ 
0,” . 
which is obviously impossible because B+C— <А, C+A—B, A+8—C, 


-are all positive, so that the left-hand side is an essentially positive 
quantity. ? • 


On a Gentralization of Neumann's'Expansion 
in a Series ‘of Bessel Functions 


"om a Bea 


ABANIBHUSHAN Darra 


[Read February 29th, 1920] 


1. Neumann has shown that any arbitrary function, regular at 
the origin, can be expanded in a series of Bessel Functions of the form: 


Ка)=аојо(2) taJ 


where the co-efficients Go, Фу, ба, .. arg independent of z, In the 
present paper Neumann's method has been usefully employed to 
obtain the expansion of any arbitrary function in terms p Bessel 
Funetion in the following more general forms: 


fo-25J43u0), АҘ ~. У) 
А 
| Ao-mb TF) qm 


where the co-efficients b, wete., are independent of г, and а is any-positive 
integer or fraction as the case may be. Ап interesting application of 
the results obtained here consists in obtaining defferent forms of 
expansion-for the same function in terms of Bessel Functions of integral 
or fractional orders. Some simple examples have been given towards 
the end of this paper. It may be remarked that a series in Bessel 
Functions of increasing orders is usually convergent. It may however 
be necessary to test the convergence in some of. the particular cases 
given hereafter. : 


2. -Let us first consider, the expansion in the form (1). 


Let e Ха nJ asa (H2), 


where а is an integer. | - 
• 

Let us try to determine the co-efficients by expanding both sides of 
the equation. ав power series fz and а of the several 
powers of z ; 


94 ABANIBHUSHAN DATTA 


Now KG) mf) sf (0) 5 f (D +. 
and 7, (к) = (% ) alt (s ve (ағар 


5 о 7 ~} 


Hence (о)--о, f'(0) —0...f* (0) o where r<a. 





When r=a, 
59-2) қану” | 
PN -(3 Ы do^ i 








car (3 А қаз 5)” қаз 
D у 
Cer) @ -( 5 у nz 


ОЗУ” тыз 














bl 





ЈУ (о) _ ЖІ k atan bo 
быу ( 2) х тр), 


ы; 5, p тл c n b я 
тоза)! "СТ min | 


ған СӘ Ж зл+а+1 • b, А 
(а = ($ ) то е 


ш 2. e ЖҮН 
сауаттау е CL" балын!) 
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From the above identities, wo have 


(у) no 

(буг Ho 

Er ЖТ Г ер Ga) 
(уена уно] 
SONS DITE] 
-( y" [opes y r9] 


b, —(—1)T ә EE NN 
x 27 ITS F(a+4) 


+ (— (F y нет 


=> (+) CIR - Fe eem] 


Есак з= (2 Ја «e | 














DET no bh 
п\Т(п+а+1) (n—1)!T(n+a+2) 


e id 2 2n уана со) 
REREN (7) (22 +а) ! 


b, =(—) *T(?n-- a4 1) [ 


_ = еј 2 2 Унча) | 


1 
"Га ва + 1) < 





Г(а--8) -( Г.а-ы53 | 
e (n—1) iiy Fet?) 2! Т(а--8) адан 





_T(a+5) ТХа-3) \. 1 — | 
F(a+4) ` T4492) /(n—2) ГТлфа+д) ^ 


26 


barm =(—) Тва) 
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-9 үз eet 1 

4G k ) ааа ыс { с=т; UT(a n4 2) 
_ Г(а+5) 1 25 ) ° 
Dat) © (%—@)!Т(я+е+3) 0” 


алата 2 Y 7 дао, “( T(2n+a+1) 
DE Y p ) f М (o) 1 Г%а-ға-1)2 ђе 
Т п+а+1) Ty 2n-+a—1) | 
T(Qn+a) ^ Г(?п--а--2) 


4--1 ал4а-2 0 r Гұда--а-1) 
tc) (5 yn ү, 0) CPUs) 


«(Yo ] 


b, Е b. 
n'TT(n+a+2) (»—1l)| P(ncac8) 


жаа (3 ) өлені) 





-(- y (À Је "| rna emet (o) b TRIP 


T(a+4) T(a+6) 





"(n—l)T(naar3)|(a3) М2! Т(а+4) 





_т(а+Ь)- -Т(а+4) 1 : 
^ T(a-F5) ' TERI GDS } 


«ts 1 i 
(5) Гафан (о) Ley rv» 
E T(a+b) ЕРІК 
T(«4-5)(n—9] ! Г(а--а--4) ! } 





ec : о | Gros Gate) 


— (2n-Fa--1)(2n--a— 1) | tC) rtm om Oen : 


+ (HI pete ( 3 y С 
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3. Next, let us take up the expansion in the form. (ТЕ) 





wheue а is any positive integer or fraction. 


Here we shall follow a method similar to that in $.2. 


Р es k “е 
aC е 2) Feiern AG i) een 


(n і а і Do і а і 2)?! ү У 
wo get, 


cd B Yes 
| га = у 
Pa (a) set *(3) ог 
52--(3) рају 1 қан) 


р Чо «cU ЕРЕК 7те ашы 2 = b, ER "a 
2n | 27. 2iTq-Fa-1)* (n—1)!T(n+a42) 
ban 


oct ааа) 





sal MET Oo ia RE 
( 1 +1)! E 2 J7 n! Г(т--а--2) 


b, TI 


b, 
GDF) Soie" T@n+a+2) I 


From the above identities, we have 


„=( Утан). ЖШ, T E 


2 -( 3 ) re ЕО 


98 


сл 
~ 


> 
e 


-(% — RE 
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-(2 b таа (5 у қону? 


ти 

21 
в 
10 

ST 


| 
| 
| 





AD see dis МЕТ. 
=( 78 ML er (1) 81 ] 
by 222000, 


(у М2 а А T(ntatl) (n—1)! P(nda4-2) 
. 


yrf? "Co 


Теа +) 


zcv Узанон Lo fe, 





_ Tia+3 T a4-1) | | 
(1 —1) !T(a+2)T(n+a+2) 


(EY? кайн ~~ | 


ZEE 





Т(а--2) | 


ЕЕЕ GE) "га +а+2)| До) Beem 


ROSE P(a+3)T(a+n+3) С” 
у? Ғ(а--4) Е -- | 
(Ў тар À 


MODE 
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These co-efficients сап be made to take simpler forms if we introdüce 
the functions O,C). O$G » 0,42), etc., defined by the following 


formulae :— E 


0,,()=(— БЕ Утан i {an 


Я | j^ 5/2 (өту eem T ) 


2 ү" 24! | 
5-1 рак $ д 
Teu (2 2n 1 ;?"*! | 


2 Vita Тј 1(а+2)- 
=(—\ÿshif 5 2 —$ Cr 
Pepe) ( F) x tem | 2 | n TT(n-Fo-F) 


-4- x y { 3! TDR — Е } 


Е + (2 јата 1 


for then it is easily seen that 5,, is equal to the residue ofthe function 
O,(é)f\t). at the point t=o. 


We have thus the general expansion. 
сс 
f= > 5,7-4 (22) 42 

n=0 
where bo=( 2 Jon and b,(n>o) is the residue of ‘the 
function O,(é)f.t) at the point #==0, so that b,= E 0,% fa 

«T а Y 

where a is any simple contour surrounding the origin. 


4. Some interesting examples can be given in illustration of the 
above expansions if we confine our attention to pe functions. À 
few of these are given Below 


(2) Let us take asvan example the expansion of cos г. Let k=l. 
Form I. è 
Here Ко =1. fig) =, f'(0) - —1.f" (0) —o, etc. 


• 
2 
*b,=1, b,= з | aeu —2, b,—4! ЕЦ RA ai 


==, etc, 


80 
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Hence - - . cos z=J,(z)—23,(2)+20,(z)—..., 
Form II. 


Case. (1). “Lst a =} 


1 — 
` ie А/Әт DES 
Then 5,—2 =, ђ=0, {ә 
à ~ 


2 





е 
| D ra s, 5- 
“bave пар 224 |= 3 VE, 


b,=0, 
• 


T) MIDIG) 
12-58 54] irr n D REHDNG 


7 92 T(8++) —94 1 
сы | +той 


Непсе z* совг== ERO 87,0) AO ve || 
1 3 E 2 А 
Case (2), Let a=}. 
Неге ba =i) 225-11 (4) 


i sol H 
b, =2 148+ ә) nary Т? ja нга) 


=—9% yf f тағы CREER 
ic та (атар гта 


e 
| TL C i]- z 1480 4 
mes T4r2! zi gy ag TD 
Hence 2% cos :==25 гә, (2)— 27 35; (414907 36) i] 
• 

(ii) Now let us take fiz)=2" . Let k=1 ° 
x a ту = LJ 
у ~ А 2% ЯК D wd SUL LL 2% : ' , * 
Неге (о)--о, f'(0) o, f"(o)=0 ... f"7*(0)o, 


e. 
ES (о) =» 1, f^*' (o)zo (то). 
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b,=2" . n! 7 | NES - 


b,=2"(n+2) . n 


b,=0 
Ф 


b= —2* ,n! f CED 019 аа) (n4) | 


9" nl (n+4) (2-1) 
UP pnl аны ұза 


8-9" 2" d (n6)! _ (n+2)(n+6) ! ~ 
^ 71811048)1  2T(n+4)! 


NOCTES ! ) 
21(n4-5)! 


9" 5 n! (atén + Dat) 
51 





Hence 2"=2". n! LIG) HUHS) + CERME) тый 





geret me En. i. 


. (25) Let us now consider the function е?. 


Form I. Let k=1 


Here b, —2? . fio) —1 .. 
b,—2 . f(o)=2 
· -b ,=[2 . 142? .1]=6, 


*b, =2.[8. ыш Џем 2. 


b [S 2- 4. ie | 84. 


Henee e* =J (2) +25, (2) +65, (2) 4-14J ,(z) -34J., (2) + n5 


Form IT, Let a=, 


һе rg ES 


b,= 9? n zen 


2. 
Hence v?e* = 


(20) Let us now expand sin т. 


Here b,=0, 
b, =, 
b, =, 


32 


b,=5! ғ 


Hence sin :—2J,(z) — 


the form 
5o . 


where а is an integer. 


„Әта, (е) +39 
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k=1 


2 
sn snl =>. 


2J (2 )+9Ј (2) —... . 


Let k=l. 


Now Jra(k:)= ( Ж | nl 5 | 


«(5 y EE — 


DATTA 


7 t есен 
г | МФ. 


gi (093,0) FIAT (2)... 


ОЈ, „(ћ:) 


РЕЈ 


2 


па +1 
е 


5. The same method тау be applied to expand any function f(z) in 


2 
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Hence Ко)=0, 


f (0) zo, Л0-о Р (о) =, ... 





= 





T(r+1) 


ЈЕ a be even, 


E 


a =( 5 г) sain + 


мейе» 


ше 
TUE 





f***(o) 
(а+2) ! 





T(a+2) 


etc. 


а =( 5.) resto 


etc. 


Hence €, 24(0), 


P 





G jé 


© -(% y'a © where ra 


ру? 9e E31 
Dern ls): 
4 


+10 $ "sn 


E 


• . 
(уз 5) с, 
ашы (% TORT) 


“(2 у о) (уі оза) 
c=( 2 | “па! #(-) NG Е. '+1)) As 
4 + O;T(no--1) 


:83 


сауы 6 (b 
Four сле ше 


за Ò, 
) T(a+1)’ 
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If а be ода, | 

Ко)-0., ) 

a i) қату 

E: =( 3 ) rade + ) ЕМЕ : Js j 

EE =(5 Узар 
etc. | 
Hence С„:=/(о), ° 

o,-( 2 )"ren O ЕС (s ) ze 
MOT EPSON 

etc. 


Some more examples are given below :— 





а) vor TG 33, G) +B G) E EH (о) F2 ag Ce 


243 





13 
+ 


(2) chet TODA, аны, (0) 887, (0) HARE: РГЕН 
+ Ж + 


(3) cos = TG). G) 89, G) 8, (G)—..] 





(4) z cos „= =T eI, \—tisd 1) +34 s 7а00--. J 
E А proof of ше validity of the expansions given in this paper may be 
obtained by adopting the method given in Whittaker's Modern Analysts, 
Art. 17.81, pp. 368-369. The detailediscussion of this oe is 


reserved for a subsequent paper. : 


Before І conclude I should like to express my indebtedness to Prof. 


S. К, Banerjee at whose suggestion I took up and under whose guidance 


I carried on the above investigation. =, 





A note on «he theory of the magnetometer! 


By 


14. Srivastava 
• [Read April 5 , 19901 ы 


The present paper contains the results of my investigations on 
magnetometric formulae (Gauss! А and B positions). Іп the usual Text 
Books the field round the deflected needle is taken "uniform, vi^, the same 
at the centre as at the ends and the formulae are deduced. Неге in 
this paper 1 have started with the inverse square law between the poles 
and thus got а system of forces which including Hm and Hm due to 
Earth's field are six in number, The formulae (5) and (ба) ave the same 
as the usual Text Book formulae and it is found that, in order that these 
may form a very close approximation to actual relations, the deflections 
in А position should be 26:5? and іп B position 819, 


Іп actual practice, however, it is found advantageous to use the sine 
position and not the Gauss’ А and В positions and to use the 
empirical formulae - 


imm. (14 Pr-s + Qu) - 





7 
for the couple and oe 
т, 


т — sin u/(1 + Pr? -Qr-*). 


for the raito. P and Q are the distribution constants found by deflec- 


tions for various values. of т. Reference шау be made to Lamont, 


Proc. Roy. Soc., Vol. LXV, 1899. 


"EN 
Consider 2 small magnet А B free to rotate about its centre О іп а 
horizontal plane, and let CD be the deflecting magnet (centre О’): 


Let АВ--2а, CD=2c, 0'0== and Z AON=9, N and S "denote the 
north and south directions. ес : Қ 
. 
Also let +m be the poletstrengths of А, B and 


n de SES „ у» 5 C, D ànd let H be the horizon- 
tal “intensity of the Earth's field. 


• 
1 Qommunicated by Prof. S. К. Banerjee. 
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There are six forces P, 0, R, S, Hm, Hm in the system (acting in 
the directions CA, AD, BC, DB, AN, BS. ow if р, 9, v, s denote the 
perpendiculars from O on P, Q, R, S repectively, wa get the condition 
of equilibrium by taking moments about O. Thus in Gauss' (A) position, 





Рр—04 + Rr—Ss— Hm.. да sin 0--0. … 0) 
* % 
But Ppa poem PACS 2 AADC Ж 


типа. ==) sir: 90-- 6| 


(атта —а. 5—4] cos 900] | 


е 





mov .a..c—cl cos 0 


(a? + aod +да -ш-сі sin)? 


d ( 1 } 
mun! — 4 —— {е 
40 (аз + acd 49a. 2a sin 5) 


Similarly, by proper change in the signs of a and с, we get 


14 1 
97= MTS f 1—1} 4 
А (a? + etd +2ac+e sin 0)? 





Also  Rr—mm/ 4 { 1 | 3 


(аз dac. — да. 4 —c|sin " 


and 





Ss! 4, { = 1 А | = 
a? tete, — да. e+e) sin 0)? 


Substituting these values of Рр, Qg, Rr, Ss in (1) we get, 


"T. dio с 1 
тут 26 "темы ср шш ы ыыы С ы шышы еро агысын SS SEED | 
d (аз с) + да. г— ов 6)" (а? ++ дао + cl sin 6)% 


+ DE ЖЕ | 1. : 
rer uc e UN ан MIT 
(a? +2—е] —2a.a—c| sin 0) (аз ti Fe — даља ва 0) 


- £Hm.2asinÓ .. (2) 


Й 
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% | а 2 5 : M 
Now putting 2. =, 2. =} and sin =p, the left hand side expres- 
Pec  '»+е 3 


sion in (2) becomés 


mm a —— À—— Кс ыи UNT 
егі w+cl(1+2ph' -- 2): 


| 
ТЕГ ЕТ he) а-и) 


Expanding the radicals añd putting 
t  S14 Pht Per ФР + 
(19-р) 


where P,, P,...P, аге the Lerate s co-efficients (or Zonal Harmonics) 
and are functions of р only. We get the left hand expression of (2) 


y 


аг Т? | 

=nm | l7 PA PUR BU "M 
+ LP REPAS „ук CEP AHP, h+.) 
Jon 1 2 pum 1 2 en 


— (4 PR EP, + = у] 





ттар 2 р уз |- 2 ір ' ' 
CURE { PAP +... bi | PWR WO +... i] 


h М h? OM : 
mm Sf (A вјере к) 1 
аб Ма-с ate +P, v=o whe т 


бо equation (2) becomes 


õa 
= 9 = +P,( =- 
ыы СЕ (x 2-96 AT ete wc )+ TA | 


=Нт. За sin 0, У 
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Now putting for hand У their.values, and then dividing by дат, we 
have | ° | 


' 1Т 1 ар, ( а жаз } dP, 
"| | (w—c)? (e+e)? J dé TUE (.-0% (аә5с) ) 40 


Bee Ін sin 6 … (3) 


Now, if a be small compared with (r—c) or (#+c), the left hand 
series іш :3) is rapidly convergent, and obviously the Ist term alone 
is a close approximation. Retaining the lst term only, we get 


w| f Gc – | wl sin 0... we (4) 


but P, is easily seen to be equal-to м or sin Ó here. Therefore 


20% 
ар, — ` 
es + 46 = 8. Ж 


Thus from (4) 


zl { сату — ces је ө ј=н sin 0, 
ог 


um 
m cos Ө--Н sin 6, 
44-- 


Putting 2m'c (magnetic moment of the magnet CD) —M, we get 


M _ („„#%—(с))%- 
Bo UE tan 6... … (5) 


It is known that Leggndre's Co-efficient are given by the formula 


ue Ж. Pod iq 
Р, ha) (и 1)". 
. А 
1 а ‘ • 
Suse P uos) (на —-1)? | | 
К А 


9H? —Зи 
mea 
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P ар араа 
Therefore, dé Un uw cos 6 (154? —3]. 


ТЕ then p? —1,'the second term of (3) including ФЕ» vanishes and the 
first term constitutes a still higher degree of approximation, But p*=} 
e 
corresponds to sin?@=+ or sin? = eosin 26°.5 nearly, which gives 
Ы 5 


0:=25°.5. 


This deflection then is а good опе to obtain, when determing H by 
Gauss’ (A) position. 


Next we take Gauss’ (B) position. 
Here again we use the same terminology, and in addition, put, 


1 
2 1 
OD=0C=(a? +c?) =l say and ; sin aand taking moments about О, 
we get. 


Pp—Qq-r Ве— 55 + Нт. да sin 0—0... КӨШЕТ? 


5 , , 
Now Ppa рат. AQ тт! 2AAOC. 





CAG AGP? O ACS 

= mal sin(r—6—a) = mmal sin (8—a) | 
[a? 4-13 —2al сов (a—6—2)]! {a3 +12 4-2al cos (0—а)}® 

"M { 1 


(a? 4-13 + да, cos 0-а) 


ала by suitable alterations in the signs of a and о, we get 
• 


hips 
mm'al sin (8+a) МА { 


Q= i dà 
[аз +15 + 201 cos (6--а/ = 


1 у 
[a* 412 4901 cos "EVI 
Rees moval sin (0—а) 


=m’ 3b { adu БА с. | 
[a 4-23 —2al cos ($—а)]* [a® -- 1* —2al cos (9-аУр. 
é д 4 


КЕСТЕ qum'al sin (0 -4- o) е” d f ——À 2 à | 
"Ta? 4-12 — 2aleos(0 -- a) ]* [и 4-13 —2al cos (04-4) ]* 


40 


-+ 
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Substituting the values of Рр, Qg, etc., in (1-а) we have 


mm е, en -—— TEE 
UP (at +19 4-2 


al соз 6—a,* а* +1» -2al cos Pa)? 


„ыкса за 





S pu he 
{а +1?—2al cos (6—a)}? (a? +1%+42al cos 649): | 





= — Hm. 2a sin 6—... … (2a) 
putting = =h, cos (0+a)=p, and сов (0--а)сер”, we get 
тту. [ hod = i 
740 


UL+2Qwh+ h? (1 --9ph-- ће): 


_ 1 1 1 
U1—Quh! һа у Ца—дић луі 
——Hm.2a sin б. 
or 
mm gg (1 Pee PAM T PS +...) (LP h+ Py I ырын 


— 


Ф) (LEP RE PRE) HHP, RP ht )] 


— —Hm.2a sin 6, 
or 


mm d 


j^ 3 [2 Pht Pho 4...) —2(P hH PhP +...) ] =Hm.2u sind 


or 


Imm 


un! АТОР -Р,) + (PS Pg )A fn] Неда sin б. 





е 
е 
Now putting for А its value 


i and dividing toth sides by -р дат, we get 
827: 
1 


а 2L (P =P, + (PP) +. ] -Нвіһб.... 


(За) 
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Here again, if а is small compared with 1, the series on the left hand 
side is rapidly convergent, and the first term alone constitutes a close 
approximation, thus 2 


т d 


T (PP) =H sin 0 ` e) (Фа) 


where obviously P', =y/£cos (6—2) and P, =p=cos (0+a). 
. А 


Hence (4-a) gives 


/ — "e i 
j (sin 6—al+sin 0 -- a|) - H. sin 0, 


or 


т” А Қ 
jg? eos 0 sin а=Н sin 6, 


or 


, 
n .9 cos 0: Т-Н sin 0, 


and if M.—2cm/ (the magnetic moment of the magnet CD), we get 
M 3 
=" tan 0—(.? с?) tan 6 .... ... (5-a) 


Неге, also, if the second term of (8-а) is made to vanish, the Ist term 
will constitute a still higher degree of approximation. The 2nd term of 
(3:a) will vanish if 


ара —Р,)=0 " .. (6-а) 


• . . 
where P', e and poi and p/ —cos(0—«), u—cos(0 + a). 
. Substituting the values of R’, and P, in (ба) and differentiating we get, 
. du! 4 
LES pu a ЈЕ 2 — ам- 
(бие 1) 4% —(Su^—1)55—0, 
е 


or 


—[5 оов (0—0) —1] sin (0-а) [5 сове (D--a) —1] sin (04-a)2:0, 
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and on simplifying we get 
[sin(9—a) —sin(8 4- a) [5] «11 (6—а) «Біп /Ó—a) sin (0+a) 
--siu? (0-4-a)] —4]—0, 
which gives either sin (@—a)— sin (0--«) —0, 


[7.e., а==0 ог 6=90 which в not practical] 


or 5{sin?(@—a) +sin(@—a)sin‘6+a}+sin?(@+a | —4—0, 


that is, sin?*6[3—4 sin*a] —[2— sjn*a], 
қ %--віп?а 4 у 
от віп?6:== iu = nearly when а is small 


"Therefore, we get sin d= Ae 31° nearly. с 


Thus 6=31°, and this deflection then is a good one to obtain, 
when finding Н by Gauss' B position. 


On the*motion of ап Elongated. Spheroid 
in Viscous Fluid Media 


2 By s К : 
. Вногаматн Par. 
Read November 16th, 1919] 


It is well known that the problem of the motion of a sphere in a 
viscous fiuid medium has been solved by various investigators. But the 
corresponding problem for а spher oid or an ellipsoid has been attempted 
with success by a few. In а previous paper', І investigated the 
motion ‘of a spheroid of small ellipticity, т.е, a spheroid slightly 
differingefrom a sphere, in a viscous fluid. In the present paper, I have 
used the same method to investigate the other extreme case, viz., the 
motion of а very elongated spheroid in a viscous liquid along its axis. 


Tt is easy to see that an equation? of the type 
r=a{1+2(1—e) P, (cos 6)] 


will represent approximately an elongated spheroid or very roughly & 
finite rod of length (3—2«) a, provided є is an extremely small quantity, 
whose square and higher powers are negligible. 


Let и, v, w be the three velocity-components and suppose u=« +U, 
where U is the velociby of the spheroid. 


The differential equations for the motion of the fluid are 


п ov — 1 др 


де р Oe, ыы 

2272, 8) КҮҮ. 
U 9% -— Өр +уу 810, 

54.92 496 ый; 


. 
1 Bulletin of the Cul Мате Soc., Vol. X, No. 2, Sept , (1919). 

2 This n#thod of vepressnting an elongated spheroid was suggested to me by 
Prof. Banerji. He is using this équation to solve a number of interesting problems 
involving an elongated spheroid ora thin finite rod, for example, the problem of the 
electrical oscilation& on an elongated spheroid or a thin rod, the radiation-from the 
two ends of a finite rod, ete. 21 
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where p is the pressure, p the density, and v the kinematic 


co-efficient of viscosity. 
e 


The corresponding auxiliary conditions are w=0, v—0, w=0, at 
infinity, aud 4 — — U, v=0, w—0, on the surface. 


From the equations of motion, we easily obtain 
V?p=0. e 
Assuming p=pU 9% , where V?¢=0, 
2 


we take 


_9% 
8y e 


де , 
Oz 


Substituting this value of шіп the first equation of the equations of 


motion we get 
U ð ! 
3— I- =0. 
(у s 2 “ 


w—— 


Writing & for 2, this can be written in the from 
v 
ө ' 
v:—3i-9. ) w'—0. 
( д ! ‘ 


Similarly (-Ф 9 ) v—0, 
B 





ди , Ov Өш 
and — + + IL =0. 
i 8« By z 
The vortex lines will be circles battle the axis of а as a common 
aais ; we may, therefore, assume • 
Хх. К 
=0 —— 9 = 3 = ox е 
5=0, 7 8: oy ' 


| • 
where X is a function of æ and о (the distance from the axis of æ) only 
and £, 7, Ё are components of vorticity. 
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Then X must satisfy the gquatton 


, 2 a 8 шш 
(v 2k 2.) Х=. 
Thus 





Ow _ O?*X 
ab Or дад: 
Therefore | 
11 OX 
779% Oe 





In the differential eee 


- a = 


(v: - 9. 2.) x= ч | 


ГА =; - 


writing в'*Х! for X, we'óbtaih 
ж, а -  (V'—k?) Х'=0 


х 
. d = 


The solution’ of this differential equation is 


oo 
X'— C. fa (ет Р, 
0. 


where ` ў Q-( 5) i T 
te. 
. in. ETE 


" n(n) (= т (n+1) (n+2) 
f. Q-CD* £z LS CED + CLAN OP ү. 





i 1.2:3...2n ] 


“st Ign. P 


1 See Prof, Lamb’s Hydrodynamics, Third edition, p. 480, 


в 
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Thus РА 
ES x a Weed а ТН s ced 
LOs (а з) л). 
etc. . 
Therefore | — . 
5 LE kr 
х- | 0.6, { 142 | Р,4е0, { 1+0 24 2Р, +... | с 
х са $ 
where a, B, y...are all known constants such that 
241 238 23.4 
uc EE o a 
From the foregoing relation we get 
Ж “ е 
Хы [ о. +, { 144} BERG, f 148 2 2P, + | 
—h(r—2) 


e 





т. 


Taking kr very small and. neglecting square of the velocity this can 
be written in the from dE. 


T 


X= [ б.+о, { 1+2 ) P,+0, { 14847} Ру.» | 
{tne и]: 
To m 
Erom the auxiliary conditions we can easily find 


_А, ^e (1 a" (1) 
mie" +A, ӧз (2) +а, 3 2 p Tua 


where A,, A,, À,...are different constants.: 


We have 
| 229 19X _ 
en + Bs = 
22.09 ,18X , s 
а-а 9689 ' 4 
д» „1 8X, 


MOTION OF AN ELONGATED SPHEROID IN VISCOUS FLUID MEDIA 47 


Thus finally we obtain | D 
IT TOES t | 
üt уе sie 
и пок а (1 Коше 
ШУ BSCE) н 0) 








КҮТЕР] 
беру БО) BC) 


BC, (4 k 41 8 1) 8, 9 5) 
T 1572 5 ~ TE Ж © 


8 
“a а ој En) 


не (1) 9 





m 
S Hem Edge | 


- А - 
and simidar two expressions for v Ж ш. 
е 


Тһе cónt&nts A,. Ay, A,...and Cos С, C,...are to bé determined 
from the auxiliary овна Бона: | 


We have w=—U, when r=a{l +2(1—e)P,}. 
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Therefore 











U= Ao (34349 rie Ех соз) +] 
Fra 


83g? p p^ 


ME н? ты m (934 Qoae 





( 3(1--29) bag | 








– pe L p? 
20, (3049. «€ ©, 3,1+26) _ 26 
ай p MEI ү pe wf 





(eget + 1267) 20, (9x9 - 2) 
pt 


30420) Le ipe 
p? в 


JUR Se ed 








3 SIM x 9(1+ 2e) 
+ а a "jum k. er | pis 


E 30-4 e 
в 





fias КҮ они) bes 











' B. zs 
_ аб, (801-529 2e aC, (3012) _% 
si н ы) 9.8.30 À из s] 








+20: 92-26) 30 4) et = {921129 
З+а? p? p* a "m p 


ps 


р 





-аС, { 99 __(9+28е) 4 be МИ 
——— -e ta sis 











79.8. Baqi p p? 
„40, јање y 40, (30 #80) · 2e 
5.332 1 pe ok. TETS 2 p? =} 
E 20, 3(1+e) Le 
. hl Bo p 
А • 
136 _3(1+20) |e1* С, 15(1+ 26) 
-rog [909 р? +5} xxl * a И 
А _(9+ 28е) +% 





pè 


) 
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C, f _(9+l4e) , Зе 
tisque E t Ж 





3e 
= је 
У 


280. (3,1%) 9e) , 980, (91-39) 3e" 
xl pt РЈ 5Е.8*а% { ГЕ E 














E 


_ MBC, (3142) 2) _ 3780, (9(14-29) 


f 
EEZ 1 из -5 Тї 8ta? 1 ogg 











| ae +s} 
: m p 

_2BC, f 15(1+3е) (9--426) +9 

БЕЛЕК ЕГЕ p^ ot 





ә 
BC, f 15(1420 (94280) „бе 
Del a E nl 


(98k ç _(904+250e) | (9+78е) 6 
-sp pa { 1040-09 - ҒЫ») „те "эркт 


when р is written for cos б. 


Now this must hold for all values of cos 6. "Therefore equating to 


: А 1 : 
zero the coseffieiénts of various powers of ~ , we get а series of equa- 
m 


tions from which the values of the constants C,, C,, C,,...and А, А,, 


оз Сап be determined. 


Thus we have 


уы рж Озо facis Lise KE Qu. 





Qe tre Gis (Ее буры. 


= 6439 б, + rg. {24a + 1756) — (886a—6308)¢} у, + 





ET 5.14.8*а° 
. 
"go (29 А _ (4296. ес, (00-9996. 





Bagi AoT 8859 Со раа З ЖЕГЕ 
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- О A 4-36) А = 





CN [105— (140—8ka)e] 
gear бата Es O mags С Cote 
= дє 5(1+ 4e) " 1 14 e 
0О-а Ao 778844 | А, k. rss Еа C7... 
У m % 


.. .. 


Keeping C,, C,, С, and Аб, Aq, A, only and neglecting fhe square 
of the velocity the Lots approximate values of the constants can be 
easily obtained. 


97 (1415 
боз тор! d 


~ 


ала ; 
| 181 ү nr. 
ee Ml d лаке 
_—_ 8 
À,= БО Паз, 
A,=0 


Thus $ and X can be found and u,v, w can be determined in terms of 


these two functions. 
e 


I am grateful to Prof. S. K, Banerjee for his valuable suggestion and 


encourgement. 
е 


Review 
e 
CULLIS’S MATRICES AND DETERMINO:!DS. 


[Continued from Fol. X, No. 41 


Tus Матвтх.! 


2 PHILONOUS—I am not for imposing any sense оп your words: you are at liberty 
to explain them as you please. Only I beseech you make me understand something 


» 


by them. 


BERKELEY, 


2 The First dialogue between Hylas and Philonous. 


With Chapter VI, the theory proper of matrices begins.  Hither- 
to the matrix has been considered only as a rectangular arrangement 
of the sealar numbers and the determinoid only has played a сопві- 
derable part. Square matrices, unlike * determinoids " has a previous 
history which is summed up below, in the inimitable style of Sylvester 
to whom and to Cayley, in its early stages, the theory of matrices 
owes so much for its development : — 


“A matrix of a quadrate form siorically takes its rise in the 
notion of a linear substitution upon а system of 
te retros- variables or carriers; regarded apart from the 
determinant which it may be and at one time was 
almost exclusively used to represent, it becomes an empty schema 
of operation, but in conformity with Hegel’s princivle that the Nega- 
tive is the course through which thoughtarrives at another and a 
fuller positive, only for a moment loses the attribtite of quantity, if 
it be allowed that that term is properly applied to whatever is the 
subject of functional operation, of a higher and unthought of kind, and 
so to say, in а glorious shapa—as an organism composed of discrete 
parts bué having an essential and undivisible unity as a whole of its 
own, Naturum expellus furca tamen usque. recurret. The conception 
of, Multiple Quantity thgis rises upon the field of vision.” 


1 Sir Thomas Muir gave in Vol 20 of the American Journal of Mathematics, a list 
of writings on the Theory of Matrices from 1857 to 1893. The Bibliography at the 
end of Shnw's Synopsis of Linear Assocciative Algebra brings the list down to 1905, 
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“ 


“ At first undifferentiated from their content, matrices come to be 
regarded as susceptible of being multiplied together * the word malti- 
plication strictly applieable at that stage of evolution to the content 
alone, getting transferred by a fortunate confusion of language to the 
schema and superseding, to some extent the use of the more appro- 
priate word, composition, applied to the reiteration of substitution in 
the Theory of Numbers. Thus,° there comes into view a process of 
multiplication which the mind, almost at a glance, is able to recognize, 
must be subject to the Assosciative law of ordinary multiplication, 
although not so to the Commutative law ; but the full significance of 
this fact lay hidden until the subject-matfer of such operations had 
dropped its provisional mantle, its aspect as а mere schema and stood 
revealed as 0004046 multiple Quantity subject to all the affections and 
lending itself to all the operations of ordinary numerical quantity. 
This revolution ! was effected by a forcible injection into the subject 
of the concept of addition, г.е., by choosing to regard matrices as 
susceptible of being added to one another ; a notion as it-seems to me 
quite foreign to the idea of ‘substitution, the Vidus in which that of 
multiple quantity was laid, hatehed and reared. ‘This step was as far 
as I know, first made by | Cayley in his memoir оп matrices (1858, 
Vol. II, Collected Works) wherein he may be said to have laid the 
foundation-stone of the science of Multiple Quantity (У.В. But 
Willard: Gibbs contended, and rightly I think, that the key to the 
theory of matrices is given in the first Ausdehnungslehre, t.e., of 
1844 ; vide page 167, Vol. II, of the Scientific papers of Gibbs). 
That memoir indeed (it seems to me) may, with trath, be affirmed 
to have ushered in the reign of Algebra the Second ; just as Algebra 
the First, in its chracter, not as mere art or mystery, but as science 
and philosophy took its rise in Harriot’s Artis Analyticae Praxis, 
published in 1697, ° ten years after his death, and exactly 250 years 
before I gave the fist course of lectures ever delivered on Multinomial 
Quantity, in 1881, at the Johns Hopkins University. Much as I 
owe in the way of fruitful suggestion tp Cayley's immortal memoir, 


the idea of subjecting matrices to the additive process and, of their 
• 


1 The late Maxime Bocher said “ The Matrix first #ppears ав manimate objec$j,& + 
mere rectangular array of quantities from which determinants whose vanishing and 
non-vanishing are observed or whose values ar@used are cut out. Later, however, the 
matrix appears as an animated being capable of combination by addition and at least 
two kinds of multiplication with its kind and itisin this aspect that the conception 
becomes а highly fruitful one.” 
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consequent amenability to the laws of functional .operation was not 
taken from it but Occurred to me independently before I had seen the 
memoir or was acquainted with its contents ; and indeed forced itself 
on ту attention as a means of giving simplicity and generality to my 
formula for the powers ør roots of matrices. My memoir on 
Tehebycheff’s method concerning the totality of prime numbers within 
certain limits, was the indirect cduse of turning шу attention to the 
subject. All this only proves how far the discovery of the quantita- 
tive nature of matrices is removed from being artificral or factitions, 
but, on the contrary, was bound to be evolved, in the fulness of time, 


as a necessary sequence to*previously acquired cognitions.” 


* Already in Quaternions the example had been given of Algebra 
released from the yoke of the commutative principle of multiplication 
—an emarfeipation somewhat alin to Lobatchewsky’s of Geometry 
from Euelid’s noted empirical axiom, and later on the Pierces, father 
and son (but subsequently to 1858) had prefigured the umversalization 
of Hamilton’s theory and had emitted an opinion to the effect that 
probably all systems of algebraical symbols subject to the Associative 
law of multipheation, would be eventually found to be identical with 
linear transformations of schemata susceptible of matricular represen- 
tation.” 


* That such must be the case it would be rash to assert ; but it is 
very difficult to conceive how the contrary can be true or where to 
seek, outside the concept, of suós///n/i04 for matter affording pabulum 
to the principle of free consosciation of successive actions or 
operations.” | 

Cayley in his “Memoir on the Theory of Matrices” (Vol. II of 
his Collected Mathematical Works—pages 475-198) writes the matrix 
of the third order as "^. 


а! b с! 


a" e ы c 








• 
“The notion of such a matrix” he says “arises naturally from an 
abbreviated eotation for a set of Zmear equations, ғ42., the equations 
. e 
Х=а. by-F e, 
. 
Y=ae+b'y+ oz, 


аа by + cz, 
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тау be more simply represented by 
(X, Y, 2)--(а, b, c) (e, у, г) 


a y c 








a" b" с” 
and the consideration of such a system of equations lexds t$ most of 
the funde mental notions in the theory of matrices.” 

Writing the equations . 


(X, Y. Z) (a, b, c) Co, % 2) 





a! ы c 
a" b е” | 
. 
and (е, 1, z= (a, B. DE Qs £) 
a! B y 
а” В" у 








Cayley obtains 
(X, Y, Z)=(A, B, 0)(, 7, [9] 
| А! В’ С 





|A" p^ С” 
(а, b, с)(о, P. y, 7h £) 
o! p y 














From which substjteting for the matrix 

(A, В, 0) 
А” в g 
"AU p" С” 








. 
its value, obtains the well known rule for the multiplieation or 


composition of two matrices. • ° 


In his celebrated memoir Cayley restyicts his investigation mainly 
to square matrices. Itis shown that matrices (attending to those 
only of the same order) “comport themselves as single quantities ; 
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, they may be added, multiplied or compounded together, ве. The law 
of the addition of matrices is precisely similar to that for the addition 
of ordinary algebraical quantities ; as regards their multiplication 
(or composition) *there is the peculiarity that matrices are not in 
general convertible ; it is nevertheless possible to form the powers 
(positive or negative, integral or fractional) of a matrix and thence to 
arrive at the notion of a ratipnal and integral function or generally of 
any algebraic function, of a matrix. Cayley obtains the remarkable 
theorem "that auy matrix whatever satisfies an algebruw equation 
of its own order, the co-efficient of the highest power being unity, 
those of the other p:wers being functions of the terms of the matrix, 
the last co-efficient being in fact the determinant. This theorem 

. Shows that every rational and integral function (or indeed every 
rational functional) of a matrix may be considered as a rational and 
integra] function, the degree of which is at most equal to that of the 
matrix legs unity ; it even shows that in a sense the same is true of 
any algebraic function whatever of a matrix. . One of the applications 
of the theorem is the finding of the general expression of matrices which 
are convertible with a given matrix. The theory of rectangular 
matrices appeared to Cayley much less important than that of a 
square matrices and he devotes only a few articles to them at the end 
of his memoir. 


Аз the very general theorem referred to above formed the basis of 
subsequent developments of the Matrix Theory it may he interesting 
to mention it here :- 


5 The Identical Equa- Let M be any matrix Га)” . Then the derived 
Te determinant 
а,,—М, aia .. а,, 
Boy аду — Ма а | 
. 
| ата. ва ан-М!І- 


vanishes considered as œ matris equation of the m-th order. Cayley 
writes the &dentical equation, symbolically, as Det (1. M —M. 1)=0 
where the matrix M considered as a single entity (quantity) 1s 
represented by М and taking 1 to denote the matrix-unity, Т. M 
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would represent the matrix М and M.1 would repiesent the matrix M 
considered as a single quantity involving the matrix unity. 


Cayley gives the proof of the Identical equation in the case of the 
matrix of the second order and gives only the enunciation in the case 
of the third order. An elementary proof in the case of the matrix of 
the third order (which is applicable also to the general case of any 
order) is given by Forsyth in the Messerfver of Mathematics, Уо1.'13 
as well as by Muir in his artiele on Bipartitite Functions апа Deter- 
minants in the Proceedings of the’ London Mathematical Society, Vol. 
16. Arthur Bucheim’s elegant paper on the “Theory of Matrices ” 
(Vol. 16 cf the Proceedings of the London Mathematical Society) 
connects Grassmann’s methods (in which the key to the matrix theory 
lay) with the theory _ created by Cayley and Sylvester, by connecting 
them both with Hamilton's inyestigatiois. Bucheim shows that the 
linear and vector function of a vector is siniply Ше matrix of the third 
order. | | e 


А brief survey, which is here attempted of the previous history of 
the Matrix Theory some account of which is necessary in, order that 
we may be able to make an estimate of the remarkably original work 
of Dr. Cullis, will be incomplete if we did nót refer to the writings of 
W. Н. Metzler and Henry Taber. Metzler wrote on “the roots of 
matrices” (Vol XIV of the Amerkan Journal) and on “certain 
properties of symmetric, skew-symmetric and oithogonal matrices 
(Vol XV, ibid). His paper on the function $ ( 2, m) has heen already 
noticed above. Taber’s most important paper on the theory of matrices 
is that eontained in Vol. 12 of the American Journal of Mathematies. 
According to him “ Hamilton must be regarded as the oviginator of 
the theory of matrices, as he was the first to show that the symbol 
of a linear transformation might be made: the subject matter of a 
calculus. Cayley makes no reverence to Hamilton (in his Memoir of 
1858) and was .(frobably) unaware that results essentially identical 
with some of his, had been obtained by Hamilton (or was it because 
Quaternions did not appeal zo him ав it did not to Lord Kelvin !l). 
On the other hand, Hamilton's results related only to matrices of the 
third and fourth order while Cayley's Method was absolutely general. 
The identity of the two theories was explicily mentioned by. Clifford 
in à passage of his Dynamic (Clifford’s writings on the subject are 
contained in Vols. I, II and ПІ of his Dynamic, page 162 etseqelao 
and also in his Collected Papers, pp. 547-341). - 
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Subsequent to Cayley but -previous to Sylvester, the Pierces, 
especially Charles Pierce, were led to the consi- 
deration of matrices from a different powt of 
view ; viz., from the investigation of Linear 
Associative Algebras, involving any number of linearly ¿dependent 
"ais. In this aspect the quantities arranged in a square are looked 
upon as the scalar co-efüeients of thé'several units or “vids” of an 
algebra belonging to а certain class. Charles Pierce did something 
more, In his remarkable investig&tions upon the extension of the 
Boolian Calculus (vede Boole's Laws of Thought recently reprinted by 
the Open Court Publishing Company) to the Logie of relatives (vide 
America} Journal of Mathematics, Vol. IV, page 221 and the memoirs 
of the American Aeademy' of Sciences for 1870 and 1875) he came 
upon а set of forms (the “vids” mentioned above), constituting a 
system virtually identieal with the calculus of matrices. Не made 
‘the discovery that the whole theory of Linear Associative Algebra is 
' included in the Theory of matrices ; in particular, he gave the matrix 
form of all the algebras considered by his father Benjamin Pierce, 
in his Linear Associative Algebra (Americal Journal, Vol. ТУ). A 
simple example may be given here to show how a matre algebra may 


Linear Associative 
algebras. 


be viewed as a /inear algebra :— 


- Consider, to fix ideas, the two matrices of the 2nd order 
ab af 
m=[ ИЯ Bs [ 41 
and the four matrices 


10 01 
e| op | das [6] 
` 


p07 2 го 
eam 10 | n= aul 
• 
The sixtéen products of these four by two's are 


* ё, jOE =E, к 
Жән | кы 00) 
e, era 70 (69) | 
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Then elearly 
| me; , + be, ,+ce, , +46,; 


рае, , + Be, , yes, 90, e 


m p (a4-a)e, , -- ...(d4-8)e, , „= (B) 
mg (ав. + by)e, , + (aB -- 08)e, , 
. + Ca dy)e,, 
+ (eB 4- 83), a. Ў 


The set of hyper-complex numbers ае, ; +... +4е,, in whieh «.. d 
range independently over a' domain of rationality О and for which 
addition and multiplication are defined by (B), is called a linear 
associative algebra over the same domain with the four units 
£11) буз, бал; баз Subject to the multiplication Table (A). 


The above can be easily generalized, when m and y are matrices of 
higher order than 2. 


То Sylvester, in the 19th century is due most of the development 
in the theory. In bis leetures on universal Algebra “һе distiuguished 
between the diffiereut degree of vacuity and nullity of a matrix, 
replacing by these terms, the term “indeterminate” used rather 
vaguely, by Cayley to denote a “null” or © vacuous” matrix. 
Sylvester showed also how to derive a chain of equations (the catena) 
from the Јдеп са! Equation mentioned above and the relation of these 
to the Latent function of two or more matrices taken in a certain 
order. The terms “ nullity” “ vacuity” and “latent function ” are of 
such importance in Sylvester's Theory that а brief description may be 
giveu of them. ` 


Let $ be the matrix [а] : of order w. 


. • 

Tf all the minors of the matrix of order 22—%+1 vanish, but not all 
the minors of order w—4, its nullity is of the order ¿ If i=], it is 
said to have “simple nullity.” The term “ vacuity " has reference-to 
the number of roots, equal to zero of the equation 


а: А а... а, 
Duy e| 
“зі аз-А Gay =0 е 


Феу 7 ee Фао А 
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If = roots of this equation'are zero, the vacuity of pis 2 ; if 7=1, pis 
said to be “simply vacuous.” 


The roots of the above equation are termed by Sylvester the latent 
roots of ф and the determinant written above (when it does not 
vanish) is called the Latentefunetion of $ and written as | ф—А |, À 
being а sealar. 

The “nullity” of ф cannot exceed its “ vacuity ” and since the 
latent roots of ¢—d are severally equal to the several latent roots of 
ф less X, if g is an m-tuple latent root of ф the vacuity of $—5 is m. 


Sylvester's Law of пи у is :— 


“The nullity of the product of £wo (and, therefore, of any number 
of) matrices cannot be /ess than the nullity of any factor, nor greater 
than the sev of the nullities of the several factors which make up Ње 
Product." 


When we see that the “nullity”? of a matrix, as defined by 
Sylvester, is the difference between its order and its “rank” as 
défined in Art. 68 of Dr. Cullis's work, Sylvester’s law is equivalent to 
" ТЕ y, and y, are the ranks of two matrices of order x and À the 
rank of their product, then 


Б>у, vin av^ ај 
Е<у, 
| (iz) 
у вс»). : 


Dr. Cullis’s Theorem III (generalized in Theorem IV) of Art. 71 gives 
only (4) above, which is only оле half of Sylvester's famous Law 
which has been extended hy Bucheim (Phil. MAg. Vol. 18, 1884). 
There is no doubt that the Identical Eqnation and its implications 
have received further developments in the skilful hands of Dr. Cullis 
in the subsequent volumes of this great work. 

• . 


• 

1 Connected with a matrix of" order n, are two integers, its rank and its nullity. 

‘The sum of thes$ two is 1,050 that we may dispense with either one of them and 

most authors use the “ rank " alone. It is however convenient to use the Nullity and 

itis the generalization of this Intteg conception and not of the rank, with which 

we have to deal in the case of Infinite and Fredholm determinants (Maxime 
Bocher), 
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. Dr. Cullis’s development of the "Theory'of matrices of which only 
the fundamentals are given in Chapter VI, is entirelyeon an independent 
plan. The similarity and equality (veal and conventional) of two 

matrices, their addition and subtraction and the 
crea AM mb. multiplication of a matrix by a scalar number, are 
matrices. defined and considered in Arts. 39-41 and fully 

illustrated by examples. The definition of 
“zero” matrices given in sub-article 4 of Art. 39 is to be carefully 
attended to. When we write A=0, we mean A is a matrix, every one 
of whose elements is zero,—our familiar scalar zero. With this 
exception, а matrix cannot be equated to a scalar number. And it is 
proved further on (page 179) that “there is no matrix which сап be 
regarded as being always equivalent to the non-zero scalar number # 


for purposes of multiplication.” қ 


In Arts. 42-46, а, product of two matrices is defined and the chief 
properties of such a product are discussed. Іп 
Art. 42, active and passive rows of the factor 
matrices and the ac/zvi/y and passivity of a factor 
matrix are defined (ef. similar notions in Vol. IV of Sylvester's 
collected works, page 210). The Law of the formation of the product, 


Product of two 
matrices, 


[e] " ОЁ two matrices [4] 4 and []. of equal passitity т is defined by 


€; —X,a,,5,,...(u—1, 2,...т) 


This definition is equivalent to the two following statements :— 


(1) The product matrix has the same number of horizontal vows as 
the first factor matrix and the same number of vertical rows as the 
second factor matrix. 


(2) The element с,, common to the 27% horizontal row and the 
j'^ vertical row of the product matrix, is the sum of the products 
obtained by multiplying each element gf the 27” horizontal row of the 
first factor matrix by the corresponding element of the J'5 vertical 
row of the second factor matrix. 7 


% 

When the passivities of the two factor mafrices are not equal, sub 
article 3 of Art. 42 puts clearly how, the product is to be formed by 
(2) the insertion of additiona’ final passive rows in the factor which 
has the smaller number of passive rows or (%) by striking ‘out 
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the redundant final passive rows in the factor with the larger number 
of passive rows, these two processes being shown to be equivalent. 
This leads to the generalized statement :— 


[а], Га = [е], 


• 
where 0, ,7X. Bin by, 


и receiving all integral values from 1 to the smadler of the two 
numbers 7 and s. 


After giving in Arts. 43 and 44 respectively, the properties of 
passive and active rows ina product of two matrices (which follow 
easily from the definition given above), the author proves іп Art. 45 
two well-known propositions in the Theory of matrices 272., 


(2) The product of two matrices taken in specified order is distii- 
butive (sub article 2) 


(й) The product is in general not commutative (sub artiele 3). 
The Note appended to sub artiele 3, however, gives two instances of 
special commutative products, viz., 


(1) The product of a square matrix and its conjugate reciprocal 
(sub article 6 to Art. 46) 


(2) The produet of iwo square matrices of the same order when 
such product is a non-zero scalar matrix (example т of Art. (7), 


On ,this subject of commutativity, the memoir of John Byrnie 
Shaw, the reputed author of a masterly “synopsis of linear Associa- 
tive algebras” and of the “ Philosophy of Mathematies,”’ in Vol. 4 
of the Transactions of the American Mathematical Society (рр. 251- 
287) on the Theory of Linear Associative Algebra may be usefully 
consulted. 


Art. 46 deals with some special cases of a product of two matrices 
which are of frequent use jn the Chapters which follow. 


. One noteworthy feature of the author's treatment of his subject 
is that he leads his reader on step dy step, from particular cases to more 
general ones. After dealing? exhaustively with the product of zwo 
matrices, he introduces the product of three or more matrices, very 
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suitably calling that а chain of matrix factors, and showing how what 

. has gone before is applieable ір the chain. In 
Chain of matrix | mS 

factors. particular, he proves (Art. 47) the Associative 

property ofa produet of three matrices and the 

next Article extends the proof to the product of any number of 

matrices. Іп these two articles, he abso proves the Distributive 


property of any product. . 


• 
In the case of a chain of matrix factors; it is found  necessar y, for 
obvious reasons, to redefine, active and patsive rows, activity ane 
passivity and the efficiency of the product (Art. 49). 


One-to-one correspondence between the active rows of the two 
extreme factors іп a chain and the active rows of the product matrix, 
is established. Similar correspondence between the passive rows of 
any two and three consecutive factor matrices in а chain is also 
established in Art. 49 (CF, what goes before in the case of а product 
of two matrices in Art. 42, page 163). Finally a standard product 
is defined, although it is shown in the next Article (50) that the 
consideration of products which are not of standard form is super- 
fluous. Тһе remaining articles of Chapter VI deal with the 
properties of passive and active rows in «zy product formed by а 
chain, of the conjugate of a product of any number of matrices in 
a specified order, (Cf. the corrésponding case in Quaternions which 
is only a special ease of Matrie algebra) and of special cases. It is 
essentially necessary that the student studying the Caleulus of 
matrices should fully азаитебаве- the contents of this Chapter, if his 
further progress in that Caleulus is to be assured. 


Chapter VII follows Chapter VI in natural sequence. We have 
a chain of matrix factors. The product is а matrix bearing definite 
relations to the еіп: But a matrix is always associated with its 
determinoids—that function which is the content of a rectangular 
matrix. How, then, are the determinoids of the various factors 
related to the determinoid of the product matrix ? Dr. Cullis starts, 
as is the practice with him, accomplished teacher that he is, with the 
simplest ease, vtz., with two factors A and Band proves the following 


theorems::— 
• • 


(1) If the passivity of the product АВ is /ess than its efficiency, 
е 


det AB=0 
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(2) If the passivity is xot less than its efficiency 7, then, det AB 
—X(—1)'*" AA’ where A and A‘ are the determinants of two square 
matrices A’, В, to the product of which, AB ean be reduced by 
striking out corresponding passive rows in both the factors and active 
rows, in the larger factor matrix and w, #', are the affects of A’, B^, in 
А, В, respectively. : 


The investigation of fhese two theorems is divided into several 
possible gases including the case when the passivity is equal to the 
efficiency which of course falls ünder (9) above. Тһе following 
results are deduced :— 


(a) If А and B are both square matrices 


det A B—det A x det B 


(b) If the smaller of the two matrices A and В is a square matrix 
or if the passivity of the product is equal to its efficiency, 


det AB=det А xdet B. 


Three ad/ernative rules are given (Theorem D, page 217) for evaluat- 
ing the det AB when the passivity is not less than the efficiency and 
it is shown how these rules ean be made applicable to the other case, 
viz., when the passivity is less than the efficiency. These rules are 
patterns of Art and are fully illustrated by examples. The essence 
seems to be the reduction of rectangular matrices to square or 
inversely similar (Art. 39) matrices by permissible “striking out” 
of rows. 


Having established the above, Dr. Cullis passes on to the treat- 
ment of the more general case of the determination of the determi- 
noid of the product of any number of- given matrices in Art. 58. 
He gives six theorems, covering all possible cases but not being con- 
tent with the same, gives in the next article, ae practical plan for 
the progressive development of the determinoid. 


Art. 60 deals with some special cases, in which one of the factors 
is a unit matrix, a scalar matrix or has a numerical factor. And in 
Art. 6l taking, without loss of generality the product of four factor 
matrices, А, B, C, D whose two activities are each equal to the effi- 
gency (7) of the prodyct, proves that 


det ABCD = det A’ B’ C' D’ 
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where A’, В’, C, D' are matrices whose elements are the derived deler- 
minants of order т which can бе formed from the matrices A, B, C, D 
respectively aud where each of the extreme factors A’, 2, contains only 
one active vow. 


For a proper understanding of this very important theorem which 
is really а concise way of expressing the rather complicated results 
of Theorem VI of Art. 58 (pp. 225- 229); the terms ‘‘ vertical and 
horizontal minor matrices” ше, introduced іп pages 238-234 and а 
scheme is laid down for the choice of successive minor matrices of 
the factors for forming the equation above. 


The Theorem, the new terms and the scheme are illustrated by 
the working out of some examples. . | 


The Chapter coneludes with an investigation of “the algebraic 
sum of the affected minor determinants of order k of à product of 
given matrices.” This is an important investigation for fubsequent 
work and the two theorems which are given are elearly shown to be 
generalizations of those obtained in Arts. 56 and 58. 


We can derive, from a fundamental matrix [г] 5 minor determi- 
ants of a given order which is less than either s or x. With these 
unaffected minor determinants we ean construct matrices but definite 
schemes of formation are required. In Art. 65(1), (Chapter VII), 
the definition of a complete matrix of the minor determinants is 


given. According to this definition the complete matrix is [e] 
Be 


where 
epg == Сема) 4 where the sequences [m, m, ... mi] and [n, т, ...n,] 


have their pth and gth values 


Therefore, the complete matrix ean be formed in plev! £1! Ё! 
ways; schemes of formation of complete matrites are required. Ts 
is supplied in sub article 2. Sub Ayt. 3 gives what are called 


ec 
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standard schemes of formation and standard matrices of minor deter- 
minants. In sub &rticle 4 complete matrices of affected minor deter- 
minants of given order are dealt with showing the complete character 
of the work under review, These definitions and formation of sche- 
mes are introductory to tle two remarkable theorems which are 
given in Art. 66, of which, what has been given in formula (D) of 
Art. 61, Chapter’ ҮШ, is only a Жаш case. The theorems are 
given blows -- . 


Let XCABC.ST 


be a standard produet in which the passivities are not subjeet to any 
restrietions.: Let у be the efficiency of the produet-X and let К be 
any number which is not- ‘greater than у so that the product has 
derived determinants of order K. i 


Theorem I. If any one of the passivities is less than K, then 
every “complete matrix of the minor determinants (unaffected or 
affected) of order K, of the product matrix X is zero. ; 


' Theorem II. If no one of the passivities is less than K, then 
every complete matrix of the minor determinants (unaffected or 
affected) of order K of the produci тазік X, is equal to the pro- 
duet of any set of correspondingly formed complete matrices of' the 
minor determinants (unaffected or affected) of order K of the factor 
matrices А, В, C ...... S, Т. The nature of the correspondences 
alluded to in Theorem II is indicated in the proof. 


Although i in the enunciation the product is taken to be a standard 
‘one, it is shown that the theorems remain true when the product 
is not of the standard form (note 3, page 258). 


Chapter VIII concludes with two theorems on ње reciprocal aud 
conjugate reciprocal of a standard product of square | _ matrices. 
'Lhese theorems are :— . 

(1) The reciprocal, of a standard product, of any "number of 
square matrices taken ine given order is equal to the product of the 
reciprocal of the factor matrices taken in the same order. 


(2) The conjugate reciprocal, however, is equal to the produet--of 
the conjugate reeiprocals takén in the reverse order. (Gf. Art. 54, 
sub Art. 2, Chapter VI). У 
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The proofs of these theorems depend on the general theorem of 
Art. 66 but an alternative proof also is given? Some instructive 
examples of commutative products are also given. 


Chapter IX is very important in the Caleulus of matrices; and 

the student will Wo well to ponder every defini- 

алк and бошес tion that is given and every theorem that is 

proved. If treats of the “ Rank of a matrix 

and the connections between the rows of a matrix." After the student 

has earefully worked through the Chapter he cannot bat feel grateful 

to Dr. Cullis for the satisfactory manner in which he has dealt with 
his subject. ` 


“If A = [a] bea matrix and s be any number which is not 
greater than the efficiency of the matrix, and, if a// the derived 
determinants of order s of the matrix vanish, then all derived 
determinants of orders greater than s vanish; for, every such 
determinant ean be expanded in terms of derived determinants of 
order, s.” 


“Phe rank of the matrix А is the greatest order which a non- 
vanishing derived determinant can have. ‘Thus, the rank of the 
matrix À is y when А has at least one derived determinant of order 
y which does not vanisb, whilst every derived determinant of order 
y+1 vanishes and therefore every derived determinant of order 
greater than y vanishes." 


Obviously the rank у of а matrix cannot exceed its efficiency, 7 
when у < y, the matrix is called “ degenerate " when y=, it is called 
* undegenerate.” An undegenerate has non-vanishing derived deter- 
minants of all orders not exeeeding 7 but its determinoid may or 
may not be zero, • In a degenerate of efficiency у, all derived teter- 
minants of order у vanish; also the determinoid of the degenerate 
vanishes ; for the determinoid ean be expressed in terms of the de. 
rived determinants (Art. 30, Chapter V) of order 7. 


% 

* A matrix whose determinoid vanishes is called a “ singular ” 
matri. А matrix whose determinoid*does not vanish is called 
“non-singular.” А degenerste matrix is gecessarily' singular gnd e 
а non-singular matrix is necessarily undergenerate." 


А determinoid is said to have the same rank as its matrix (Art. 
68). 
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These preliminaries are rightly followed by twelve illustrative 
examples. 


Art. 69 is impertant in as much as it establishes “connections 
between the rows of a matrix whose elements are constants,” and 
thereby links Dr. Cullis's really original method of the treatment of 
matriees with the genesis of d Theory in Cayley's Memoir of 1858. 


Cousider the matrix [а]; : "There is said to be a connection bet- 


е 
ween (or among) the Aortzoutal rows or their matrices when there 
exist scalar multipliers, 2,, й,, ... Аһ» not all zero, such that 


hy (а, 1 8, o Gyn] + ... ћа (баз Фаза ... Ann] = matrix zero. 
• - 
This matrix equation is equivalent to the m scalar equations :-— 


h, ву + ha 444 + 2. hm аза = 05 


h, ај, + ha Gag + ee Вый = 0 
РСА) 


h, Oin T ha Qam +... hin Ou 0) 
which set can obviously be written, in Dr. Cullis’s notation, as 
[Ry ha ... ln] [a]: = 0. 


Similarly there is said to be a connection between the vertical vows, 
or their matrices, when there exist scalars k, ... №, not all zero, such 


that Я Е 
431 Gin 
Gar Gan 
ky MT Ky = 
• 
- Oni E 54 Bun 


matrix zero. 


This ig equivalent to m scalar equations among the » variables of 
the type ] • re 
. : • u =1,2...m 
УК au, o ( - ) 
т = . 
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- „| Me 
which can be written in the Matrix form [а], =0 


kn 


\ 


` If à is > m there will be, in the casewf connection between hori- 
zontal vows » — m more scalar equations of the given type but these 
are not dealt with, for it is noè the object of the learned writer 
to diseuss, at the stage, the theory of Linear dependence ; on the other 
hand his object is obviously to erect an zudependent Theory of Matrices 
on a logical basis and, then, to apply the same to the discussion of 
Linear dependence aud linear algebraic eqilations which he does in 
the last Chapter of the First Volume. ` | 


Art. 70 gives eight theorems concerning connections, These are 
important for the subsequent handling of matrices. "'heorem I 
states that 1f there is any connection between the horizontal or 
vertical rows of a square matrix, the determinant of the matrix vani- 
shes. This is fundamental and the proof is given, not by the Theory | 
of Linear algebraie equations as.is the usual procedure but by the 
author's Theory of mairices. Theorem 11, viz, that if А is any 
non-vanishing derived determinant of a matrix A, then the horizontal 
rows and also the vertical rows of A which occur in A are uncon- 
nected. This might have been à corollary to Theorem I. Theorem 
ПІ is praetieally а generalization of Theorem II. Ав this theorem 
is important we may give its enunciation :— 


“Tf y is the rank of a matrix А and if Ay is one of its non-van- 
ishing derived determinants of order y then; ~ 


(2) the horizontal (and also the vertical rows) of A which occur 
in A, are ANDRE: 


(ii) all бер horizontal (and similarly all other vertical) rows of 
А are connected with those occurring іп Ay. 


The other theorems, simple and important as showing the 
dependence of the rank of a matrix on the connections ebetween 
rows, are easy deductions, the last TReorem, viz, that “if a 
connectcon exists between any of the acteve rows of tither extreme 


actor matrix in a product formed by a'ehain of matrix factors, then 
uj % 
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there is exactly the same connection between the corresponding rows 
of the produet matrix," is a generalization of the properties of active 
rows: considered in sub arts. 9 and 10 of Art. 53. It is noted that 
the converse of this Theorem is not true. | 


Art. 71 introduces seven theorems most of which serve to facili- 
tate the determination of the rank of a given matrix ; they are of 
fundamental importance to a’student of the Calculus. In example 
ХЫ, page 285, is introduced the notion of equipotent matrices. 
“Two similar matrices are called eqvtpotent when either, and therc- 
fore, each, can be derived from the other by prefixing and post-fixine 
undegenerate square matrices. The necessary and sufficient condition 
is clearly set down. Equipotent matrices have equal ranks. 


In note I on page 288, are given the necessary and sufficient con- 
ditions that a given matrix, А, shall have rank, y, viz. :— 


(1) Thgt A shall have a non-vanishing derived determinant A, 
of order y. 


(2) That every derived determinant of order y + 1 of A which 
contains A, as a minor, shall vanish. 


. Although these conditions follow from Theorem I of Art. 71, 
a more direct proof is said to be given in “ Ex. V of Art. 1107 and 
in Note 2, page 288, it is said that special theorems relating to the 
rank of symmetrical or self-conjugate square matrix are given in 
Art. 119. Тһе First volume contains only 97 artieles and these 
references probably relate to the second volume but the reviewer does 
not find that they are correct. This however has been explained on 
page vii of the Preface to the second volume. 


Art. 72 deals with the rank of a product of two mutually conju- 

А gate matrices aud in clause 2 of the same, is 

Extravagant matrix. ntroduced the expression “ Hatravagant Matrix.” 
As such matrices play a considerable role, we note that * an unde- 
generate matrix, in which the sum of the squares of the simple minor 
determinants is equal to zero, is an extravagant matrix.” Clearly 
no matrix who'e elements are all rea] or.all pure imaginaries, can be 


extravagant. 


Art. 73 gives two theorems showing how the rank of a complete 
matrix of the minor determinants of a given order of a matrix can 
be determined, when the rank of the latter is known. 

e 
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The chapter closes with some elementary investigations (Art. 74) 
on the rank of a matrix ard connections between its rows when its 
elements (hitherto treated as constants) are rational integral functions 
of certain variables. The importance of this article for subsequent 
work cannot be over-estimated. 


Chapter X deals with matrix equatidas of the First degree. The 
most general form of such an equation is 
x А, X B, = C, where 4,, А,,.. A, B,, B,, … В 


y! Y 


and C are known matrices whose elements are constants. This 
general equation is not diseussed in this Chapter but the form that 
is dealt with is A X B = C of which partiĉular cases are A X = С 
and X B = C. These three receive very full treatment. In Arts. 
75-77, definitions are given of а solution, the general solution, a finite 
and an гтјимје solution and equations of the specially simple form 
X + А = Bare considered. The special cases of AX = С, X B 
= Cand À X B = Cin which А and B are итдедепетаје square 
matrices are first considered in Arts. 78-80 and, then, the general 
eases, when À and B are any matrices whatever, are diseussed in the 
three following articles. То a student who has studied Quaternions 
the most general form X, Ау X B, = C of the matrix Linear will 
recall, the Quaternion equation 3 A q B = C the operator, ф = ХА 
( )B ealled by Sylvester, the Nivellator, and its quadrate Matrix 
and how Cayley has shown that the “ Theory of the solution vf the 
Linear equation in guaternions enters into relation with that of the 
solution of the Linear equation in Matrices.” (Vide Cayley's con- 
tribution on the Analytical Theory of Quaternions in the Third Edi- 
tion of Tait’s Quaternions, pp. 148-152). 


The ehapter closes with à summary of cases in which it is allow- 

. able to cancel a matrix factor which is common 

Law of cencellati фо both sides of a matrix equation. Art. 84 
of matrix factors. . | PED 

gives very precise statements (six in number) 

which should be carefully followed and borne in mind, regarding 

the Law of Cancellation of matrix facéors in a matrix equation. We 

notice in the enuneiation of the Luw the importance of the*notions 

of rank and passivity. Art. 85 follows, in natural course, with simi- 

lar statements regarding the cancellations of matrix factors in ea 

matrix Identity which too receives a definition. А thorough 
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comprehension of the Law of Cancellation is essential to progress 
in the General Thèory of rectangular matrices. 2 


Chapter XI, the last in the First Volume, treats of the solution 
of any Jsystem of Linear algebraic equation. 
Solutions of any sys- This 15 a really valuable Chapter and the re- 
tem of Linear algeb- : 
raic equations by the viewer has not seen this important subject 
e а Theory of dealt with in "the same masterly and refreshing 
manner in any of the modern English works in 
Algebra. The late Maxime Bocher’s Introduction to Higher 
Algebra, the best of its kind in recent years, gives only the degin- 
nings of the general theory. Starting with connections (clearly de- 
fined) between linear fwnetzons and between linear equations (Art. 
86), Dr. Cullis gives, as a first treatment, the solution of any system 
of linear étuations and writes the sigle matrix equation which is 
equivalent to the ж scalar equations of the type :— 


yy ty Тај, Wg + ... Gin Фа = Cy. 


Since there is one—one correspondence between the solutions of 
the system of scalar equations and the solutions of the matrix equa- 
tion, the solutions of the scalar equations depend on the solutions 
of a matrix equation of the first degree of the form А X = О, dis- 
cussed in the previous Chapter. Stating clearly what are the ий- 
augmented and augmented matrices of the system of the scalar equa- 
tions, the theorems arrived at, in regard to the matrix equation, in 
Art. 81 of Chapter X, are translated to apply to the scalar equations 
and six note-worthy results are given including the ¢nfinete solutions. 
The author next proceeds to find the general solution when finite 
solutions exist and discusses two cases, the prineiples being fully 
illustrated. А second treatment of the solution of a system of 
Linear equations of the type :— 


ауу 4, cb Aye 8, + or ада S F ада =O 


is given in Art. 88 and similarly dealt with. The’ next article 
discusses the solution of, any system of Lomogeneous linear equations 
which are of,such frequent occurrence in analysis. In Arts. 90-98 
complete sets of uncofinected solutions of any system of linear algeb- 
raie equations are defined and by means of them а symmetrical form 
is given бо the general solution. Тһе various examples worked out in 
connection with Art. 90, introduce the ideas of ‘extravagant’ and 
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" non-extravagant" equations and solutions, although the reviewer 
would have wished an “Extravagant solution” td be formally de- 
fined as an “ Extravagant equation" is in Ex. vii, page 389. In 
‘Arts, 94 and 95 properties of mutually кенінен solutions are con- 
sidered and it is shown, in partieularMhat a system of linear equa- 
tions, whose matrix is read? (2.6. a matrix all of whose elements are 
real) has always a complete sete of unconnected mutually orthogonal 
real solutions. Connections between linear equations receive still 
another interpretation in Art. 96 and the last Chapter, which is pro- 
bably the only chapter in the book which contains applications of the 
Theory discussed in the previous Chaptérs, closes with a discussion 
of the conditions for the existence of functional dependences between 
algebraic functions. 


The Second Volume. 


The Second Volume has been published in 1918. “The conti- 
nuation of the work” we are told in the interestiüg preface “ had 
been greatly hindered by untoward circumstances, above all by the 
difficulty of obtaining sufficient leisure for the final preparation of the 
manuscript for the Press.” The theoretical portion has been constantly 
increased, in the first place by abséractions from the applications and, in 
the second place by incorporating the work of other writers. The 
learned author decided, with reluctance (for, his original aim was “ to 
give a systematic account of certain applications of Matrices to ilus- 
trate the very great advantages gained by using them in almost all 
branches of Mathematics”), to publish, as a Second Volume, the 
first half of that portion of the complete work which deals in greater 
detail with the Theory of Matrices. The Second Volume, accord- 
ingly, contains élfose parts of the Theory which naturally precede 
any investigation of the special properties of functional Matrices 
(Matrices wnose «lements are rational integral functions of a finite 


. 
1 The idea of a domain of rationality 0 should be fully grasped, ір order to 
understand what а general theorem concerning matrices becomes in the special 
саве when the matrices nre real. When the operations on the elements are only 
rational the general theorem сап be made at once applicable to the real matrix by 
taking Q to be the domain of all real numbers. But it should be noted that the real 
domain has properties which are not possessed by other domains and special treat- 
ment is necessary. (This subject has been further developed by Dr. Cullis in Chap- 
ters XVI and XVII of his second volume.) 
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number of variables). It deals almost exclusively with Matrices 
whose elements are constants, which may be arbitrary parameters, 
and with those transformation of such Matrices which are classed 
as equigradent. | | 


The Volume contains “À Chapters, and like the first, has а 
full and useful index, and a summary of the contents of each Chapter 
prefixed to it. There are three ajfpendiees,—Appendix А, on the 
utility of the relations obtained in Chapter XIII, viz., between the 
elements and minor determinants of a matrix; Appendix B, .on.the 
Pfaffian of а Skew-Symmetrie matrix of even order; which was sug- 
gested to Dr. Сав by his perusal of a paper by Mr. Haripada Datta 
(on Symmetrie determinants and Pfaffians, Research Paper No. 5 
іш the Mathematical Department of the University of Edinburgh) 
and Appendix C,—on equigradent transformations in whieh one of 
the transforming factors is a semi-unit matrix. 


Dr. Cullis has usefully anticipated the reviewer, by giving, on 
“рр. vili-x, remarks concerning the contents of Ње 2ndevidual Chapters. 
In the Prefaee to the Seeond Volume, he has taken the student of 
Higher algebra more into his confidence and admitted him into his 
work-shop so that he may take a glance аб the materials with 
which be is raising his edifice—not finished yet but of magnificent 
proportions and bidding fair to end in an outstanding land-mark in 
the Mathematical literature of the present century ! 


We note that although * the present volume is avowedly restiieted 
to the Theory of matrices, it actually presents a large number of 
G«ometrieal Applicatioss and of algebraieal Аррасањоћа to which, 
it is promised, attention will be subsequently directed.” Thus, 
“any set of matrices which are vertically equivalent to one another 
are regarded as defining a *'Spacelet,"' which i$ eompletely repre- 
sented by any one of them, usually by one which is .undegenerate, 
the “Spacelet” being a “ point" when the common rank of the 
matrices is 1. And any property of a matrix which remains 
- unaltered when the matrix is replaced by any matrix vertically 
е 


e in generaltzed Vector analysis, a matrix of n short rows and m long rows may 
be considered as given by m Vectors of an n-dimensional space and there is no 
doubt many of the theorems arrived at may be obtamed expeditiously from the 
point of view "of such analysis bus the author's stand-point is qs different and 


this fact must not be over-looked by а reviewer, - 
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equivalent to it, is a property of a “ Spacelet " and conversely all. pro- 
perties of “Spacelets " are properties of * matrices.”  * Spacelets ” 
and “points "> are spoken of, from the outset, as geometrical concepts 
although their definitions are not sq. The object expressly is to 
“lighten subsequent Chapters on th& geometrical applications of 
matrices" sueh as to z-dimensional geometry. In Chapter XVI 
which is on ‘equigradent transformations,’ it is shown that “every 
such transformation of a matrix who:e elements are constants, cor- 
responds to а Zizear traasformation of the variables in a near or 
quadratic algebraic form (Note 6, page 234). This is a note-worthy 
application of the Caleulus of matrices, on (һе algebrale side. 


On the geometrical side, the notion of “Spacelets” plays a 
great part in the Second Volume. The ‘rank’ of а; spacelet ' the 
‘paratomy’ of two spacelets and the relations between éspacelets' 
represented by the terms 200780000007 and ‘join’ and by the terms 
* incident’ and ‘ connected,’ are properties which depend only on the 
notion of connection aud are invariant in every equigradent (or pro- . 
jective) transformations of the points of space. The “ extravagance ” 
of a ‘spacelet,’ the ‘ orthotomy ’ and ‘ eross-rank ’ of two © spacelets " 
and the relations between ‘spacelets’ represented by the terms ‘core’ 
and ‘plenum,’ ‘orthogonal’ and ‘normal, are properties which de- 
pend on the notion of ‘ orthogonality’ and are invariant іп every 
t semi-unit transformation’ of the points of space, t.e., equigradent 
transformation which leaves the Absolute Quadrie unaltered. These 
are indeed valuable contributions to the much-looked for applications 
of the Caleulus of matrices and as, aids to the imagination, which 
is often baffled in dealing with hyper-space problems, ‘ spacelets’ 
and their intersections are graphically represented by areas, a shaded 
area always representing a completely ectravagant spacelet, 1.¢., a 
spacelet which bein& orthogonal with itself, is a generator of the Ab- 
solute Quadric. 


The opening Chapter (XII) which deals with ‘compound’ and 

‘compartite’ mafriecs, gives notations for such 

Compound and Com- matrices and their determinoids which ‘are the 
partite matrices. we 

complete generalizations of the nqtations used 

in the First Volume. А convenient and expredive notation is of the 

first importance, alike to the mathematieian who 

propounds à Theory and to the student, who 

tries to understand him. Liebniz recognised early the value of form. 


Notation. 
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Notations and algorithms held a prominent place in his conceptions 
and he wrote in 1676 that “one part of the secret of analysis con- 
sists in the characteristic, 1.6., to say in the Art of employing well 
the symbols we use. As Laplace said “the language of analysis, 
most perfect of all, being a powerful instrument of discoveries, its 
notations, specially when aj are necessary and happily conceived, 
are so many germs of new cal€uli.” Іп the development of a subject 
like the matrix theory, sufficient stress cannot be laid on the impor- 
tance of a well-chosen notation. “ft rests with the worker in 
mathematies not only to explore new truths but to devise the lan- 
guage by which they may be discovered and expressed; and the 
genius of a great mathematician displays itself no less in the nota- 
tion he invents for deeiphefing his subject than in the results at- 
tained." And one cannot but have faith in “the power of well- 
chosen notation to simplify complicated theories and to bring remote 
ones near. The notations for matrices and determinoids which 
Dr. Cullis has elaborated in his work, fulfl the requirements of a 
useful instrument of research and are certainly an improvement on 
the notations of Cayley and of other previous writers. 


7 .Fullof interesting matter is Chapter XIII, dealing with the 
relations between the elements and minor deter- 


Relations between 5 ` 5 - 
the elements and the minants of a matrix. Starting with the deter- 


minors mination of the connections between the short 
rows of an undegenerate matrix (Art. 108), we are led to a host of 
useful relations which are finally seen to be deducible from Art. 
116 headed ** Identieal relations between the elements of any matrix." 
In Arts. 110 and 111 are given Sy/vester’s identities (a reference to 
the Collected works of Sylvester where these occur had been useful) 
involving the “primary superdeterminants” (vide note 1 on page 
17, Vol. II) of a determinant and the corresponding identities in- 
volving the “primary sub-determinants " (also defined in Note I оп 
page 17) of a determinant. Conditions for the equivalence of two 
similar undegenerate matrices and the equivalence of two systems of 
linear algebraie equations are given in Arts. 118 and 114, the sign 
‘=’ being introduced to denote the equivalence of two matrices. 
Note 3 td Art. 118, pages 78-80 is specially interesting as introducing 


the notion of undegenerate каны as “©врасе- 


е 
„8 lets. 
расе ои“ leif? “ An undegenerate matrix а" ” of rank y 


where y is < % represents q flat locus of y—1 КЕК їп 
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homogeneous space of ;—1 dimensions, z.e., it represents a certain 
(у--1)-чау subspace or ‘spacelet’ w, of the complete (z —1)-way 
homogeneous space 9,. у is called the rank of thee'spacelet w, and, 


in particular и is the rank of the complete space w, The elements of 
the successive y vertical rows оға” are projective coordinates of 
y unconnected points of w, which lie in w, and competely determine 


бегі . S MERE у 
wy. Every other similar undegenerate matrix 0 which is equivalent 
- NL 


ony Р my TUN my my i " 
to а ,t.ewhen 6 = a Ё where Ё is undegenerate, represents 
ів шап шылы зу шыў 


the same spacelet wy. Examples IV and У of Art. 118 are of ‘ space- 


lets! in homogeneous ё and 4 dimensional spacés. 


Chapter XIV gives an account of some special properties of .a 
produet of square matrices. Тһе Chapter opens 
(Art. 118) with the recapitulation of the proper- 
ties of a product of square matrices already proved in Vol. I. 
Art. 119 defines two cojoënt complete matrices of the minor deter- 
minants of a square matrix. In this and some of the following 
articles are given a number of their properties. Art. 124 gives a 
separate account of the properties of the reciprocal of a square 
matrix and the next three articles deal with properties of symmetric 
and Skew-symmetrie matrices (Appendix B should also be read 
in connection with these) criteria for the determination of their 
| | 14nks being given. Anent Skew-symmetrie 
ee matrices the reviewer would like to invite 
attention to the following prize problem 

announced in 1919 by the Philosophical faculty of the University of 


Square matrices. - 


Berlin :— 


“То determine by means of the Theory of Elementary divisors, the 
criteria that a given matrix be capable of re- 


presentation as the eomposition (produet) ОЁ two- 
Ф - 


A Piize-problem. 


Skew-symmetrie matrices.” 
р x • 


(N. B.—Prof. А. A. Bennett diseussed- е problem in the Bulletin 
of the American Mathematical Society for July 19197 pp. 455-458. 
He has acknowledged, in Mareh 1920 number of the Bulletin, the 
reviewer is glad to notice, Harold Hilfon's prior solution in Section 8, 
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Chapter VI of his well-known work on “Homogeneous Linear 
substitutions 7). 


Chapter XV deals with the possible ranis of the product matrix 
and the factor matrices, in any matrix product. “The theorem of 
Art. 188 and the final results pf Articles 135 and 137 constitute the 

. usui generalization of the Law of cancellation 
Law of Cancellation А 5 . : 
of matrices—its gene. for matrices.” Тһе concluding articles deal with 
ralization: the equivalences of matrices on which the defi- 
nition of a * spacelet ? is based and with tbe “joins,” “intersections ” 
and “connections” of matrices and spacelets. These require a care- 
ful study as introductory to the geometrical applications of the Caleu- 


lus of matrices. 


Chapter XVI is on equigradent transformations cf matrices and 
the use thereof in the reduction of a matrix of 
Equigraden® trans- rank y to standard forms. The transformation 
formations. Ж “ 

of [а] mto [2] by means of an equation of 


the form [9]. = [4]; [2] [k] in which [7] and [1] are 
undegenerate matrices with constant elements having ranks r 
, and в equal to their respective  passivities, is called ап 
equigradent transformation. This definition not only holds when 
the matrices have constants as their elements but also when they 
have rational integral functions of certain variables as their 
elements. In the latter case it еш be shown that an equigradent 
transformation leaves the minimum degrees of connection of the 
matrix transformed unaltered. Hence the name *equigradent. Two 
equigradent matrices hnve necessarily the same rank. 

The simplest standard form is a similar matrix which is conven- 
tionally equal to the unity matrix [1] " and it is shown that every 
matrix of rank 7 with contant elements, can be obtained from the 
unit matrix, by an equigradent transformation, which reminds one of 
the development of the Theory of integers from unity. The reduc- 
tions of symmetric and Skew-symmetric matrices by symmetric 
equigradent transformatidh receive careful attention. This is an 
important and difficult Dhapter and the student will do well to grasp 
thoroughly the part played by the notion of Domain of rationality 0, 


in the transformations. 2 
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Chapter XVII is on the solution of matrix equations of the second 
- degree. “One of the most important results 
tri ti f . А 5 . 
the Second degreo. ® obtained in this Chapter, is the general formula 


à 2% 
for all solutions of any assigned rank p of the 
Im T т pi D mo 

symmetric equation » [r] = а (а) C [а] is a given matrix 
Lam s Lam m r 


• 
of rank (Art. 157). This is important, in as much as, the general 
Theory of extravagant matrices is chiefly based on this result and leads 
at once to the reductions in Chapter XVIII. 


The reviewer eannot pass without notiee the important notions 
introduced in Art. 188 ofa“ Semi-unit matrix " and of a * square 
semi-unit matrix." The examples attached tp this Article але specially 
interesting as showing the power and elegance of the Caleulus when 
applied to such familiar things as rotations of a rigid body in- 
3-wav space. 


- • 
Chapter XVIII, the last but one Chapter in the Second Volume, 
deals with the very important notions of “the 
Extravagance and - 5 “ L » 
degeneracy. degeneracy ” and “the extravagance” of a 
matrix. The “degeneracy” is the amount by 
which the rank of a matrix falls short of its “ efficiency.” In 
sub-article 2 of Art. 72 in the First Volume, an “extravagant matrix ” 
had been defined but it is necessary to define what is the “ extrava- 


gance" ofa matrix. It is the degeneracy of the product у= ^4] 


а . The “extravagance” of a spacelet (or the degree of its ortho- 


əк. 

gonality with itself) defined in Art. 170 is that property of it which 
is next in importance to its “rank.” It is invariant in every semi-. 
unit transformation of the points of space and can be interp eted 
being the “rank” of contact of the ‘spacelet’ with the Absolute 
Quadrie. The Chapter deals with interesting geometrical notions, the 
“core” and “ plenum” of a ‘spacelet’ being defined. With every 
* spacelet 7 is associated a completely extravagant “spacelet”’ called 
its ‘core? which is the locus of all points which lie in the given 
spacelet and are orthogonal with it, *7.е., the locus of the points in 
«Which the given spacelet touches the Absoluje Quadrie and a plenarily 
extravagant (vide note 2, page 382) spacolet called ite “ plenum ” 
which is the smallest spacelet containing the” given spacelet and all 
points orthogonal with it. Mutually “ orthogonal” spacelets are 
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distinguished from mutually “normal” spacelcts. A given spacelet 
has опе and only ome normal while an indefinite number of spacelets 


are-orthogonal with it. 


On the algebraic side the I of a matrix whose elements are 
constants to a standard formby a unilaterally semi-unit equigradent 
transformation is specially valuable, as it enables us to complete the 
discussion of the unconnected mutually orthogonal solutions of any 
system of homogeneous linear algebraie equations which had been 
left unfinished in the closing Chapter of the First Volume. 


Chapter XIX is on the “ Paratomy " and “orthotomy- of two 


matrices and of two spacelets of homogeneous 


Paratomy and ortho- . m — 
tomy. space. Two matrices а and of ranks rand 
19 di Ж 


е в 
s which have the same number of vertical rows ог two matrices 


[а] Г and a of ranks 7 and s which both have the same number of 


horizontal rows, are to be regarded as having the same mutual 


‘paratomy ^ and the same mutual ‘ orthotomy ” as the homogeneous 
гр mi? 
spacelets w, = а and w,= 5 . Тһе author, therefore, confines 


himself to a consideration of the paratomy and orthotomy of spacelets 
in homogeneous space. The mutual paratomy, p, of any two 
spacelets 20, and w, in space w, is defined to be the greatest number 
of unconnected points common to 9, and w,. 1615 the rank of that 
spacelet which is the locus of all points common to w, and w,, 2.6., the 
rank of the complete intersection of w, and #,. The mutual orihotomy 


- - pt — = 
of any two spacelets 0; = а and w, = 2 : of space %, is defined to 
> 


be the degencracy of the product Vo [a]. T and the rank of, V is 


called the cross rank of spacelet w, and w,. The most moteworthy 
results are. those relating to the *greafest possible mutual * orthotomy? 
of two ‘spacelets and the independence of the-extravagances of two 
spaeelets, of ,given ranks which have a given complete intersection. 
“Real spacelets” are *dealt with in Articles 181 and 182 (notes 
appended thereto) and it is easy to see that all the abstract theorems 
of the last Chapter are applicable to the common metrical space 0, 
of n dimensions when we define the paratomy and orthotomy of two. 
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spacelets of this space, to be those of their infinite sub-spaces, 7.e., 
those of their intersections with the infinite sub-spaee w, of the space 
of # dimensions. The Chapter closes (Art. 183) with a treatment 
of the properties of mutually dicis anii 


Applications of the Theory of matrices. 


As Sylvester said “ the theory of determinants is an algebra upon 
algebra, a Calculus which enables us to construe and foretell the 
results of algebraical operations in the same way as algebra itself 
enables ав to dispense with the performance of the special operations 
of arithmetic.” “Properly regarded, the*theory of determinants ” 
of which so much could be said, is as remarked by M. Bocher, “hardly 
more than .a shadow of the theory of matrices and just so far as one 
attempts to iguore this fact does the subject become an artificial one 
or ab best a tool for other investigations." Even as a tool, its potency 
is great; for, we find the theory largely entering into modern works 
on Algebra, Geometry and Applied Mathematies. The reviewer 
may be pardoned if he would mention below some few of the applica- 
tions of the theory which the learned author has developed with such 


consummate skill :— 


(2) The reviewer has come across a notice of a remarkable book 
on Analytical Geometry entitled “Cinq Etudes de Geometrie 
analytique" by M. Stuyvaert. Gand. E. Von Goethem, 1908, vi & 230 
pp. This work consisting of applications of the Theory of matrices 
and elimination was awarded the “ Prix Fiangois Deruyts " by the 
Royal Academy of Belgium. It exhibits the singular power and 
elegance of the Matrix theory and has received an interesting review, 
in pp. 479-484 of the Bulletin of the American Mathematical Society, 
Vol. 17 (1910-!1).. 

(а) The late M. Bocher’s Introduction to Higher Algebra gives 
some applications of the Theory. The last three chapters of the 
the book, constitute an execllent study of matrices whose elements are 
polynomials in a single variable À edlled À matrices. Тһе theory is 
applied (а) to the elucidation of the Theorg of Elementary divisors 
invented by Sylvester, H. J. S. Smith and more particularly by 
Weirstrass and perfected by Kronecker, Froberfius and others, (0) fo 
the equivalence and classification of bilinear forms and collineations 
and (c) to the equivalence and classification of pairs of Quadratic 


forms. 


ка 
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(шу. Prof. Н. J. S. Smith's Memoir on the “ arithmetical invari- 
‘ants of a rectangular matrix ^ (vide his collected works) із: опе of the 
earliest known applications to the Theory of numbers. 


(tv) Application of the Theory to Linear Differential equations by 
J. Brill (vide Cambridge Phipsophical Society’s Proceedings, Vol. 8). 
This memoir is written on the basis of Cayley’s developments. 


(v) O: Veblen and Young’s Projective Geometry makes much use 
of the Matrix Theory (wide Art. 54, page 156, Art. 95, pages 268 
and 269-of Vol. I, and Arts. 124 e£ seq of Vol. II). There are, in this 
work, exceedingly interesting applications of the elements of the 
Theory of matrices. е | 
. (v). Miller and Bliehfieldts" ‘ Finite groups,” Art. 6, pp. 18-14 
diséusses the bearing of the theory of matrices on the Theory of 
groups, in,an elementary way.* 


Bliehfieldts Finite Collineation groups, Chapter I gives appli- 
cations of the theory £o Liner groups. 


(vi) The elegant article by. Dr. Cullis on “а special square 
matrix of order six " in the Bulletin of the Calcutta Mathematical 
Society, Vol. X, No. 3, gives by means of the theory, the stress-strain 
relations of.an isotropie body without assuming the existence of a 
stigin-energy function. 


The reviewer feels that he has only imperfectly sketched the con- 
tents of the first two volumes of a remarkable contribution to the ever- 
growing mathematical literature of the twentieth century—remark- 
able alike for its breadth and depth, for its logical structure and its 
didaetie value. "The labour involved by and the earnestness of purpose 
brought to bear on, the making of the work have been worthy of the 
author whose reputation as an accomplished Mathematician and as 
an inspiring teacher has reflected glory on the University of Calcutta, 
where he holds now the exalted position of the Hardinge Professor 
of Mathematics. This appointment, as ће tells us in the Preface to 
to the Second Volume, had afforded him additional leisure for the 
completion of the monumentäl work he has undertaken and it is 
a pleasure to note the author's expression of specin] gratitude to the 
Hon’ble Sire Asutosh Mookerjee, Kt., C.S.L, President of the Post- 
Graduate Councils in Arts and Science for his stimulating interest 
and encouragement—interest and eneotragement ina really ІЛЕ 
field of work. 
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' Butthe very character of the work in 1ts elaborateness and its novel 

nomenclature renders it necessary that a manual for students attacking 

the subject for the first timé should be written. 

C doe character of Such а manual may well be on the lines of 
e'work. 

Joly's Manual of Quaternions, in the first 20 
pages of which is given the ‘grammar’ & the Calculus Gauss writing 
to Jessel in 1810 lamented * I am giving this winter two courses of 
lectures to Мигсе students, of which one is only moderately prepared, 
the other less than moderately and the third lacks both preparation 
and ability. Such are the onera of а mathematical profession." А 
handy manual interspersed with obvious applications is likely to 
remove the possibility of such a lament. • ; 


А. C. Bose. 


Note оп Spherical Јн Amplitude 
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SUDHANSUKUMAR BANERJI 
, . . 


[Read November. 16th, 1919) i 


The equations governing the mode of propagation of aereal plane 
waves of finite amplitude were first obtained by Poisson 1 as. long ago 
as 1808, and. formed the subject of further investigation by Stokes ? 
in 1848. In the case of the adiabatic propagation the exact equation 
was fivst derived by Earnshaw ? in the form 


i 








e = EE 


Тһе mode of propagation , of waves ‘according :to this equation has 
been discussed by Riemann,‘ Rankine and Hugoniot. $ ‘In an 
important menioir. Hayleigh 7 gave & critical and historical account 
of the subject and discussed, in further detail special solutions of 
thé) problems of finite waves and the influence of viscosity and 
thermal conductivity on their mode of propagation. It will thus 
appear that although the aerial ‘plane waves of finite amplitude have 
. received a fairly adequate treatment. the propagation of spherical waves 
of finite amplitude-has not hitherto received any attention inspite of the 
fact that the differential equations for both types of disturbances bear 
n close resemblance to each other. Іп the following pages the 
principal features of the latter type of disturbance have heen obtained. 

1 Poisson * Mémofre sur la Théorie du Son," Journ, de l° Ecole Polytechnique, 
Vol. УП, p. 319, et. seq.. 1808. 

2 Stokes, “ On.a difficulty in the theory of — " Phil Mag., 1848. Mathemati. 
cal and Physical Papers, Vol, II, p. 51. 

c Farsshaw, Roy. Soc. Proc. 1859 ; Ў Phil. Trans. Roy. | бос, 1860, р. 183. 

+ Riemann, Werke, p. 157. Gott. Abh., + VITL, р 43 (1858-59). , 
45 Rankine, Mis, Sc. Pape», р. 580, Phil. Trans.. Vol 160, p. 277, 1870 

6 Hugoniot, Journ. de | Ecole Polytechnique (1887). 

7 Rayleigh, ‘Aerial Plane waves ot Finite Amplitude,’ Prac, Rey. 8ос., A, Vol. 84 
pp. 247.284 (1910). _ 
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As in the case. of plane waves the same difficulty will of course be 
experienced on account of the motion becoming ultimately discontinu- 
ous. For a. detail discussion of the question of" discontinuity for 
plane waves reference may be made to Taylor ! and W ilton. * 


` 


is incapable of explaining many, of the phenomena observed with’ waves 
of great intensity such as that ‘which accompanies a sudden explosion, 
a gun-fire or an electric discharge has been long recognised by the 
physicists. Quite recently Dr. -Louis Vesot King 2 has given an 
interesting application’ of the theory of plane waves of finite amplitude 
in à discussion ‘of the ‘acoustic ‘efficiency of fog-signal machinery. - In: 
a subsequent paper, as an application of the* theory of splierical waves. 


of finite amplitude; а discussion will be given of the explosion wave | 


arising from the sudden explosion “ а detonating gas | contained within 
a spherical anvelope: ; - 


The Eulerian equations for spherical disturbances are 


ди 4, Ou __16р | NT. 
Š бі Tu 97 or | … (09 
& S, us ан ĝu Е 
Ot ar Or’ 


: where p'=log pr?, р denoting the density 


. The equations when written in | this form are а similar 
to the equations for plane Waves of finite amplitude, vi: 


Й 


Ou +u Әш г -1 Op . л 
Of, Que р'д ` 
Әр, LT - 

. 8:7" 6 да” 


where p, —log p, p being ‘he density. 


To: determine- the laws of киран. we'use Ronos Б method, It 


z 


we put Б 


P =f (9) + ғ, qs (p) 1% E . 


.! Taylor, Proc. Roy. Soc., 1910.- E TS . | . 
Wilton, Phil. Mag., 1913 


з Louis Vesot King, “Оп the Propagation of Bound in-the free atmosphere and 
the acoustic efficiency of fog-signal machinery, Phil. Trans., Vol. 218, 1919; 


^ 


That the ordinary approximate theoky of infinitesimal aerial waves | 


~ 
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where f (р') is as yet nndetermined, we obtain by differentiation 


L ӨР _ 4 (р 9» 495: с 


Ot 8t* 


8 Ot OF’ 
99 =p (ә) S6 0н 
Therefore 
Ve He ro (шеу) 


ТЕ поз we determine f (р') so that 


if e» Se - 9р 


9” дт’ 
we geb | VER 
P А | 
Ste 81 Р Габи. + ME 
TTE 
Sah te) 2 Or - E 
Similarly, 
| 99 ЕД (Әр, Әр Әз” Ou 
Tu =f’ ( Ру (98 be. 9° )- at Tu 52. 


. = тој у (в) ӨР 2-5] 


ana * 
над ae 
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Thus we obtain 


dP=[dr—{f (р)+ији] aE 2 


| - 
AQ=[ar+{f (an 98 7, 


Hence in spherical waves -of finite amplitude аР=0, or P is constant, 
for a geometrical point moving with the velocity | 


xr ab E 
Ки sil ie). $e E: A^ P (2) 


whilst'Q is constant for a point moving with the velocity 


dr wes 
б ружа 


i у 
-—— К е } Tu. … (8) 


Hence any given value of P moves forward, andany value of Q moves 
backward, with the velocity given by (2) or (3) as the case may be. 


Now since [= 125 | 
? p dlog (pr?) 


can-also be ЖЕЛЕК the form 


Ldp 1 
[о 1,2 |, 
р тар 


the above expressions for the velocities of propagation for the forward , 
and the backward motion will reduce when т is very large to the -well- 
' known expressions us | 


+ C PE 
n (2) +a and -(%) +u А 
- z “ 


for these quantities for planë waves of finite amplitude jus? as we shonld 
expect. ` | 


Аз in the case of Riemann’s method Tor- plane waves of finite ampli- 
tude, the above results well enable us to understand in a general way, 
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the nature of the-motion in any given case, Thus if the initial . distur- 
bance be supposed to be.confined - between the two spherical surfaces 
r=a, r=b, we may suppose that P. and Q both vanish for r>a- -and for 
r<b. The region within which P is variable will advance, and that 
within which Q is variable wi}l recede, until after а time these regions 
separate and leave between them a space for which P=0, Q=0 and in 
" which the fluid is therefore at rest. The original disturbance bas, thus 
been split'up into a diverging and a converging wave travelling in opposite 
directions’ In the advancing wave*we have Q=0 and therefore ч--/ 
(log pr?). It ill thus appear that in spherical waves of finite amplitude 
both the density and the particle velocity are not propagated forwards 
at the same rate as in the case of the plane waves of finite amplitude. The 
velocity of propagation wid] however be found to be greater, the greater 
the value of p. If we draw a curve with т as abscissa and p as ordinate, 
and make each point of this curve move forward with the appropriate 
velocity, those parts of the curve will move faster which have the 
greater ordinates and the curve will eventually become at some points 


perpendicular to * making the donates Т du dp infinite and giving rise 
dp dr. 


to the well оке case of the wave of discontinuity. 


< Tt is interesting to trace the variation ot the velocity of propagation 
at-different distances from the source. For this purpose it is convenient 





to x the quantity E ibm іп the form d. rpg; het 
= T Е E 


Whether аб any point the velocity of propagation so far as 
it is dependant- on this quantity is less ог _ greater than the 


standard: velocity ( p: y ‘obviously dependson the sign of А, 
PU р 


that is, оп the sign of 9. If the wave be supposed to start from a 


а” 
* spherical surface of small radius а as а wave of condensation followed 


by rarefaction, then їшшшу d is eve and the initial velocity 


is greater than the standard velocity. it on the other hand it starts as 
a wave of rarefaction followed” by condensation, the initial velocity is 
less than the standard velpcity. If discontinuity does not set in at any 
stage of the motion, then the velocity of propagation "approaches the 
"standard velocity at а considerable distance from the origin. 


Using the Lugrangian rgethod if £ denotes the displacement at 
time # of the particle whose undisturbed abscissa is» and if we write 
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y=r+é, so that y denotes the ‘absolute coordinate at time ^4, the 
dynamical equation obtained by'considèring the forces acting on a unit 


aros’ of a stratum formed by two consecutive spheridal-surfaces i is 


9° 08 ө ix 
Po gp СА 


where p, іѕ е density i in the аны ‘state and the equation 
coutinuity is , 


p being the density in the disturbed state. 


et 


Tf as before we write peg. py?, алб if we suppose that the 








in 


pressure is a function'of i only, the- kári equation can be written. 
7 0 form . t Js 
| | р Q'y.... dp. до. С : 
Ол в B p С or H 2. 
- E TT . ` 2 , | 
also since p cba py^, we j "have or E Өш ) . Also from id 
| „дз, ра: B (qu?) 
equation of PARUS » = ду Ja and therefore -3 {ру1ў° or 
% А 
EM S EMG EK: А 
7 д,д о МИБ - 
| сро Өр. Ә?у кіш 
Consequêntly Soy? Or 67875 


The dynamical equation can therefore be written in the form 


2 А Lar (eo EE E E Әзу- 
Әзу- dp Зру Oty _ dp , ӘтӘт 
P SR dp’ p, ӨтӨ dp’. Oy ` 











тэ ` 
- That ів to say, ° M 5 б 
: ð y 
Әу 1 dp — гд дт : 
‚Ө p &log.py*) Z (uy 
\ ӛз 


? . e: 
It-is easy to express the differential equagion also in the form. . 
BER) к 
Ә%у “ар, Or\r? Өт У 


ur а 





(6 
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that is to say in ihe form 





Data Lure E Же 

А general chou of this differential — is ‘ae easy 8: obtain 
An asymptotic solution: can however be easily obtained. At a great 
distance from the. origin, that is say, when r is large, this equation 





reduces to the form : а бе 
• * с 
278? O*y Tc " Е. 
1 9 Mio қ -Өт* 
OF + ( Sn м; UT 
9r 


which is of the same 5 form as the Earnshaw's differential equation. The 
general integral of fhis latter equation ‘is obtained by eliminating a 
between the иш i 


у==ат + (О +e log в)%-Ғф(а) 
Оаа (а), 


where C is а constant, ф is arbitrary and c? =. This is as we should 
dp 


expect for the spherical disturbacces о vanish as a set of plane 
waves. 


Earnshaw's method can be adopted to obtain a general integral of 
this equation if it is possible to obtain a function т. such thot 


[a 





| ду“ 1 Oy 


T being independent of у. 


For writing the differential equation in the form ° * ' 








8 °y 
1 O'y.dp. до) 
| 3° Ән (була А 
| (35) 


and making tle assumption 
• * 


gsr г), | | 


. 
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we easily obtain the first integral 





and the general integral is obtained ly eliminating а between the two 


equations | 
3 =ar? + 4 
у == + at pa) 
О=а73 +cr+ab'(a), 


where as before є? = T and ¢ is arbitrary. | 


On the Theory of continued "Fraction 
[Third Paper] 


В. 
HanrPADA ПАРА. = 
[Read September 4th, 1920] ` ` 
When the.series |. —— — t pae 75. d 


· is converted into a continued fraction of the form ` 


к IS E ғақ | … (1) 
Eph + etb, + жат +77? 


we know that the elements of this continued fraction are 











а, = а, Е 2 
"e K, K,., 
= R e 29 
f a 2 EM 
Қос 
and - та = 2 ы» 
Б = tK,- _ СК, 
ж - М 
1 K,-, K, 
*. 
where 
амы ба ха, a. 4. 
алт. PSY а, ay 
Lise а ete eie Ж 
. 
е | аза; Osn sn astr : 
Uie os, "=== - - — - - 
| ој angi Con {ve база а 41 ІНЕ 
. , . 


By deleting the (r+1)th row and the last column we obtain 14 


a This paper was written on the 10th of October 1917, when 1 was pone "n 
Cambridge as a'Oarniegi Research Student, 
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i. With the help of the above theorem the series 


г: 

а, 

T 44. о а, А 2*—1 
Cd t ке tos 





+ Дау. 


. is to be converted into а continued fraction. 
As in the series (2) | 
е 


а, = а, = а, = аб = а, == @„ = ,.. = 0 


and it ean be shown that -. 


А К 2 = = а K Je = е 
“Qn ; Zarı} 2»—1 
op Sock А 
. o9 4L 2-1 д»—2 | • 
| | = = a^ | 
| 2" 4-2 Әһ] 98238 
f = А; а= "m 
2. R 27713 
K а 
Q»i..9 | gat] 
: EE 
K = - K, . 
gti] ^. он j 
where K. =1,n = 1,2,3, .. and 2% +s % 211, ; 


From these we can find the Ws in térms’ of a's. АП the 58 are тегов, 
for all the determinants of the form :K, are zeros. 


Making all the a’s except а, negative we obtain 


папа Ор даде 
g СЫ а" 
е 
А i " E ec. , . 
= ©ї Ca Cs с. :55 % C7 


ets rate ae if us) 
where the 2^th г, (n=l, 9, ...), that is ‘the, denominator of "the, 
9^ part-fraction or link in the chain, of the continued fraction (3) 
is positives, and the. (2° —1) 2'8 on the right of the central x are pos 
site in signs to ihe corresponding аа on ihe, left, of i. All the, c's are, 
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poste The (2^ — 2) c’s on the right of c, - ате equal to the cor- 
2541 


ipid dig са on the ‘left of с” запа ^ = 0 : Thus if we know 
2" Dp +1 

the denominators and the uutherators i PUR first two part-fractions 

‘and also the numerators of the 2"th part-fraction (n—1, 2, ...) then 


we can write down the whole continued fraction (3) 
Asc, = аује ; ande -а,а À -,a 
2» 9941.21 | даш], | 


о 


Therefore d 
Я x 
бізі ба. Ge 
> е wt а” 
== 5 ырс . > ғатты 
Ыы а, а, ја 
d 2 
4, as/a,, \ asja, '/ 3 а/о, 





20 ÉD аз 9, 
БА 


lf we consider the convergente in connection with the series and 
express the denominators \as polynomials in 2 whose coefficients are 
the functions of the coefficients in the series then it will appear that 
if the x terms next to the nth term of the power-series 


are absent then the nth convergent will be a. finite series, that -is, the. 
first n terms of the series. . Thus in the case of the continued fraction 
(4) the (2*—1)th convergents are all finite series. Inthe case'of the 
continued fraction (4) this can be shown, without the intervention of 
the series, in the following way. - 


. 8. Let и и на, ж, - 
"EAS 757 ресор, 
EM CDM - 
- 1% 0.. а, 
М ы 1 =, 4; 


d 1 21; ay 


Muse АЕ ~ eb 


f 
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If the zero in the centre of the contiunant be replaced by а, and 
this new continuant be denoted by N,, then it can be shown that 


N, =D, Ж ере д» b, а, E “а, 
At "n -аҙ 1 --8, - a, | 
Y Bliss 1 byt 

and therefore ' pe el b. a. 2 


D du Жалға; 


" 


If b, = —b,; b, = Wa, and yay, then №, = — x, [5 on 
4 • 
Thus we see that the denominator of the Do convergent to 
the continued fraction ( (4) 
= з=. жез 2 У gate P 
Hence the (2*—1)th convergent is a finite series consisting С: the 
first (2" —1) terms (zero-coefficients being included) of the series. 


4. When a finite series is, converted into a continued fraction of 
the form (1) as well as into another form of continued fraction known, 
as the Equivalent continued fraction, both these continued fractions. 
are finite and equal to each other. Therefore there must be some 
method or-methods of transforming one form of coutinued fraction 
into the other. In the case ofthe continued fraction (4), the trans- 
formation сап be effected, owing to the presence of the zero- coefficients 
in the series, in the following way :— д 


Let us take tle, continued fraction of the first (2"—1) part 
fractions. Leaving aside the first part fraction, if we-contract the rest 
of this finite continued fraction, we obtain & continued fraction of 2"-1 
part—tractions. Again leaving aside the first two links of this trans- 
formed continued fraction and contracting the rest of it, we obtain а 
. continued fraction of 2"-°+1 links. In this way the continued fraction 
can be reduced to  part-fractions and-which, as a matter of fact, is 
the equivalent continued fraction, As for example, the seventh convere 
gent to the continued fraction ( (4); when Loa contracted becomes , 


CA [E E ауаз? 
ef аұаЗ--а,-- a,e*+a, 
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Thus we see though the continued fraction (4) belongs to the form (1), 
. yet it ean be regarded as an extended form of the equivalent, continued 
fraction. It ie to be noted -also that the convergents other than the 
(2 *_}) th convergent (nz, à. .) are е not finite series. 


5. As a general case of d) we-Can show-that е 


a 








а а. a а а, а, а 
+; es E a: ae Srl + res + Bitr | 
. wrth, gerta ; aX m 
E CU "8 - а Grai а, 


Е eie % vh +е+5,+.. «+ Tb) 











ü солы, 5 : а; Qro [A Aa 
(etb, +... —(а+%,)+ e+ o o5, ++... 
‚тж iD а-ы | Gr. SN 6-і oc [88 
4b, + sb, аф —(nFb).. —(#+9,)+ 
| B edd EAT | | 6; | 





eO æ+ a+b,+ e+b,+... 
Неге any two quantities а,, 8,...а, are not necessarily equal to one 
another, and also 6,, b,,...b, are not necessarily zeros. If we know the 
denominators and the numerators of the first v part—fractions as well 
as the numeratior of the 2*(7+1)-th part fraction (n=0, 1, 2...) then 
we can write down the whole of this continued fraction. Ав for us 


жы, 


1 297 _а 87, м 

#—@-+К 2—4+' &--64- —(a+6) + 427+ 9-24. 
Bla? Bjo ЕТ 27 af 27 1 
a+ pace 2—4+ а%6- Шик À et TR +. 
• 


Ра 
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may also be-converted into a continued fraction of the form 


m: + 
ia >. Ж 


cb 1-- s+ dec Е е 9» 
where ба === 6 Re e. - 
м .-.. 
> Rut os В 7 = 77 B a Ld - * 





ETT И "ен 
т K, ^ Ы 


convergent of (5) is the same as the т th covergent of (1). ^ 
% 


, l'he-continued fraction (5) is the extended from of (1), for the 2n th 


Jf we convert the series (2) into a continued fraction of the form: 
(5), we find that- some of the determinants-of the type "К, vanish, 
hence some of the quantities Св become zeros or infinities: Though 
this is the case, still the even convergents of (5) do possess deu values 
and. the continued from. ( (9)- 38. not meaningless... 


Now we shal engnire into the case where Can 18 zero ind none of 
the other cs are zero or infinity. c,, can become zero if either K,., 
ог *K, vanishes. Іп this case K,., cannôt-vanish thérefore "к, ‘does 
vanish. As the Св ‘with suffixes greater than 2n, are neither zeros nor 


infinities and therefore А - 
K, =K, ==, ` ‚10е (6) 
"us =K, n= | УРИНА 


Now we shall show that if (6) and (7) hold thea any convergent of 
order higher than 2» —1, is equal to.(2n—1) th convergent. 





7]. Let K, =K, 220, ‘ RS 
we know thai 

А 4 5 “à z 

a, hice; | [артар а, Be =~ -- c 
E ' а, (4; 

K, |a, а, а, |—| а, a, a, = K,. 

^ . а; ау. 

о, 0, -а;- sts “Ag A 5 m 


~ + 35 4 55 +.. be converted to a comtinued deir 
9“ 


М B a 
1 If the series v ys 
of the form (1), this continued Jraction owing to the absence. of the odd powers “о 


1 in the series will be the same us the continued®/ruction (5). 
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е кеп у 
Therefore -7, Е Me thy als teed 
" | 
а, а, а; 
y a, ea, |=0. l 
а, a, ав 
Непсе we obtain ДЕ Моб о 
e 
о, а а; 4, | 
а, о; а, a, |—0. (8) 
as a, as Le | 
а .lfalso ` K,=0, 
t + Ж - 
then we have 
a, а, а; а, а, 
а, о, а, а, a, 
> =0. У 
as а, as а а, 
а, а, a, а; ав 
Henee, P 
а; а; а, а; 
(| ag а, а, а, - 
=0 s (9) 
а, а; -®в а, i Ы 
as Le а, аз: 
and also from (8) we have Е 
• 
Ж • 
а, @з а, : 
as 4, ug |—0. > E .. (10) 
a, a, % = 
e. n 
From (9) and (10) we obtairs 
e. [S 
ө i e 
m" а . Ug а, a, 
I 
! аҙ а, “а, а4 =0. . toe (11) 
А ^ 
а, а, ae а, 
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Now combining (11) with (8) we find that 


ау 9 а; а, а; < 
у гө = 

a, ay aj ‘a, a, =0. 

as a, as 9% a, 


Similarly if (6) holds then >, 


а, аҙ 
а, а; ... |0 .. (12) 
Anti Фа 


It has boen Boii in a previous paper! that if аз) holds good the 
even convergents of order higher than Әл, are all equal «to the 2nth | 
convergent. АП the even cenvergents (5) can be connected by recurrence 
formulae as has been done in (11), and so also the odd. convergents. 
Similarly i& сап be shown from (7) that any odd convergent of order 
higher then (2n--1) is equal to the (2n-—1)th convergent. Exactly in 
a similar manner it can be shown that if c, vanishes (whether it is due 
to the vanishing of K, or "K ,) and попе of the other c’s is zero or infinity 
than the continued fraction will terminate at (n—1)th convergent. 


^8. . The series 





ni fra See = +. жж + 
ё 


is to һе converted into а continued fraction of the form (1). 


· Неге we have 


са. = m 
K =a К; 
2" 2* 
2'—2 { 
. °K =a K, | 
2° —1 2" | 
2^ —4 : ; 
К. =a K, | 
2” —2 2^" .e 
! e 
у 2 • | Е . 
=a К ] ý 
9^-1 +1 95 Qt]: | J 


1 On the Failure of Heilermann's ‘Theorem Proc. Edinburgh Math. Вос, . 
Vol. XXXV (Part 2), 1916-17. 
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“ак ш--а.С?К- Ба 
2" дал 2r- 1 
. | ge 
К LT—u 
2*—1 9" | 
954 
1K =—а 1K, 
2" —2 2" 
у 
a m | 
1K ш--а К 
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2*.-1 '2* 2*31— 


From these we find that the continued fraction is 


а, а, а; а, ‚в 
pop mtb, t+ ғы аЬ, + LE or 
ay 

a, ‘ds LET а, 





vb. об, + r+b + eta,+ 








where j у . " 
2 
a,a, ` a, , 0,0 
a,-( 5 um) b,— 2 178 
2 
a, a, 
, 
г жез 5 ў 
а, а а, , aya 
а. = 414% К p ——[ 22-2225 
37 a . а 2 
о ag l а, 
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ауа а 0,0 
=( 1 ) b,=—"2 + 1916 
2 ü 3 
а, 1 tye 
вал à а, 010644 
а= b,=— 2 + 
3 à 3 
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From these the laws existing among the denominators and the numera- 
tors as regards their arrangement, may be deduced. у 


` Notes and News | О 


At the meeting of the Sogiety held on the 5th April, 1920, Prof. 
C. V. Raman moved a resolution congratulating the Hon'ble Sir 
Asutosh Mookerjee, Kt., C.S.1., the President of the Society, on his 
being appointed the Offieiating Chief Justice of Bengal, a position 
which he so eminently deserved. he resolution was seconded by 
Mr. D. М. Mitra and was carried with acclamation, 


The Society received with deep regret the news of the death of the 
distinguished Indian Mathematician Mr. S. Ramanujan, B.A., F.R.S., 
in the prime of his life.” Indian Mathematies has sustained almost 
an irrepairable loss by the untimely death of this Indian ‘ genius.’ 
One faet must have struck those who have earefully studied the life 
of Mr. Ramanujan and it is this that with proper opportunities 
Indians ean rise to the most eminent position in Science. Those who 
have any knowledge of the children of the soil will readily admit that 
a young chap showing wonderful precocity in mathematies is not a too 
infrequent occurrence in this country. But how many of these would- 
be genius retain their aptitude for mathematies and are not simply 
nipped in the bud for want of opportunities ! 


An International Congress of Mathematieians will be held in 
Strasbourg on September 22, 1920. The following officers have been 
electsd by the National боа of French Mathematicians for 
- organising the Congress in Strasbourg, President d'Honneur: M. 
Jordan; President: М. Picard; Vice-Presidents : MM. Appel, 
Borel, Lecornu, Le Roux ; General Secretary : M. Koenigs ; Secre- 
tary : M. Gilburn ; Treasurer: M. Miluski. The Society has been 
invited to participate in the function. We wish the Congress а 
complete success. . 


The following courses of instruction to be delivered in the Univer- 
sity of Strasbourg is published for the information of vur students : 


Studies in the Institut дее Mathématiques de Т? Université, 
de Strasbourg. 

Helped By the favourable exchange level, а number of students 

are coming to study in "French Universities. It is important to bring 

to ‘their attention that, since November, 1919, the University of 
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"Strasbourg, completely reorganised, is: working in full order. Its 
‘teaching staff is more than equal in number to what it was under 
“German rule, and its equipment, already. excellent $n many respects 
‘has been greatly improved where ít was иа 


Concerning mathematieal teaching, young students. will be offered 
Sm Strasbourg the usual, standard courses on Analysis, ‘Mechanics, 
‘Astronomy .. ‚ whose programme is permanent’ and should require the 
students’ activity for two or thyee years. Furthermore, a set of 
‘mesearch courses have been arranged for the use of candidates to the 
= Doctorat de l’Université de Strasbourg," and of scholars generally 
“French diplomas are required for registration in view of the doctor- 
. "hip, but can be dispensed with’ on production of equivalent foreign 


diplomas, with appreciation of. the students” ability by one-of-his © ' 


"former Professors). | 
Programme of research courses during the academie year 1920-192]. 
First Semester (1st November, 1930 to 28th Е ebruary, 1921). 
| ‘Mathematical Physics—Mr. Bauer ... Quanta’s theory ; Atome: 
| | ; 7 stricture: 3-lectures а 
E week. 
Higher Analysis—Mr. Fréchet ... Theory of chance : 2 weekly. 
- - lectures; Integral equa- 
tions: 1 weekly lecture. 


Second Semester (lst March, 1921 to 80th June, 1321). 


Mathematical Physies—Mr, Bauer ... Statistical applications of 
| Quanta's theory : PONP ! 
. ^7 7 lectures. 
Higher Analysis—Mr. Fréchet .. Applications of the theory 


of chance: 1 weekly lec- 
| ture. Functions of lines: 
"eT 3 weekly lectures. 
Hydrodynamies—Mr. Villat .. Researches. оп” a  solid's 
movement in. a viscous 
fluid: 2 weekly lectures. 
Diffevential Geometry— Mr. Pérés Transformations of surfaces 
» applicable on quadries : 2 
UE weekly lectufes. 
Theory of Funetions—Mr. Valiron ...: Dirichlet's series and facul- 
• ties series : 2 weekly lec- 
tures. 
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For further’ анай apply (in French or - English) to: M. le 
Directeur de 1’Phstitut де Mathematiques de Strasbourg, Bas-Rhin,, 
France. Details concerning lodgings ete. will be süpplied by the: 
Comité de Patronage des stulliants étrangers, Université, Strasbourg, 
Bas-Rhin France. Students who want to improve their knowledge off 
the Freneh language during the vacation may apply to the Ist address: 
for the tract on “ Summer Courses,” organized by the “ Faculté des: 
Lettres de Strasbourg ” to meet their wishes. 


Mr. Oudh Upadhyaya of Benares gave a fair example of the nature: 
‘of the work done by the newly started Mathematical Society att; 
Benares at the meeting ef the Calcutta Mathematical Society held on: 
the 5th April, 1920. Не strongly eritieised а paper “ On certain new?, 
Tautochrones, determinable by.quadratures” published by Mr. Shukdeo> , 
Pande of Benares: in the only volume which has hitherto beenz, 
published by the Benares Society. Не pointed out that апу curve:, 
will be a tautochrone if the law of tangential force be proportional tos. 
the. length of the are measured from a certain fixed point on the. 
curve. For a-rectifiable curve the law of force can obviously be уегу”, 
easily determined. This leads Mr. Upadhyaya to think that all the: 
results of Mr. Pande must have been obtained from the * known results; 
for rectifiable curves by a process of backward caleulation.’ 
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Evaluation of the product matrix іп à cor 


product of simple matrices having 
given nullities. 





Bv 
| | C. E. Curtis. 


[ Read, September 4th, 19201 NE" 


[Summary. Тһе object of this paper is the exact determination of every element 
of the product matrix іп а cofhmutantal product of simple matrices in each of 
which n given number of horizontal rows, a given number of vertical rows, 
and & given number of diagonal lines, counting from the base in ench 
case, contain only zero elements, Products of four matrices only are 
considered, thése being sufficiently typical of products of any number of matrices. 
The final results are embodied in the theorems of Art. 7, and contain as particularisa- 
tions the most important properties of many special kinds -of simple matrices, Тһе 
other articles define and interpret the notations and the nomenclature, and lead np 
to the general theorems. Readers to whom the meaning of a ‘commutantal product’ 
is not clear may suppose in the first instance that all matrices have their natural 
types, and then make the obvious generalisations. ] 


1. Standard notations for simple matrices having assigned 
types. |. : 


1. Simple matrices having assigned non-ruled types. 
By the four direct standard general simple matrices X= [з]. of 


the elass м(%) and of the 155, 2nd, 3rd, 4th of the non-ruled types 


0, = т, т}, 0,--4т, т}, 6,={7', т}, 0, =4т, т) … (а) 
will be meant the 1st, 2nd, 3rd, 4th of the matrices 
— I х4 P 
СТЕ ТШ ж ere OM Таға Жаш E 
. , М ? 
: | 
Tuin. Cancer | 411... __ | Таз Tmi 
~ L. <— --> d / 
% . 
. … (A) 


in Which the elements aré arbitrary parameters. "These are a complete 
set of simple matrices correlated фу simple reversals ; and by assigning 
the type 6; to the first of them, we fix the types of the other 


э у 
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three. When we assign а non-ruled type 6% a simple matrix [+] 


' ahd say that it is expressed ‘in the ‘standard diret form appropriate 
to that type, we regard it'as а particularisation of the direct standard 
general simple matrix of the same. class and type as defined above, 
the same notations being used for its elements. ” 


By suitably arranging the conjtigates of the four matrices (A) we 


К > LM ` man 
obtain the four zuverted standard génetal simple matrices X=. of 


the class ма) and of the ‘Ist, 2nd, “8rd; . 4th of the types (а), 


4 


-whieh we define to be the, 1st, 2nd, ‘8rd, 4th of the matrices 
d vu] 


t ыы Жей Le Ы ж N "4 Е | 4 Г ^ * * | М 
ЕСТІ. || ба | 0c а А M E 
ab NC 5 5 > J М fort aS 


... 


€" o a. | 


з ... э А Ta Pr, 4“. 


* à + r 4. ГИ 
PNE ETERNI [ee Tiros es 
: L : De ГА 


pu 


i t OB) 
‘ih which the elements are arbitrary parameters. These are ‘also a 
complete set of simple matrices correlated by simple reversals ; ; 
and by assigning the type 6, to the first of them, we fix the types 
of the other three. When we assign a non-ruled typée 0 to a simple 
matrix ш ,and say that it is expressed in the standard inverted 
Lj" 
form appropriate to that type, we regard it as а particularisation of 
the inverted standard general simple matrix 'of.the same class and 


(тре as defined above, the same notations being used for ‘its elements. 


: “ Ву interchanging # and тіп the four мшш (В) we obtain, the 


corresponding fopr inverted standard general simple ЙЕЛ Kee E 
та 


of the class М >) | "Thus we have. defined eight standard general 
‘simple matrices, four ditect and four inverted, in every class. 

In each of the eight matkiess. (А) and: (8), whether g general or 
a pa we will call ^ . 


, the first or initial parametric element, 
mice. va + BE 4) ves n 
Zn the Jast or final parametrié ene, : , 
МЕЈ ree ae 


А : EET 
MUI HOT лата On юл 
2 


kd Fan, the, apical element, and the, corner. овецріей by th s, the карер, л, 


fm, the basical element, and the corner occupied by га, the base, 
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The initial element is marked by an arrow, .the apex by an arrow 
head, and the base by à slanting line, which (see Art. 2) is parallel to 
the parametric diagonal lines, whilst the final element. is left un- 
marked. In each of the four “matrices (A) having the, direct forms 
the initial element lies in the same horizontal line as thé apex, and 
in each of the four matrices (B) having the inverted forms 16 lies in 
the same vertical line as the apex. The one arbitrary choice of type 
in (B) is so made tha: in every standard general simple matrix tha 
positions of the apex and base are fixed by the type. There are eight 
ways of locating the initial, apical, final and basieal elements of a 
simple matrix when these lie at the four corners, and the apex and 
base are af opposite corners ; and we have eight standard notations 
for the matrix, one corresponding to each of the eight allocations. 
They are obtained by supposing the corner elémenís'to carry: their 
names with them both when the order of arrangement of the horizontal 
or vertical fows is reversed, and when horizontal and vertieal rows- are 
interehanged. We can regard (A) and (В) together as forming a 
complete set of simple matrices correlated by-the operations of 

reversing thé order of arrangement of the horizontal rows, 

reversing the order of arrangement of the vertical rows, 


replaeing a matrix by its conjugate. 
A simple matrix of assigned type can be regarded as being built up 
with | 
(2) successive ‘horizontal rows starting from the base, gi 


(ii) successive vertical rows starting ‘from the base, 


ү) successive diagonal lines starting from the base. 


The заш аа. notations will bo helpful * in РТИ these ives 
aspects of the matrix simultaneously ; ‘and they will also be used to 


define special kinds of simple matrices in which the type is à: material 
feature, and cannot be chosen arbitrarily. .. POM 


NOTE 1. The conjugate `of a Standard general simple matrix. е 
Тһе conjugates of the four direct standard general simple ааты х= [2]. of 


the respegtive -types (а) are the four inverted. standard general l simple matrices 
И 1} 
x' on of the respective e types . 
La Б 
ккал алалы T 
Турев étend by correspondingly, situated symbolic commutants in the two sets 
(а) and (a^) are called mutually conjugate types. 
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NOTE 2, Transition from one standard form to another. 
Let i, land j, J be two pairs of positive iutegers such that 
4+1=т+1, (i=1, 2m); 2%2-т41, (j5£ 2,8) ; 


. rs 


andjet | X=[e], Y-[y] or Х-ф, y=)" 
э m әт п.т 


be two standard forms, both direct or both inverted, of the same matrix X having 
the non-ruled type 9. Then according as the type of Y is 
9 jj, 39 %, 
• 
we have — 2; У Tg —Wpp 8,79)» TW. 


ж нес | п " 
Again let X=[e], УХ=у ог Х== : IY = [y] 


шат 


be two standard forms, one direct and the ойе? inverted, of ihe same matrix X 
having the non-ruled type 9. Then according as the type of Y is 


в, жу 30, 8 ' 

wehave 2y =Yjp 4,0)» =, Шоюн. е 

These equations provide us with substitutions by which а simple matrix ex- 
pressed in any one standard form can be expressed in any other standard form. 
The most useful substitution is ви = У which converts а simple matrix expressed 
in а direct standard form into the inverted standard form of the same type. 

NOTE 8. The natural types. 

The natural types are іт, т) when a direct notation is used, and іт, т) when an 
'inverted notation ів used. A simple matrix [в] to which no type is assigned is 


ordinarily assumed to have the type (7, т}, and to be expressed in the corresponding 


cr 
standard direct form ; anda simple matrix о to which notype is assigned із 


tion 
ordinarily assumed tc have the type іт, т), and to be expressed in the correspond. 
a Tm 
ing standard form. Then [2] and ж are mutually conjugate matrices having 
m шт 


mutually conjugate non-ruled types. 


9. Parametric elements ; horizontal and verlical parametric vows ; 
major-paramet, те Fous. 

In dealing with а simple matrix the use of the term parametric 
always indieates that the matrix is regarded as having an assigned 
type, and always has reference to the standard general simple matrix 
(direct or inverted) of the same class aud type of whiclfthe given 
matrix is а particularisation. Moreover if serves to indicate an order 
of counting depending on the type, and to reader terms applicable. to 
a simple matrix of natural type also applicable to any simple matrix 
having an assigned type. Ы 
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n 


"n Y 
If Х=[2] or X=2 isa given simple matrix having an assign- 
m Ls 


ed non-ruled бура, then by the parametric eleme it x,; of X we mean 
that element which would be denoted by =, , in the corresponding 
standard general sim ple matrex, direct or inverted, of the same class 
and type.'Ín each of the eight matrices (А) and (В), whether general 
or particularised, the pth horizontal parametric row is the pth 
horizontal row counting from the horizontal row through the initial 
parametric element ғ,, ; the gé% vertical parametric row is the qth 
vertical row counting from the vertical row through 2,, ; the 4/4 
parametric element of the pth horizontal parametric row is the element 
common to that row and the 4/0 vertical parametrie row; the 
pth parametrie element ОЁ the qth vertical parametric row is the 
element common to that row and the р/2 horizont+] parametric row. 
When the direct notation is used, the parametric element 2,, is 
common to the 24% horizontal and 7/4 vertical parametric rows ; when 
the inverted notation is used, ib is common to the 744 horizontal and 
ath vertical parametric rows. 


When we wish to emphasise or make clear the fact that the term 
parametric is being used in the way just described with reference to a 
standard general simple matrix, we will replace it by the term major- 
parametric, When a simple matrix of a special kind is regarded as a 
partienlarisation of a most general simple matrix of that special kind, 
it will be natural to use the term parametric in other ways. 


8. Simple matrices having assigned ruled types. 


The 16 ruled types, which include the 4 non-ruled types are re- 
presented by the 16 symbolic commutants 


6,,= 47,74, 6,,={-—7,—7}, §,,={—7,7}, б,,--іт,-т) ; (a) 
0,, ir, б„„={—т,—т}, б,а=(— ти) 0, , {0 — 7} ; (а) 
6,,={77}, 9,,.={—7—7}, ба =|—тотђ, '6;,— (2,7) ; (a) 
6, mm) b, =(—т—т), 0, =[— ту), 8, = п,—) ; (а,) 
where Bue. its Фе. Б уа; 

Іп each of these four sets the first type is the nou-ruled equivalent of 
all the four types; amd a simple matrix to which any one of those 


four types îs ascribed, will be said to have the first of them as its xon- 
ruled equivalent type. If we suppose that 


is either 1 or %1, H is either 1 or —1, 


110 : C. E. OULLIS 


the four sets of symbolie commutants can be represented concisely by 
the four symbols 

{Am uT}, | {AT part, (Ат рт] SÓ жрт ns ОЬ) 
from which they can be derived respectively by putting iu succession” 
Пиј = П, 1), [Хи] = [=4 1), [A] t- 1 1], [p] = [5 – Ц. ау 

„Ву the four direct standard general simple matrices х- = [] "6 

the class М (x) and of the four types. | MOD 
ы bet РАИ ~ И Ми 


> 


we mean the matrices derived from the first.of them (which- has been 
defined in sub-article -1) by multiplying. all, elements; of .the 
^ 218, 2nd, drd,...2¢A, i. major-parametrie horizontal rows by : 

| ТА, AS, L ACTH 3 | 3 NA 

ізі; 2nd, 3rd, . 7/4... major-parametrie vertical rows 29 
ЫНЫ sg 

where à and м receive in succession the four sets of ie given by, 
(1), the initial pwametrie element 7,, always remaining. unaltered. 
The positions of the initial parametric elements, apex, final parametric 
element, base are to be the same in all four matrices as in the first, 
and the horizontal and vertical parametric rows of all four matrices 
are to be defined in exactly the same ways as those of the first matrix: 
Fot each of the four values of и, the four standard simple matrices 2 of 
the respective types (2) form a complete set of simple : matrices 
eorrelated by the operations of : : 


changing the signs of all elements іп every alternate major-para- 
metrie horizontal row, starting with the second sueh row; .. (3) 


ehanging the signs of all elements in every alternate major-para- 
metrie vertical row, starting with the second sueh row, e (9 


Again for each of the four values of v the four s andard simplé 
matrices X of the regpective’ type vu d 


ћи s бә бә (12,84, - * … (8) 
which аге thus defined form а complete set of simple matrices cor- 
related by the operation of : 

reversing the order of arrangement of the vertical rows; e- (39 
' reversing the order of arrangement of the horizontal rows ҙа (45 
7.6. correlated by simple reversals; and tle 16 standard simple 
matriees X whieh are thus defined form a complete веб of simple 


matrices correlated by the operations (8), (4) and (3), (4). These 16 
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matrices are the 16 direct standard general simple matrices Х=[а7 


т 


of the class м(, „)ала of the 16 ruled types which have been assigned 


• 
% them. When we ascribe the type 6, non-raled or ruled, to a simple 


matrix 2 of the class м(“), and say that it is expressed іп the 


Standard ын form appropriate to the type 6, we regard it as a parti- 
cularisation of the direct standard gencral simple matrix ‘of the same 
class and of the type 0, the same notations being used for its elements, | 


The 16 inverted standard general matrices X—' of the 16 


, Lm 
өө, 


ruled types are derived in exactly the same way from the 4 — inverted 
‘Standard general simple matrices X=" of the 4 non-ruled types 
defined їй sub-artigle 1; and the same remarks can be made respecting 
them. They form a complete set of simple matrices correlated by 
the operations (3), (4) aud (3), (4). When we assign the type б, 


t s rm 2 
non-ruled or ruled, to а simple matrix т of the class м(”) , and 
О ~ 


say that it is expressed in the standard inverted form appropriate to 
the type 6, we regard it as a particularisation of the inverted standard 
general simple matrix of the same class and of the type 6, the same 
notations being used for its elements. 


We have now defined 83 standard general simple matrices in every 
class, viz. 16 direct of the 16 ruled types, and 16 inverted of the 16 
ruled types ; and we have 32 standard notations for the elements 
of any given simple matrix. We can‘however confine ourselves to 

„the use of the direct notations ; for we. can always pass from the 
inverted motations to the direct notations. In dealing with special 
kinds of simple matrices, the inverted notations are often more соп- 
‘venient ; but in the present paper we shall generlly use the ‘direct 
'nótations. The ruled types, as distinguished from the non-ruled 
pes, are only. required when we are concerned with ruled simple 
rhatrices, t.e., simple matrices in which the. elements of each. para- 
metrje diagonal line are either all equal or differ only in having signs 

e ‘which are alternatelyepositive and negative. 


ЕХ = Ce]. is a direct standard general simple matrix of any опе 
of the types (2), the element common to its 4 th horizontal and j th 


* 
e 
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vertical major-parametrie rows is 
Le еура As wate; e (8) 


where т,; is hn arbitrary parameter which is the same for all the 16 
types, and which will be called the parameter of that element. The 


com 
same remarks apply when X=. isan inverted standard general 


— п 
simple matrix of any one of the types (4), except that we must 
replace (5) by 
ж, = Te, (Аш, ptl). (9) 
NOTE 4. Тһе conjugate of a standard general simple mati ко, 
Тһе conjugates of the direct standard general simple matrices X={e]" of the 
class M (2) and of the respective type E 
faz, gn]. far’, ше) ; far’, рт}, Өт, итћ .. (b) 
rmm е 
are the inverted standard general simple matrices X'— # of the class M(*) and of 
C a 
the respective types 
(ил, An}, Хит, Ar}, нт, Ат}, (ит, Ат”), wes (5) 
Types represented by correspondingly situated symbolic commutants in the two 
, sets (b) and (5^) оте mutually conjugate types. 


NOTE 5. Transition from the direct to the inverted notation. 
Let 8 be any one of the types (b). Then if X-[e]; is а simple matrix ex- 


ra 
pressed in the standard direct form appropriate to the type 6 and if Y= у is 
. komd 
the same matrix expressed in the standard inverted form appropriate to the same 
type 0, we have 
viol Jo} ia =?! 
9 
where #+Т=т=+1, Ј+ј==+1. 


"yp or ~ le 


These equations give us substitution by which we can pass form the direct to 
the inverted form or from the inverted to the direct form without change of type. 


4. Commutantal products of simple matrices ; commutantal domains, 
Let — ABC.KL-X . … (6) 


be a commutantal product of given simple matrices A,B,C,...K,L each 
of which has an assigned type; let that 6ур be assigned to X which 
renders the equation (6) commutantal, 2.6. let the symbolie*eommutant 
which represents the type of X be the product of the symbolie com” * 
mutants which represent the types of А,В, C,...K, L ; and let A, B, 
C,...K, L, X be expressed in the standard direct forms appropriate to 
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the types a-signed to them. Then the expressions for the parameters 
of X in terms of the parameters of A, B, C,...K, L are independent 
of the type of the produet ; and in finding them we can glways replace 
"m by any correlated commuténtal product 

A'B'C...K'L'zX' eB) 
We asually chose (6!) so that А’, В’, С .K^L'all have the ordinary 
type i7, 7]. 

The same remarks are applicable when A, B, C,...K, L areall 
expressed in the standard inverted forms appropriate to their types ; 
and we may then chose (0 so that A’, В, C... K', Ту all bave the 
ordinary буре (т, т?. 

Thus in evaluating the product matrix in any commutantal pr roduet 
_of # factor, matrices, we are simultaneously evaluating the product 
' matrices in all the 4‘*? correlated commutantal products. 

АП simple matrices of a kind S to which commutantal types сап 
be assigned from a commutantel domain when in every commutantal 
product such as (6) in which А, B, C,...K, L are simple matrices ‘of 
the kihd S having assigned types the product matrix X is always а 
simple matrix of the same kind S and of the type whieh renders the 
equation (6) commutantal. 


' 798. The parametric diagonal lines of a simple matrix. 


" Let X « [«] , от X=[z] beany simple matrix which has an assigned 


type and is expressed іп the standard direct or inverted form appro- 
priate to that type.. The parametric element + r,, orits parameter 
т; will be said to have 


difference-weight 7—2, total-weight ¢+y., 

The matrix X contains two sets of diagonal lines, viz. 
(1) m+n—1 mutually parallel diagonal lines each having the 
- property that all the elements + «,, lying on it have the same 


differenée-weight 7—7, the difference-w eights of the successive lines 
starting from the base being : 


е • 
1—т, $—m,.. n—2, n=l; 


у 


(3) т+е—1 mutually parallel diagonal lines each having the 
property that all the elements + z,, lying on.it have the-same 
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total weight ¢+/, the total weights of the successive lines starting 
from the initial parametric element being • 


• 2, 8, ..т+в—1, mtn. 


We will lay the greater stress on the diagonal lines of constant 
difference-weight, aod call these the parametric diagonal lines. They 
wiilordinarily be counted from the base to the apex. The first or 
initial parametric element of, any such line is that element + «,, 
lying on it for which 2 and 7 have the smallest values. 


Inany simple matrix those of the diagonal lines whieh slope 
downwards towards the right, or are parallel to the leading diagonal, 
are the ante-diagonal lines з those of them which slope downwards 
towards the left are the eounter-diagonal lines. The diagonal lives 
drawn through the matrix from the four corners are the diagonals of 
the matrix, thé diagonal drawn through the matrix $rom the top 
left-hand corner being the leading diagonal. When the matrix is 
not square, there are four diagonals, two of them being oufe-diagonals | 


and two being counter-diagonals ; when the matrix is square, there 


are only two diagonals, vz:. one ante-diagonal and one counter- 
diagonal. The leading diagonal is always an ante-diagonäl. The 
meanings of these terms: are independent of the type of the matrix 
апа of the form іп which 16 is expressed. 


The diagonal lines of constant total weight drawn through the 
matrix from the apex and base (whieh become one when the matrix 
is square) will be called respectively the apical diagonal (or median 
line). and the бавісай diagonal of the matrix. The parametric 
diagonal lines (of constant difference-weight) drawn through the 


"matrix from the initial and final parametrie elements are the para- 


metric diagonals (there being only one parametric diagonal when the 
matrix is square). We will distinguish between the two parametric 
diagonals by calling one of them the pre-major and the other the 
post-major diagonal. The pre-major diagonalis drawn through the 
matrix from the other corner lying in the same horizontal line as 
the apex (or the same vertical line aséhe base) ; the post-major diago- 
nal is drawn through the matrix from the other corner lying in the 
same vertical line as the apex (or thé same horizopial line as the 
base); the won-major diagonal is that one of the, two parametric 
diagonals whieh lies nearer to the apex (or more remote from the 
base). The parametric diagonal lines" extending from the pre-major 
diagonal to the apex, from the post-major diagonal to the apex, and 
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from the non-mäjor diagonal to the apex will be called respectively 
the pre-major diagonal lines, the post-major diagonal lines, and the 
поп-тајот diagonal (вез. The pre-major or post-major or non-major 
diagonal is the first pre-major or first post-major or first non-major 
diagonalline. The meanings of all these terms depend eon and are 
fixel by the type; when the буре or only its non-ruled equivalent is 
given, so that the positions of the apex and base are fixed, the mean- 
ings are independent of the form in whieh the matrix is expressed. 
The words * pre-major' and * post-major' have however been coined 
(See Exs. 2 and %) with special reference to the direct standard forms. 

In a simple matrix expressed in the standard form, direct or 
inverted, appropriate to one of the 8 types { +r, +7}, {+7',+7'} the 
parametric diagonal lines are the ante-diagonal lines ; and these types 
are therefore called the «z£e-£ypes. Ina simple matrix expressed in 
the standard from, direct or inverted, appropriate to one of the 8 types 
[xu +r}.{x, +) the parametrie diagonal lines are the counter- 
diagonal lines ; and these types are therefore called the counter-types. 
The conjugate of an ante-type is always an ante-type ; and the con- 
jugate of a counter-type is always a counter-type. 


= fm 
Ex. i If +x,, 18 а parametric element of а simple matrix X=[x] ог X= к 
i v m LIW 


expressed іп the standard direct or inverted form appropriate to its type, the possi- 
ble values of i and j, the possible values of the difference-weight k=j—:, and the 
possible values of ; andj when А is given are those consistent with the respective 


sets of conditions 


1, Opn, Ж, PS; ~ (1) 
161-т,Г3ӛт-і; So (19 
IK, 041—1, bark, Rn; ILL FLE, pm th, jpn; e. (17) 


i and у being horizontal and vertical indicators in [2] , and verticil and horizontal 


га 
indicators іп ғ The two sets of mequahties (17) show the horizontal and ver- 


Ls 


tical or the vertical and horizontal parametric rows in which the parametric elements 
e 


of difference-weight k Пе, 


The pre-majer and post-major diagonals pass 1espectively through : 


n 
the mitial element 2,, and the final element +2,,1in [2] ; 
т 


. 
om 


the final element +a,, and the mitial element #,, in т 
• ta 
% га m 
(Еси If + y,, is a pargmotric clement of simple matrix Y=y or Y=[y] 
tm 2 


expressed іп the standard inverted og direct standard form appropriate to its type, 


^ 
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“ 


the possible values of the difference-weight k=:—), and the possible values of 7 and 
4 when А is given are those consistent with the 1espective sets of conditions 


ЖЫ > AL, фр»; 2x (2) 
s 
rt—n, фр т®—1, . (27 
i 9 
16341 A, отк, ура, 141, iE pA рт; … (27) 


a 


p 
jand 4 being vertical and horizontal indicators in y , and horizontal and vertical 
Lu 


n 


indicators in [y] jt 
i “ 


` The pre-major and post-major diagonals pass respectively through : 


=» 


,!, the final element +y,,, and the initial element y,, ту ; 
La 
. 


! the initial element y,, and the final element Yan in [y] . 


3. The nullities and the parametric rank of ,a simple. 
matrix of given type. 


1. The basicat nullity and the parametrie (or apical) rank. 


- Let X= [т], ог Хе а be any given simple matrix of the class 
(2) or M e which has an assigned type and is expressed in the 


standard direct or inverted form appropriate to the type. 


We will define the basica? nullity € of X to be the exact number 
of consecutive parametric diagonal lines counting from the base which 


eontain only zero elements, the possible values of = being given by 
( oss ' pi : 


€ £0, E à -2—1. 
If X is a zero matrix, we have Ё ==+1—1. If X is not a zero ' 
matrix, so that? <m-+n—1, the first ¢ parametric diagonal lines of X 
counting from the base contain only zero elements, but the next para- 
metrie diagonal line, which will be called the first effective parametric 
diagoual line, contains at least one non-zero element. In this latter 
ease all elements of X having difference-weights not greater than E —m 
are equal to 0, the least difference-weigt of a non-zero element being 
ё —nm--l; and the parametric diagonal lines extending fromthe first 
effective parametric diagonal line to the* apex will be called the 
effective parametric diagonal lines, their differenge-weights being . 


—т4+1, F—M+2,.n—2, 0—1. 
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The last definition remains valid even when some or all of the para- 
metric diagonal lines coming after the first effective parametric 
diagonal line contain only zero elements. 


In place of the “basical nullity Е it is generally more mm 
to use the parametric (or арт) rank ё, which we define to be the 
total number of the effective parametric diagonal lines. It is the 
positive integer é determined by the equation 


E+E =й+—1, БЕРЕ 
the possible values of which are those consistent with the conditions 
; EXO, £x m+n—-1 
Because of the relation (1) we ean always put 
é=u—é,, Е=т—1+Е, Б se: 9) 


where é is а uniquely determinate integer which is subject to the 
• 
eonditions 
, é glm, £n. 

When £,—, X is a zero matrix; if £,<#, then é, is the least 
difference-weight of a non-zero element of X, т.е. the difference- 
weight of the first effective parametric diagonal line. In all cases 
we will call £,, the east effective difference-weight of X, interpreting 
it to be 2 when X is a zero matrix. 


The excess of the total number of effective parametric diagonal 
lines over the total number of pre-major parametric diagonal lines 
(or vertical rows) will be called the pre-major parametric excess. 16 
isan integer which may be either positive or negative, and when its 
sign is changed, it becomes the pre-major parametric defect. The 
pre-major parametric excess is 

, 


т 


' ш m 
#—т when Х-|4| , 4-т when Х= > 
m cn 
. 


The exeess of the total number of effective parametric diagonal 
lines over the total number of post-major parametrie diagonal lines 
(or hovizontal rows) will be called the post-major parametric excess, 
It is an integer which may be either positive or negative ; and when 
its sign is changed, it becomes the post-major parametric defect. The 
post-major payametrie excess is | 

° é—m when X= Е 1 p =n when X= = FRE ` 


Ca 
e 
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9. The horizont 20 and verticai nullities. 

The Aori-outal nullity of a simple matrix having an assigned type 
is the total number of consecutive rows, counting from the horizontal 
row through the base, which contain only zero elements; consequently 
it is the total number of - • 


final horizont И or initial horizontal 


zero major-parametrie rows according as the direct or inverted 
standard notation appropriate to she type is used. 

The vertical nullity of a simple matrix having an assigned type is 
the total number of consecntive vertical rows, counting from the 
vertical row through the base, which contain only zero elements ; 
consequently it is the total number of ° 


initial vertical or final vertical 
zero major-parametri: rows according as the direct or inverted 
standard notation appropriate to the type is used. à 


When the direct forms are regarded as fundamenial, we will 
denote the horizontal and vertical nullities of a simple matrix X by 
£, and é, or by é, and é, according as X is expressed in the direct 
or inverted standard form appropriate to its type. 


First let X—[v] ђе а simple matrix of the class М (n) whieh is 
expressed in the standard direct form appropriate to its type, and 
which has 

parametric rank 2, horizontal nullity £,, vertical nullity £,, 


where ё, £,, ё, are essentially positive integers. If X is not a zero 
matrix, we have 


£»0, ё, <m, ё <N, ' 
and we ean express it in the Ist, 2nd, 311, 4th of the forms 
0, 2" És, n 0, 0 .-.,% 0, 0 ё n—&, 
Fe LE реа de 0 ҒАТ а á ЕС 0 Ёт & й 
г Ұл 
qs 0 ]2 А, . (4) 


according as its type or the non-ruled equivalent of its type is 
represented by the 1st, 2nd, 8rd, 4th of the symbolie commutants 


Q= ÍF; т}, 8, = (2, т), 0, — 9, т), 0, 0m т) el (ay 
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0—6, . 
In each case the sonstituent X, —[.'] of X is а simple matrix 
тё, 


having the same non-ruled equivalent type as X, and having 
parametric rank é, horizontal nullity 0, vertical nullity 0; 


and we will call X, the 24586 effective constituent of X. The horizoutal 
and vertical rows of X which occur ig X, will be called the effective 


last horizontal 


horizontal and vertical parametric rows of X, the first vertical 


para- 


last effective horizontal 


metric row of X, being (when extended) the ү; + effective vertical 


the last horizontal 


fist vertical  Paramelnie row of X 


parametrie row o£ X, iv. 


which contains a non-zero element, According to previous definitions 
. à A r 

the effective parametric diagonal lines of X, are (when extended) the 

effective parametric diagonal lines of X. 


n 


Nest let K=% bea simple matrix of the class М b which is 


expressed iu the standard inverted forms appropriate to its type aud 
bas 


parametric rank é horizontal nullity £,, vertical nullity é, 


where é, £,, é, are essentially positive integers. If X is not a zero 
matrix, we have 


é>0, é <m, & <x, 


and we can express it in the lst, 2nd, 3rd, 4th of the forms 


é m—&, m” Én & mbs mé, és, з 
0, г 0, 0 0, 0 “,0 ^4 
0, 0 ^ а, 0 "ыы СК ІНЕ! 
ré, ё Šas U—Ë, su А Ies, é, 
(B) 


according as its type or thé non-ruled equivalent of its type is 
represented by the Ist, 2nd, 3rd, 4th of the symbolic commutants (а), 
е m-—é 


m 51 
žu each ease the constêtuent X,- 4! ' of X is a simple matrix 
[s € 
— 6, 


` having the same non-rvled eqftivalent type as X, and having 


parametric rank ё, horizontal nullity 0, vertical nullity 0; 
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and X, is the least effective constituent of X. Тһе horizontal and 


` vertical rows of X which occur in X, are the efedtive horizontal and 


|. X, being (when extended) the 


* 


. 


first, horizontal 


last vertieal parametric row of 


е ' 
vertical paramelrie rows of X, the 
first effective horizontal 


: - ramelri 
last effective vertical риши 


first horizongal 


last vertical parametric row of X which contains 


row of X, £e. the 


‘‘ahon-zero element. The effective parametrie diagonal lines of X, 


are (when extended) the effective parametric diagonal lines of X. We 
could of course regaid the Ist, 2ud, 3rd, 4fh of the matrices (B) and 
their least effective constituents as the conjugates of the 2nd, Ist, 3rd, 
4th of the matrices (А) and their least effective constituents. 


п on ‘ 
|: ‘When X=[#] has the natural type {тт} or X={e — has the 
из је 


natural type іт, т), the horizontal nullity is the total number of 
consecutive final horizontal rows of 0's; and the vertical nullity is the 


‘ total number of consecutive initial vertical rows of 07. 


Whenever a simple matrix X ‘which is expressed in the standard 
direct or inverted form appropriate toits type has that one of the 
forms (A) оғ (B) which corresponds to its type, the non-zero cons- 
tituent oceupying the corner at the apex, we will eall X, the effective 
constituent of X. But é, and £, or £, and é але the horizontal and 
vertical nullities only when X, is the deast effective constituent, 2.6. 
when X, has zero horizontal and vertical nullities, so that é and é, 
or £, and £, have their greatest possible values. 


In the following examples X in defined either as in (А) or as in 
(B), qo that in both cases the relations (1) and (9) hold good. 


Eu. When X isa zero matris, the least effective constituent X, is non-existent 


. 
е 


Ее-0, Em, ё, =n 


and we have 


Ew, u. When X is a non-zero matrix having parametric rank ё and zero horizon- 
tal and vertical nullities, the possible valnes of £ aie those consistent with the 
am 


е 
Km, Kn, Ebm+n—1 *e 


In fact the characteristic property of a non-zero sifhiplo matrix baving zero horizontal 


4 


conditions 


and vertical nulhties is that its parametric iank gannot be less than either of 
its two orders. 0 | 


Балаша, When X is a non-zero simple matiix, the possible simultaneous values 
of the positive integers ё, £,, ё, аге those consistent with the concitions 


E, О, Es KO, E+E, Km, E+E п, E+E, ti фтетт-1; 
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which include the conditions 


“а, Біріт-еі О Emi, 6A, fa pnl 


giving respectively the possible valnes of 2, and the possible simultanepus values of 
& and £,. • ` 5 


This follows from Ez. iii and the forms (A) or (B) into which X can be put. 


Ex. iv. Under the same circumstances the possible simultaneous values of £,, Ei, 
E, nre those consistent with the conditions. 


EKO, 5,40, £75 pnm, EL ELO, E + = Ерт, 
which include БЛ тъ, E bn 1 ; 


and the possible simultaneous values of Ёё, t, are those consistent with the 
conditions . 


EKO, 2.40, рт+а—2,Е =p pnl, Ê—E m1, +, EO, 


which include `, ELKO, Ebmin—2. 


In place of the essentially positive integers 2,, 2, it will often be 
more eonvenient to use the essentially positive integers 


é =<Е+6, mi, Éo mété —n. 


Then £,, is the post-major, 2,0 the pre-major excess of X, 
. -when X= OR 


and £,, is the pre-major, £,, the post-major excess of X, 


cm 


when X= 2 
Lue 
The three nullities of X (basical, horizontal, vertical) are known 
when the values of 2, 2,,2, or the values of 2, £, os £,, are given. 


Es.v. Wheu X is a zero matrix, we have . 
. 


г=0, 4-0, Foo =O. 


Ез. vii When X is а non-zero matrix, the possible simultaneous values of the 
positive integers ё, ё, о, бо are those consistent with the conditions 


. 
10 KO, & от, Е..%0, Eso KE, Bot Éobt- 1, 


which inelude the qonditions е 


е #41, Бітіл-1 j 4,240, Һофп-:, 00, fao pm- 1 


giviùg respectively the possible values of & and the possible simultaneous values of 
£o and fzo- 
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NOTE. —Transition from the direct to the inverted forms. 


When the inverted forms are regarded as fundamental, we will denote the hori- 
zontal and vertical nullities of а simple matrix Y by: and n, or by n, and 7, 
according as Y is expressed in the inverted or direct standard form appropriate to 
its type. Then if the typical parametrie element of Y is y,, having difference- 

n pm 
weight k—i—j, we can convert all the formulae relating to X—[s] or Х=е 


teed п 
‘which hnve been obtained.into the eorresponding formulae relating to a simple 
matrix 


1. 


min ra 
Y=y having d 
ип 


parametric rank 7, horizontal nullity »,, vertical nullity 7, 


от Y= [yy having 


parametric rank y, horizontal nullity »,, vertical nullity 71 


by replacing m туз ўз Ere Eo 5 буо; boos & E t.,%, X, X, 
by n, M 35,43 Nay 74: Neos 750175 M то h, Y, Y, 
"We then have Туа +71179, Mo = NTM ; 
rs 
where пл о 15 the post-major, nso the pre-major excess of Y, when Y— y , 
tdm 
and Ny is the pre-major, э, the post-major excess of Y, when У = [v] " 


8. Simple slopes. 


Let parametrie diagonal lines be eounted from the base. Then 
a simple matrix of any given class whioh is expressed in the 
standard direct or inverted form appropriate to the type 8 will be 
ealled : 
a simple pre-major slope of that class and of the type 9 when 
all parametrice diagonal lines preceding the  pre-major 
diagonal contain only zero elements, 


or the effective parametric diagonal lines are all pre-major 
diggenal lines, 


or the parametrie rank does not exceed the number of ver- 
<- беа] rows, 
or the pre-major pa1amejrie excess is not greater than 0; 
a simple post-major slope of that class and of the ‘type 0 when 
all parametrie diagonal lines preceding, the post-major 
diagonal contain only zero elements, e . 


or the effective parametric diagonal lines are all post-major 
diagonal lines, 
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or the parametrie rank does not exceed the number of 
horizontal rows, 


ы А " 
or the post-major parametrie excess is not greater than 0 ; 


а simple non-major slope pf that class and of the type 0 when 
all parametrie diagonal lines preceding the  non-major 
diagonal (the parametrie diagonal lying nearer to the apex) 
contain only zero elements, 


or the effective parametric diagonal lines are all non-major 
diagonal. lines, 

or.the parametrie rank does not exceed the smaller or 
effective order of the matrix, 


or the pre-major and post-major parametric excesses are 
both not greater than 0. 


Thus a simple non-major slope of a given class aud type is a matrix 
whieh is both à simple pre-major slope and a simple post-major slope 
of that.class and type. By a simple major slope of a given class and 
type will be meant a matrix which is either a simple pre-major slope 
or a simple post-major slope of that class and type. 


The above definitions depend only on the elass and the non-ruled 
equivalent of the type, 7.6. on the class and the position assigned to 
the apex, being independent (when these are given) of the form in 
whieh the matrix is expressed ; but the most general form of a simple: 
pre-major or post-major or non-major slope of a given class and type’ 
does depend on the position assigned to the apex, 2.6. on the non-ruled* 
equivalent of the type. Consequently in every elass we have simple 
pre-major ond post-major and non-major slopes : mE 

(т) of the type {r,r} to which any one of the four types 
{+7, +r} can be ascribed ; 

Ait) of the type (т, т) to which any one of „the four types 
{ +т', 4-7] can be ascribed ; 

(iit) of the type іт”, т} to which any one of the four types 
(+, +7} can be ascribed ; : 

(iv) of the type іт, т) to which any one of the four types 
Ст, т? can be ascribed. * 

These will be called respeetively simple pre-major and post-major and 


non-major slope of the first, second, third, fourth types. Those having 
the ante-types (7) and (zz) wil be called simple pre-major апа 
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post-major апа non-major ante-slopes, because in them the parametric 
diagonal lines are ante-diagonal lines. Those having the counter- 
types (2%) and (20) will be called simple pre-nfajor and post-rmajor 
and non-major counter-slopes, because in them the parametric diagonal 
lines ате counter-diagonal lines. 


í Ew. vit, The simple matrix х-(аТ to which the type 8 is ascribed is : 


а simple pre-major slope of type 6 when Pa, or 240; 
М simple post-major slope of type 8 when Ёт, or t, —m ; 
· а simple non-mujor slope of type 9 when ibm, En ; or KO, gonm. 
The simple X=" to which the type 9 is ascribed is : 
a simple pre-major slope of type 0 when ўт, or t, 4n —m ; 
a simple post-major slope of type @ when En, or £, 40; 
a simple non-major slope of type 8 when Em. Ъз; or t. 40, Emm. 


4. The product matrix in a commutantal product of geueral 
simple matrices. 

We consider first the commutantal produet 

p 4 ғ n n 
ps [a], [5], [е], [a], ={x] or ABCD-X .. (A) 

in which А, В, С, D аге four direct general standard simple matrices 
of given commutantal types (non-ruled or ruled) ; we ascribe to X 
the type appropriate to the product, so that the symbolice commutant 
representing the type of X is the product of the successive symbolic 
commutants representing the types of A, B, C, D ; and we regard X 
asa simple matrix expressed in the standard direct form appropriate 
toits type. Then the element common to the ¢ th horizontal and 
jth vertical parametric rows of X is ++,,, where the sign depends on 
the type of X, ari is known ; and X will be completely known when 
we know all its parameters such as r,,. The matrices А, B, C, D 
have zero basieal, zero horizontal, and zero vertieal nullities, and the 
given parametrie (or apieal) ranks 


а=т+р ~l, Втр--4-!, у=4+7—1, 8zq42—1,* 


their parameters being all arbitrary and independent. * 
. . 


он z,, is а parameter of X, the possible values of ? and f, the 
possible values of the difference-wéight k=j—t, and possible values 
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of ¢ and у when Ё is given are those consistent with the respective sets 
of conditions 


` cdl, cm jl jn; e (1) 
k&l—m k*na—l; . a (1) 
igl, 1—0, ри, Dom; fla mu. … (1) 


The two sets of conditions (1") are mutually equivalent, and show 
respectively the horizontal and vertical parametric rows of X іп which 
the elements #,, having a given possible difference-weight # lie ; 
and each of them together with (1) and the equation £—j—: is 
equivalent to (1). 

There are 4% possible фурев of the commutantal product (А); but 
in all of them the expression for any given parameter #,, of X as а 
rational integral funetion of the parameters of A, B, C, D is the 
same, being independent of the type, and in obtaining it we may 
suppose А, B, C, D, X to all have the same natural type іт, x}. 
Accordingly (see $ 51 of Matrices and Determinords, Vol. 1), it is the 
expression given iu the following theorem : 


Theorem I. very parametric element of the product matrix X in 
the commutantal product (A) is given by the general formula 


7,,-ш2а, u Das Cox Фа, (j—:—4), sai (2) 


where the possible values 077,7 and Ё are given by (1), (49, (14, and 
where for а given paw of values of d and. у there are pqr terms in the 
sum (a) obtained by giving to u, v, w the values 


Wwzl,9,..p; 9=1,8,...д; 2=1,8...7. 


Consequently попе of the elements of X vanish identically ; the 
basical, horizontal and vertical nullities of X are all equal t0 0; 
and X has the parametric rank 6 given by 


. 
é=m+n—1. 
The summation in (а) extends overall distinct sets of values of 
a, v, w which can be formed when v, v, w are elements of the respec- 
tive sequences ° 


[,2..2). [ly 2g. І1,2,...11. 


The second part of the theorem is a consequence of the fact that the 
parameters of A, B, C, D are all arbitrary and independent, there 
being no relations between* them. The expression for :,, is the 
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same for all possible values of £; but the elements of, X having а 
given difference-weight # lie only in the horizontal and vertical 
.parametrie rows of X given by the first and second of the two sets 
of conditions (V. It is particularly important to observe that : 

The expression (a) for a parameter w., of X having a given 
difference-weight j—t=k ds isobaric of weight k «n the difference-weights 
of the parameters of A, В, C, D, ; for we have 


(u—1) + (v—u) + (10 —v) + (9 —1) =p i =k. 


In every commutantal product of four simple matrices of the 
classes М (2, M (3), M (z) М (?) the factor matrices are 
partieularisations of A, B, C, D in the commutantal product (А) 
of the same type, and the product matrix is a partieularisation of X. 
But when A, B, C, D are partieularised by assigning particular 
values to some of their parameters or by introducing relations between 
the parameters, then in ihe expression for z,, all the pqr terms may 
vanish, in which case we certainly have «,, —0, or some only of those 
terms may vanish, in which case the expression for v, , can be sim- 
plified by the omission of the zero terms. Tbe following articles 
deal-with certain particularisations of the product (A) and the corres- 
pondiug simplifieations of the formula (а). 


When A, B, C, D are partieularised in any way, so that X also 
is partieularised, let as, 8,, у,, до; £, be the least effective difference- 
weight of A, B, C, D, X. Then if ғ,, isany element of X having 
difference-weight #==7—%, and if there exists а non-zero term 
ал а био Cow Ce, 1n the expression (a) for z,,, we must have 


%-1<а,,9-%<В,, w-vLy,, JW XÈ, 
and therefore ka, B. + у, +8,. … (2) 


Consequently we have the following general theorem relating to all 
such particularisations : 


Theorem II. Whenever in any particularisation of the product (A) 
the product matrix X is nol а zero matriz, its least effective diference- 
weight Ё, cannot be less than the sum of the least effective difference- 
weights a,, Bo, Yo of the factor matrices А, B, C, D ; aud every lement 
of X whose difference-weight ds less than this sum must be equal to 0. 

Many important conclusions can be drawn fyom this result. First, 
let A, B, C, D be all simple pre-maior slopes, so that 


a, £0, B, £0, y. XO, 8, £0. 
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Then if X is not a zero matrix, we must have 2,40; and it follows 
that : 


` 
21% a commutantal product of simple pre-major slopes, the product: 
natrix is always-@ simple preenajor slope of the type appropriate to the 
product. 


Next let A, B, C, D be all simple post-major slopes, so that 
a, &p—m, 8„<@—р, y, &r—4, 9, &n—m. 


Then if X is not a zero matrix, we must have é, 4.5 — ; and it 
follows that: 


In а commutantal product of simple post-major slopes, the product 
matrix is always a simple post-major slope of the type appropriate to 
the product. 


Lastly let А, В, C, D be all simple (non-major) slopes, во that 
each of them is both a simple pre-major slope and a simple post- 
major slope. Then if X is not a zero matrix, we must have £, 40, 
£, &n—m ; and it follows that : 


In a commutantal product of simple (non-major) slopes, the product 
matrix is always а simple (non-major) slope of the type appropriate to 
the product. 


These three results show that : 


All simple pre-mojor slopes, all simple post-major slopes, and all 
‘simple non-major slopes form three commutantal domains, the third 
domain being included in each of the other two. 


If when the product (A) is particularised in any way, the para- 
metric ranks of A, B, C, D; X are а, 8, у, 8, é we have 


ач --а, B. =д—В, Yo ==7—у 5, =n—8, £, zu—É, 
and we can put 
| Lo B. +Yo +8,==—р, E (3) 
po B4-y-9—p—q—r. Co (8) 


. 
When all possible valyes are given to а, 8, у, 8, the possible values 
of the inte&er р are those eonsistent with the conditions 
e. ` 


p%—(p+g+r), p m pq «r4 n—4. 


When X is not a zero matrix, we see from (3) and Theorem II that 
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we must have £, A"—p, and because we must also have £, b 2—1, it 
follows that p 41, or p» 0 ; Ze. we have the following theorem : — 
D 


Theorem ПІ. Jf p}O in any particularisation of the product 
(A), then X is hecessarily a zero matric ; and whenever X is a non-zero 
matrix, we must have 


р>0; ала4<1, £p. 


The integer p will occur in all the following articles. If we 
replace (А) by the commutantal product 


IABCDJ-X 
in which I-[l] and J—[1] , it is (see Art. 7) the discriminator 


of the product I A B C ВЈ. It will be seen in the following articles 
that p>0 is only a necessary and not a sufficient condition for X being 
a non-zero matrix. 


5. The product matrix ina commutantal product of most 
general simple matrices having zero horizontal and vertical 
nullities and given parametric ranks. 

We will next consider the commutantal product 
Гај“ [9]. [6] [8] =]. or ABCD=X .. (B) 


in which A, B, C, D are four most general simple matrices having 
zero horizontal and vertical nullities and given parametrie ranks а, 8, 
у, 8, во that the possible values of а, В, y, à are those consistent with 
the conditions 


akm,atp,apm+p—l; — 847, Po 8%2+4—1: 
VED 747 7%4+7—1; 24, 8&п,8%4+%—1; .. (1) 
and as before we sl put 
р-о--8--у--5-р--”--4 s 42) 
= (an) (8) (74) 0-9) — (52) (8-0) + 7) 
: + (8—2) +, 
so that p is now a non-zero positive integep which satisfies the, 


conditions 


pm, pP, pX4, p р а, pb mtp+gtr+a—4. 
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Тһе product (В) is derived from the produet (А) by putting equal to 
0 all elements (or parameters) of A, В, C, D having difference-weights 
less than а,, 8,, y. A9. respectively, where 

a, =p—a, B,-q—f, Ver 8,—4—B8, à +. (8) 
the other parameters of À, B, C, D remaining arbitrary and indepen- 
dent. It is assumed that А, B, C, D, X are expressed in the standard 
direct forms appropriate to their types, X having the type which 


renders the equation (B) commutantal. 
When 2 and / are integers satisfying the conditions 


X1, em, 2&1, 7 m, we (4) 


the parameter æ., of X ig given by the formula (а) of Art. 4, and 
the expression (а) will contain à non-zero term a,, ба, Cow Ge, when 
and only when #, v, w, are integers satisfying the conditions 
1, vp; vgl, vg; wl, wr; 2. (4) 
u—i&p—o, 0—0 0—8, w—v&r—y, j—w Kn—8 „.. (4) 
Again beeause the non-zero parameters of А, B, C, D are all arbitrary 
and independent, the expression (а) cannot vanish identically unless 
every one of its terms vanishes identically. Consequently v,, will 
be a non-zero parameter of X when and only when there exist integers 
_1,J, ", v, w, satisfying the conditions (4), (4), (4^. Hence by 
eliminating #, v, w we see that when + 2,, is a non-zero term of X 
the possible values of ¿ and 7, the possible values of the difference- 
weight | 4 
k=j—t, | e. (5) 
and the possible values of ¢ and 7 when 4 is given are those consistent 
with the respeetive sets of conditions 


541, т, jt, jeu, jigar; . (6) 

kA 1—m, t>m—p, Бр; от Ё, e 2-1" .. (69 

RL IE, bn ipm А, jlt Ла ha... (8) 
where p is the integer (2), and where ё, is the greater of the two 
integers Љ—т, 2—p, and is the least difference-weight of a non-zero 
element of X. 3 We боша әлеіуе at the same conclusions by observ- 
ing ав in Art. 4 that 7—%40—р is a necessary condition that the 


expression (а) shall contain a non-zero term, and then using the 
formula (5). By eliminating fiest 7 and then 7 from the conditions 
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(6) we see that there is а non-zero element in every horizontal and 
every vertieal row of X. In this way we obtain the following two 
theorems : . rj 


Theorem I. In the commutantal product (B) the product matrix 
X 4s а non-zero simple matrix having zero horizontal and vertical 
nullities and parametric rank é, where 


| =n—é, is the smaller of the two non-zero positive integers 


р, 4—1. 


the smallest difference-weight of а non-zero element of X being £,, where 
6, =0—Е is the greater of the two negative integers n—p, 1—m. 


Theorem IT. Zhe elements of the ё $ffective parametric. diagonal 
lines of X are all different from 0, t.e. none of them vanish identically, 
and their parameters are given by the general formula 


D, = Bain Due Cou ds, (/— ik) .. (2) 


where the possible values of i,j and Е are given by (6), (67), (67, and 
where for a given pair of values of à and j the summation eatends over 
all distinct sets of values of u, v, w which can be formed when u, v, w 
aae elements of the respective sequences 


[1,2,..9] [1,2,...¢], [,%.. 7] 


which make every one of the four terms on the left positive in the 
identical equation 


(u—i) а, } + {(v—u)—B} + {(w—0)—.} + (.—9)—8,) 
| —k-—(u—p) ... (0) 


Here а,, Boy yo 8, аге һе integers (3), which are the least 
difference-weights of non-zéro elements of A, B, C, D. 


Thus X has the form of a most general simple matrix having zero 
horizontal and vertical nullities and parametric rank £, in so far as 
fone of its effective elements or parameters are equal to 0; but those 
effective parameters are rational integral functions of the effective 
parameters of A, B, C, D, and ine saying that none of them are 
equal to 0 we mean that none of them vanish identically. ‘When we 
particularise А, В, С, D by giving particular values to,some of their 
. effective parameters or by introducing relations between the effective 
parameters, some of the non-zero terms of X шау be replaced by zero 
terms, but every zero element of X will necessarily remain a zero 
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element in the particularisation of X. Thus the particularisation of 
X may have non-zerq horizontal and vertical nullities, and its para- 
metrie rank may be less than (but can never be greater than) the 
integer ё é defined in Theorem I. , 


The number of terms in the expression on the left in (0) depends 
on the value of k. When 2,7, kare given and satisfy the conditions 
(6), (6), (6"), we ean obtain all the terms by giving to #, v, w, in 
succession all integral values consistent with the mutually compatible 
conditions > 

axl, uita., Up, UbRj—B.—y.—9,.; 
291, див, veg, 9—y.—9. ; 
WEI, wb y, WHT, WHI—Yo ; . (1) 


or to w, v, и, in succession all integral values consistent with the 
mutually compalible conditions 


| w&l, wita, ЊВ Њу; Шъ WPI —8, ; 
vgl, vita, +8, -9%0 vRO—y.: 7 
4<1,7<1--а,, Wp,Uwkv—B. oc … G) 
When p}w+2—1, 2.6. when é=p and £,=x—p, the elements of 
the first effective parametrie diagonal line of X, 2,6. the elements of X 


having the least possible difference-weight £, of a non-zero element, 
are given by the formula 


ESTA би, Cow Фу» (0-4-е,-”-р), E 4.4 (».) 


where the possible values of ¿and are those consistent with the 
eonditions 


341-%,,02Ьш; Jil jp m+é, ; 


and where на, —v—f,, vu B, mt uy 0 vy =) — 8, 


or А 
u=i+a, -./--В.--у.-9. 
Фршшб-Ра, +8, =ў—у,—8, 
w=f+a, +B. + 7), =j—6,, 
Л • 


there being only one term in the sum (0). In this case we have 


% ша, +8, "у; Hô 
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Theorem I shows that : 


4 . . 7. . 
The parametric rank ё of X is that «nteger nearest in value to p which 
satisfies the necessary conditions 


EXO, E+ m+n—1. 


The least difference-weight ё, of a non-zero element of X cannot be 
less then the sum n—p of the least difference-weights of non-zero elements 
of A, В, C, D, aud. is that integer nearest in value to n—p whieh 
satisfies the necessary conditions 


é, Xl—m, En]. 


When А, В, C, D are partieulariséd, their nullities remaining 
unaltered, these statements give respectively the greatest possible 
value of £ and the least possible value of £,. 


6. Someauxiliary theorems. 


The lemmas to be now given are used in -obtaining the result of 
the next article. In each of them it is to be understood that A=[a] 


is а most general direct simple matrix of any non-ruled type 0 having 
zero horizontal and vertical nullities and given parametrice rank а, so 
that а is a positive integer whose possible values are those consistent 
with the conditions: 

ат, atn, abm+i—]. 


Тһе lemmas remain true when 6 is any ruled type provided that we 
make no distinction between the two types + 0, 2. e. between two 
types such as іт, --т), {—r, т) each of which is derived from the 
other by changing the signs of both its elements. It is of course to 
be understood as always that m «1 and 241. 


Lemma A. 14 (47) = [a] ЖЕ be the matriv formed by striking 
out the first т horizontal parametric rows of A, where 
240, ap m—1 ; and therefore а a—1. " 
Then А! is a most general non-zero staple matris of type 0 having 
parametric rank a—x, horizontal nullit? 0, vertical nullity k, * 
where k is the greater of the twe integers O and г—(а—т), 


ғо that k=0 when 2+ ат, Е=>=— (2—2) when g Ka—n. 
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It is sufficient to observe that each time an initial horizontal para- 
metric row is stick out, the parametric rank is reduced by 1; and 
that the number of initial horizontal parametric “rows in А which 
contain no pre-parametrie zew elements is a+1—#. Ih the excluded 
case when «==, the matrix A’ is, non-existent. 


When A is of the ordinary type іт, 7], we can represent it and 
А! by hemipteric elass-symbols of the first type in the forms 


=@-@—®. Cr). 


n—k 


UU v 


where the effective constituent A, ) f A'isa most general 


simple marix having zero horizontal and vertical nullities and para- 
metric rank a—x, A, being a simple pre-major slope when #40, t.e. 
when z4&&a—«. If we put 


k, п— Ё 
[a x)?’ 
А= [2] 


the first diagonal constituent U of A (when it exists, %. e. when k>0, 
or г>а—п) isa general simple post-major slope of type 0, having 
parametric rank и--а--(а--Е) and zero horizontal and vertical 
nullities. When A is a general simple pre-major or post-major or 
non-major slope, the same is true of A,. 


Ё, тй a—k 
DI ғ 2 — I 
? Pe Ы, а d А, = [а] „_„ d 
n, т—2 


Lemma В. Let 4”- Ки мака be the тата formed ly striking өті 

the last y vertical parametric rows of A, where 
4X0, ypu—l ; so that уўа—1. 

Then Д" is п most general non-zero simple matri» of type Ө having 

parametric rank a—y, horizontal nullity h, Marital nullity 0, 
where his the greater of the two rntegers 0 and y—(a—m), 
so that h=O when у а— те ha=y—(a—m) when y &a—m. 

. 

It is sufficient to observe that each time a final vertical parametrie 
row is struek out, the rank is reduced by 1 ; and that the number 
of final vertical parametrie rows in А which contain no post-para- 


metric zero elements is at+l—m. In the excluded case when y=2, 
A” is non-existent. 
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When A is of the ordinary type іт, т), we ean represent it and 
A” by ш class-symbols of the first type in tho forms 


т-у "(4-7 
Аз „) = Ce ^) yo m—h, i) 
where the effective constituent A, = (55 %) of A" is a most general 


simple matrix having zero horizontal an? vertical nullities and para- 
metric rank a—y, А, being a general simple post-major slope when 
À 40, ie. when  Ға-т. If we put 


(4 9—2, Y a 
[GT ne [1] LT s etn 
У m—h, i тй, й 


the last diagonal constituent V of A (when it exists, £e. when 470, 
or y>a—m) is a general simple pre-major slope of type 0, having 
parametric rank y=a—(m—) and zero horizontal and vertical 
nullities. When А is a general simple pre-major or post-major or 
non-major slope, the same is true of А,. 


Lemma C. Lect C=[e] ncs he the matrix formed by siriking out. 


the first x horizontal and last y vertical parametric rows of A, where 
s0, epm—l; y0, gy n—1; #+уўа—1; so that at+ypmt+u—l. 
Then C is a most general non-zero simple matrix of type 6 having 


parametric rank a—a—y, horizontal nullity A, vertical nullity k, 


where A is the greater of the two inteyers O and 2--(а--т), 
and i ts the greater of the two integers O and x—(a—n). 


This ean be proved by successive applications of Lemmas А and 
B. In the excluded, cases when ı=m or y=2, С is non-existent. 
In the excluded case when z+y>a—1, C is а zero matrix. 


When A is of the ordinary type іт, т}, we can represent А and C 
by hemipterie elass-symbols of the first type in the forms 


LAN (8, nky, y zen mí ) ы 
A-(7) m i m—h—2, AE c= m—h—x,h : 
E : n—k—7y ns 
where the effective constituent C, — ac КА of C is а most general 


simple matrix having zero horizontol and vertical nullities and 
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parametric rank a—.—j, С, being а general simple pre-major slope 

when ао--% or ћ=<—(а—т), a general simple post-major slope 

when y Фат оћћ=у—(а—т), and a general simple non-major slope 

when both x Фа—т and у Фа—т. If we put 
• 


-|%т-і-ду, y 


а ЖОО" R 
7h, 8 hy 
less А c=[ 0 ale D 
0, 025 V2, д 
_0, 0, біп ғ, ж-т--й, 4 
u—k—y 
С, = [e] : 
т-ш--) 


the first diagonal constituènt U of А (when it exists, z.e. when 2>0) 
is a general simple post-major slope of type 0, and the last diagonal 
constituent V (when it exists, 2.6. when 470) is a general simple pre- 
major slope of type 6. When A is a general simple pre-major or post- 
major or non-major slepe, the same is true of С,. 


. 7. The product matrix in а commutantal product of most 
general simple matrices having given horizontal and vertical 
nullities and given parametric ranks. 


In each of the factor matrices all three of the nullities (basical, 
horizontal, vertical) are given, but instead of regarding the basical 
nullities as given, it is more convenient to regard the parametric (or 
apical) ranks as given. Accordingly we will now consider the 
commutantal product 


Га” [J^ (d, [4),-[3, or ABOD-X … (0) 


in which А, В, С, D are four most general simple matrices expressed 
їп the standard direct forms appropriate to theif types and having 
given parametric ranks 


a, B, Y 5, ET (в) 


given horizontal nullities «,*,, уі» б,» and given vertical nullities 
• + + + 
Ge Bas Yes de. Тһе post-major and pre-major parametric excesses of 
* * М bd „ .,. Hu 
their effective constituents are the essentially positive integers 


• • 
ај o =a +a, —т, Bio =B +E Y, Уо yt yi— 4, бло=0+9,—7... (0) 
Ogg =a, —p; Bso =B +B: —ġ, Yao 7 Y ys —7, 8,9 78-0, —1; tee (1) 
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their basical nullities are the essentially positive integers, а, В, 7, 5, 
given by 
a+ a—m-p—1l, В+ =р+4—1, 7+7 -q4r—1, $4-$ —r42—1, 

and their least effective difference-weighfs are the integers 

a,—p—4, В.-4-В, у: STY 8, =n—8 vee (1) 
each of which may be either positive or negative. The product (C) 
is derived from the product (А) of Art. 4 by putting all elements of A, 
В, С, D lying in their first а, B, y, à, parametric diagonal lines 
(counting from the base), their last «,, 8,, y,, 8,, horizontal para- 
metric rows, and their first as, 8,, Уа, 9, vertical parametric rows 
equalto 0, the parameters of their other elements (whose difference- 
weights cannot be less than a,, 8,,y,, 9, respectively) remaining 
arbitrary and independent. The product matrix X is to be regarded 
as having the type which renders the equation (C) commutantal, and 
is supposed to be expressed in the direct standard form appropriate 
to that type. The parametric rank, horizoutal nullity and vertical 
nulity of X (whieh have to be determined) will be denoted by £, £, 
and £,, these being essentially positive integers. ‘Then the post. 
major and pre-major parametric excesses of the least effective cons- 
tituent of X will be the essentially positive integers 


Éo mété, —m, б;о=6-+5, —т .. (2) 
and the basical nullity and least effective difference-weight of x 
‘will be ће integers Е and £, given by : 
é+ =mtn—]l, #,=-8—8, | 
F being essentially positive, and £, being subject to the conditions 
É, 41—т, a. 
If A is a zero matrix; then X is also a zero matrix, and we have | 
ал, а, =m, aa =P, ало==0, азо--0, а, =P, a—a,,—a,,70. ... (8) 
If Ais not a zero matrix, the possible values of а, a,, а, are those 
consistent with the condtions 
а, <0, a, XO, a-Fo, Km, ata, <р, € o, Ко >» m p—1; E (4) 
which include a 41, a> т+р—] ; а, £0, a,b т—1, а, £0, а, #2—1; 
the possible values of а, 2,5, 4, are, those consistent with the condi; 


tions 


do X0, в, LAMM, 8:0 +0, а..<а-р, ва, фа--1 e (4) 
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„which include | 


а41, а pests ao 0, аоЖр-1,4; KO, аф 00-1; 


and it is to be observed in partieular that we have 


agl, а-а” a, +1. "o (#ђ) 
We shall usually regard а, а,, а, а, as being expressed in terms of 
4,410 6,0, i | 
We have corresponding results for В, C, D, which show that two 
corresponding integers in the set (4,) and the set 


2—859—9,9, В-В,0--Во» Y Yso Уо $—0,, —8,, see (а,) 


are either both equal to 0 or both greater than 0 ; and that when 
A, B, C, D are all non-zero matrices, all the integers (а) and (а,) 
are greater than 0. Тһе produet matrix only needs evaluation when 
А, B, C, D are non-zero matrices, so that the conditions (4), (4) 
(4^ and the corresponding conditions for B, C, D are all satisfied ; 
aud this is the case when and only when all the integers (а,) and 
(а,) are greater than 0. 


If for the sake of brevity we put 
рав --а--В--р, рву —f-y—4, prè =ү+8—7, 
paby=2t+B+y—g, рвуз=В Њу +6—7, 
p= pabyd=atp+y+3—p—q—7, o (5) 


16 will be found that the general character of X depends оп the values 
of the integers 


рав— а, о — уо, рву—Взо — 710» PY5—Y10— 010; LL (а,) 
paB'y —9* 597—719: PBY5— Ba , —8, 09 .. (а,) 
равув— ал о —9, 0 = р—%а о — 6102 ' se (а,) 


which will be called the discriminators of the partíal produets AB, 
BC, CD, АВС, BCD, ABCD formed with consecutive factors of 
the product (C), and the values of the integers 


а-а); рай--В,0, phBy -Уіо» PaBy8— 0103 ... (%,) 


3—3, 55 руб 03 05 рвув— 8, o; Равув— Os оз „ө (2,) 


which, if I=[l] and J=[1)., 
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so that X=IABCDJ, 
are the discriminators of the partial products 

TA, ТАВ, TA BC, IABCD, and DJ, CDJ, BCDJ, ABCDJ. 
Phe. integer #is the discriminator of the product IABCDJ. 


In fact if, when А, В, C, D, are all non-zero matrices, we first: 
cancel in succession the (passive) initial vertical zero major- 
parametrie rows of À, В, С with the corresponding 
(passive) initial horizontal major-parametrie rows of B, C, D, 
applying Lemma А of Art. 6 to the effective constituents 
(93 of B, C, D when they are not thereby annihilated, and 
stopping as soon as the annihilation of one of them shows 
Хх to be a zero matrix ; , • n ; 


and. "when X has not been thus shown to be a zero matrix, next: 
fi, cancel in succession the (passive) fina! horizontal zero 
major-parametrie rows of D, C, B with the corresponding, 
(passive) final vertical major-parametrie rows of С, B, A, 
applying Lemma B to the effective constituents of C, B, A, 
which will never be annihilated ; 
we shall obtain the following theorem : 
Theorem I. Let 0 be the symbolic commutant which is the product 
of the symbolic commutants representing the types of the successive factor 
atrices A, В, C, D in the commntantat product (C), Then in evaluat- 
ing the product matris X we can distinguish between two cases : 

_ CASEL If any one of the discriminators (а,), (as), (a,), or if 
we please any one of the discriminators (п,), (a4), (5), (a4), is not 
greater-than 0, X must бе a zero matrix. 

( CASE IT. Zfevery one of the discriminators (as), (as), (о), or if 
we please every one of the discriminators (a,), (a), (03; (a,), as 
greater than 0, then X is non-zero simple matris of the type 6 having 
horizontal пабе 29, vertical nullity &,, and parametrie rank 6, where : 

`. (1) m—E, is the smallest of the non-zero poitive integers (b,) 
(the condition m—é, $ a—a,o $ m—a, showing that é, is positive) Ў za d 
+ (8) п-б, ds the smallest of the nonwero positive integers (5,), 
(ae condition п-,%8-8,3-ӛз showing that 6, is positive) ; 
(e (8) “Сіз the smaller of the two non-zero positive integers 


pat 4 yT89—9—9—r, e—(n—£, Yr (2—£,)—1 ; 
and none of the elements of the £ effective parametric diagonal lines of 


his 


о 
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` 1 


the least effective constituent X, of X vanish identically, i.e. X has the 

form of a most Yeneiul simple matrix having hor FORME nullity é, 

vertical nullity £,, and parametric rank ё 
NOTE— Alternate form of Theorem I. 


Let w be the smallest of the discriminators (а,), (а.), (аз), (@,); leb e, be the 
smallest of the discriminators (b,); leb w, be the zinallest of the discriminators 
(5,) ; and let p be the discriminator of the product IABCDJ ; so that 


pee, pelo. 


Then if «250, X is zero matrix ; and if w>0, X is a non-zero simple matrix of type 
6 having horizontal nullity £, = m — в |, vertical nullity Ё, ===, and parametric rank 


E where E is that integer nearest in value to p which (see Ex. Пі, of Art. З) satisfies 


the necessary condition | 


ho, +0, —1. 

We will consider first the trivial ease in which one of the factor 
matrices А, B, C, D is a zero matrix, z.e. one of the diseriminators 
{a ) is not greater than 0, so that X is necessarily a zero matrix. 
Let P and Q be any two consecutive factor matrices. Then if either 
Р ог Q is a zero matrix, 2.6. if the discriminator of either P or Q is 
not greater than 0, the discriminator of the product PQ cannot be 
greater than 0. For example if D isa zero matrix, we have f—0, 
Во =0, 8,520, and therefore 

paB—a, о — Вл о=(0+8—р) — а, —, ,72a—a,s — f aV. 

рВу--8зо--7і0 =(8+ ү-Ф-В.о-?7 o77Y-—Yio—2— -yF 0, 
te. the diserimiinators of the products AB, BC, cannot be greater than 
0. These considerations show that Theorem I is true when A, B, 
C, D are not all zero matrices, Case I only being possible. They 
show further that every one of the discriminators (a,), (а,), (44) is 
greater than 0 when and only when every one of the discriminators 
(a,), (аз), (а,), (а.) is greater than 0, and also when and only when 
every one of the integers (а,), (a), (a), (43), (а,) eis greater than 0. 
Hence in proving the theorem we may suppose the discriminators 
mentioned in it to be (а,), (а,), (4,) ; but it makes no difference if 
we add to them the жылт (а,) or the discriminators (а, ) and 
the integers (а). * 

Again if the theorem is true for the correlated commutantal 
product A'B'C'D'— X" in which A’, В’, C’, D’ are all of the ordinary 
type (7, т}, it will be*true for the given commutantal product (C). 
For then X in the produet (C) will be the simple matrix of type 0 
correlated with the simple matrix X' of type (7, 7], and X will have 
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the same orders, the same rank, same horizontal and, vertical nullities, 
and the same parametrie rank as X’. Moreover tbe"expression for any 
parameter s, of X as a rational integral function of the parameters of 
А, B, C, D will be identieal with the eXpression for the parameter +,, 
of X' as a rational integral function of the parameters of A’, В”, 
с, D’. 

Thus in proving Theorem, I and the following theorems of this 
article, we may süppose that A, В, C, D are all non-zero matrices, 
во that all the conditions such as (4), (4^), (4”), are satisfied ; and we 
may further suppose that A, B, C, D are all of the ordinary type 
іт, т). > 

When those suppositions are made, we have to determine Х from 
an equation of the form 


0, « 2:279. р Ü | 4-В, 


х=авор=[ 0% c Ји 


тај, а, 


go Yo TV purus 
B9 4—Y Yı 0, 0 7--6,, 5, 

or, when we represent А, В, C, D by hemipterie class-symbols of the 
first type, from an equation of the form 


= BCD= ("+ Ps ) (#9 4-8, ) Vila ) 
к=к т--0),0, 2-8,, B, д— У У 


8,, 2—8, ) 
( 7—8, à, е 


in which the effective constituents of A, B, C, D are most general 
non-zero simple matrices of the type (т, т) having zero horizontal 
and vertical nullities and the given parametric ranks 


a, В, ү, 8. 


The successive cancellations mentiqued above ean now: Бе easily 
carried out by utilising the properties of hemipterie class-symbols of 
the first type, the cancellations of corresponding passive rows being 
represented by cancellations of the coriespondjng index numbers. 
When it is necessary to carry through all the cancellations of the 
first set, we cancel in succession the а,, P}, Q, initial vertical rows 
of 0’s in A, B, C with the corresponding initial horizontal rows of 
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B, C, D, thus i qu the equation determining X to the form 
x-aworpe(r-* „У (if V) (TS) 
‘ 9-—29,,a1/, р-а —Ву В, (оба — у) 7, 


іш 7-і, ) 
r—Q, —3,; 5, | 
where P,=p,+ 8, is the greater of the two integers | ,, a, --(q— B), 
Q, —44 T ys is the greater of the two integers y,, Р, + (r— y), 
R, =7, +ò, is the greater of the two integers 8,, Q, --(u— 6), 
and where the integers 7,, ga, 7, thus defined are the numbers of the 
additional initial vertical rows of 0’s which the successive cancellations 


introduce into B, C, D. The successive cancellations show that X is 
necessarily a zero matrix unless the suecessive conditions 


р-а, В, >0,4—Р,—у,>0,7—0,—8, >0 
are all satisfied ; and since (using the definitions of P, and Q,) 
P—a,—B; is the discriminator of AB 
(—P,—y, is the smaller of the discriminators of BC, ABC, 
т—0;—8, is the smallest of the discriminators of CD, BCD, 
| ABCD, 


it follows that Theorem I is true as regards Case I. When all these 
conditions are satisfied, the effective constituents of A’, B", C", D’ 
are most general non-zero simple matrices of the type {7,7} having 
zero horizontal and vertical nullities and parametrie ranks 

a, B—a,, у—Р,, 8—Q,. 


When the discriminators (а.), (а,), (а,) are all greater than 0, 
and all the preceding cancellations have been earried through, we 
proceed to the second set of canceilations. We cancel in succession 
the 8,, Ка, Q, final horizontdl rows of 0’s in D’, C", B" with the 
corresponding final vertical rows of C", B", A’, thus reducing the 
equation dettrmining X to the form 


X=A,B,0,D. ” 


рта 7 Q, ) Ca | —Q,—38, je 4--В, 
W—P., Р, 2--4, 4-Р.-Е, as) 
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where R,=7,—y, is the greater of the two integers | | | 
/ Yi» (4—7) +8, 
Q, =4, +8, is the greater of the two integers 
6% • 
Bi; (p—B)-- R5, 
P,=p,+a, is the greater of the two integers 
ал, (т—а)+ Q, 
and where the integers r,, 41, p, thus defined are the number of the 
additional final horizontal rows of 0’s which the successive cancella- 
tions introduce into C", B", A’. The successive cancellations show 
that X is necessarily a zero matrix unless the successive conditions 
(d 8 s, GaP ESO, р—а,—@,>0 
are all satisfied ; but since 
, r—Q,—8, 18 the smallest of the discriminators of 


: .CD, BCD, ABCD, 
q—P,—HR, is the smallest of the diseriminators of 
BC, ABC, BCD, ABCD, 
р—а, ~Q, js the smallest of the discriminators of 
АВ, АВС, ABCD, 


these conditions are all satisfied by supposition. After these cancella- 
tion have been completed, the effective constituents A,, B,, C,, D, 
of A,, B,, С,, D, are most general non-zero simple matrices of the 
type {т, т} having zero horizontal and vertical nullities and para- 
metric ranks 


a—Q,, В-а,--8,, у-Р.-5., 5-О,. 
Thus if we put , é=P,, £&-R, 
aud X=ABCN=JABCDJ, where I=[1] andJ-[!] , 


we see that in Case IT of Theorem I,the product matrix X'is deter- 
mined by the equation ' 


22 AM p ` 4 To £i n—E, 2 
X-A MOD) G O ER 


Ge) 6) G) Cnm 
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where 


My zin —&, =m—P is the smallest of the integers (0,) which are the 
diseriminators of the partial products 


ТА, IAB, IABC, fABCD containing ТА, 


Po=P—%,—-Q, is the smallest of the diseriminators of the partial 
produets | 
AB, АВС, ABCD containing АВ, 


4,7:4—P,— M, is the smallest of the discriminators of the partial 
produets 
BC, ABC, BCD, ABCD eontaining BC, 


rfozr—(Q,—8, is the smallest of the discriminators of the partial 
products "E 
CD, BCD, ABCD, containing CD, 


n,=u—#,=n—R, is the smallest of the integers (4,) which are the 
diseriminators of the partial products 


DJ, CDJ, BCDJ, ABCDJ containing DJ ; 


all these diseriminators being non-zero positive integers ; and where 


А,= - a) = ae Te г), 
se). v=) 


ате most general non-zero simple matrices of the type (v, т} having 
zero horizontal and vertical nullities and parametrie ranks 

а--О,, B—a,—R,, у-Р,-8,, 8-0,. 
The integers é, and 2, are those defined in Theoreme I, 


Since X as given by the formula (D) has é, final horizontal and 
£, initial vertical rows of 08 we can write 


| би, и D 
е х- a = c a 


hé. 
= Га —{( 
(г б as). 
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and replace (D,) by the equation 


Ca) (ee) @ 6) z^ 


e. 
or 


а” É, n—Ë, "p 4 T a t*—£É, 
bud [UT wi et” pe 
0, 0 m—E,, & 0 m—Ey, & Po do To 
(D^ 


and when we cancel corresponding active rows of 0’s on both sides, 
we see that X, is the product matrix in the commutantal product 


Po до To rx —% 
[а"] UA Гел Ге” = p 
т--, fo бо To %- 8 
or A,B,C, D, =X, 2. (C) 


which is one of the kind considered іп Art. 5. Observing that 
((«—Q,)-F (B—«, — R,) (y— P, —8,)9—Q,)] — (Po -F qo 79) =Ps 


this being a necessary consequence of the characters of the passive 
cancellations, it follows from Art. 5 that X, is a non-zero simple 
matrix of the type (7, т) having zero horizontal and vertical nullities, 
and parametrie rank 2, where £ is the smaller of the two integers 


ez: (m—£,) M (n—£,)—1, 


and that none of the elements forming the é effective parametric 
diagonal lines of X, are equal to 0. Thus Theorem I is also 
true as regards Case II. 


In proving Theorem I we have also proved the following second 
theorem : : 


Theorem II. Jn Case IT of Theorem I, i.e. when the discrimina- 
tors of all the products AB, ВО, CD, ABC. BCD, ABCD are greater 
than 0, the effective constituent X, of the product matrix X in the com- 


mutantal product (C) is the product matrix in the commutantal ! Product 
e 
Do Go ға No Ho е | . 
[^] [И] [9] [9] eb o — A,B,C,D,—X,, 


ту Po (fo lo Mo 
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where А,, Bo, С, Do ате the general non-zero simple matrices with | 
zero horizontal ant vertical nullities and with parametric ranks 

а-О,, В-а,-В,, y—P.—8,, 5-а, 
which are formed from А, B, °C, D by striking out from each of them 
as. many initial vertical, initial horizontal, final vertical and final 
horizontal major-parametric rows as are indicated in the following table 
where the last column shows the number of rows of each kind which must 
be struck out from X to form Хо: 














A X 
. 
vertical | M, a, É, 
Initial 
rows 
horizontal —— == 
vertical а, ze 
Final 
TOWS 
horizontal | Р, =£, é 

















ТЕ we suppose A,, В, C,, Dos X, to be expressed in the standard 
direct-forms appropriate to their types, and denote their least effective 
difference-weights under these cireumstance by а,” B,", y, ", 8,", Eo” 
so that | 


é,” is the greater of the two integers тор LM, 
a, ро —«—Q,-a,—2o,, 8.”=9,—Rh+a,+R,=f,+0,—P,, 
Yo" =Ta—y +P, +8, —y, + P,—Q,, 8,”=n,—8+Q, =5,+Q,—R,, 
ГАРНЕ Ена 


we know from Art. 5 that if a" 1} is an element of one of the £ effec. 


tive parametric diagonal lines of Хо, 7.6. a non-zero element of X,, 
the possible values of I and. J, the possible values of the difference- 
weight %”=J—I, and the possible values of І and J when "is given 
are those cousistent with the respective sets of conditions 
ы LA, ГР», 2<1,7%",,2-1Х-р; 
M es У uy —1; 
I&I, 141—8, Три, 0, Db m, ; ЈАЛ", 


146 ©. E. CULLIS 


and we kuow further that when I, J, 2” have any given iios consis- 
tent with these conditions, the expression for the pafameter a" wis 


"=; lyg vw уу)» (-І-/), 


where the summation extends over all distinct sets of values of U,V 
W which can be formed which U, V, W are elements of the respec. 
tive sequences 


[Bo], (1, 00, П, 20%] 
which make every term on the left positive in the equation 
{(U~I)—a,”}+ {(V-U)—8,”}+ {(W—V)—70"} +{(J-W)--8,”} 
-(%-»р 


Now let A, В, C, D, X be expressed in the standard direct forms 
appropriate to their types as in the previous theorems. Then 


ct H € А TN „ = 
бтр пера gy Thon пој er 


ау UL 
where 
i=], ц=а, +U, v=P, +V, v—Q,.-W, jzR, -J-—£,-J ; 
and if kmj—i, M=J~I 
are the difference-weights of the same element of X denoted by 
$2” 17 in the former and by ++, ; in the present case, we have 
L-M'é, әлі іп particular é =é £,. 


Substitutiug for f, U, V, W, J, 4”, $,” the values given by these 
equations we see that if + с, is an element of X lying in one of the 
£ effective parametrie diagonal lines of X,, 7.6. а non-zero element of 
X, the possible values of 2 and 7, the possible values of the difference- 


weight Е=7—%, and the possible values of and j when % is given are 
those consistent with the respective sets of conditions 

igl, mé, J VERS IRM, ji KEP; … (6 

REE, knl; e. (69 


igl, TKL+E,—k CHE, mé, з fHt+k ; TEE d 


“ 
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and we have further the following theorem : 
, 


Theorem ІШ. The non-zero elements of X (those forming the ё 

effective parametric diagonal lines of Хо) are given by the general formula 

Фр уза Bore Vue бог er _ (јез=ћ), e ... (e) 

where the possible values of i, j aud k are given by (6), (6), (6") and 

where for a given pair of values of à and у the summation eclends over 
all distinct sets of values of n, v, о, which satisfy the conditions 


u—a, <1, Ua bp :%-Р,1,9--Р,%4,; w— Q: 41, 0—0,% ко 


оғ 
и ХЛ а иур—0, ; 941+Р,, 224-і, ‚ ® 41+д,, о%7—8), 

and also make every term on the loft positive in the equation 
{(u—7)—o,}+{(u—u)—B,}+ Qv) 7 Y. | + (у—и)—8,) 


—h—(n-p). 
"Thus every element of the product matrix X is known. 


8. Alternative method of evaluating the product matrix X 
of Art. 7 when it is not a zero matrix. 


We will again suppose that A, B, C, D are all of the natural type 
іт, 7] and are expressed in their direct standard forms. The leiters 
whieh have already been introduced will have the same meanings as 
before, and to show more elearly the generallaws, we will introduce 
the new letters т,, М,, »,, М,,м,, М,,й,, М, which are defined 
below. 


If we pay regard to the rows which were cancelled in Art. 7, but 
do not perform any of the cancellations, we see from Lemmas A and 
В of Art. 6 that when the diseriminators of the products AB, BC, CD, 
ABC,. BCD, ABCD are al! greater than 0, we сап represent X as a 
product of hemipterie matrices of the first type in the form 


=АВОр=(®+ Po, Q, ) Bas Pas os R. ) 


Moy Pis 91 а,, Pos Фу В, 


Yas $5 o, 9 ) ("se No ) E 
Pos os ? EL Q,, ғ, ô,) ? ds (%) 


where W M,, Pa, Pos 4,, Qas Tas В.) 22, Ма аге the positive integers 
defined by the statements that : 


ту==0 ; 


М, =>, + аа, ; 
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P,=p, +8, is the greater of M,, M, +(4—6), i.e. the greater of 
Ba, а, B,—D, o; ! 
ог Р — {рву —Bao}s Pya T Pag 5191 ; 


• 
Q, =q, +Y: is the greater of y,, P, +(r—y), те, the greatest of 
| Yas Ва Ya — Тао ® +8, ya —Вао— Тао 
or 8— {P 8 Yao} 77 —Bao} 3 


R,=r, +5, —£, is the greater of 0,, Q, 4-1—0, t.e. the greatest of 
5,, Уз +8,—8, о Bat Ya T9,—y.9—9, 0; а. +8, +72 +6, 


. --В.0--Уаз0:-9і% 


or n -(8—8,,] n= iP Tao} пора —Bao}s 


n— {p p.529] 5 
Й aby 205» 


N =n, =R, =É; 


4 


where ni, М,,7,, Ву, is Qis Pis Pis та, M,, are the positive integers 
defined by the statements that : 


ту=0; 

N, =a, +8, =ô; ; 

R, =r, +y, is the greater of y,, (g+y)+N,, te. the greater of 
Yo Va Hi —у1о» 


or Pap ару уо} Pap fea gy do} ; 


Q, =4, +£, is the greater of B,, (p—B)+R,, т.е. the greatest of . 
Bi, В, yi В.о: Ву Њу, +8,—Вло—у1 0 


or Трав Bio}: (рову —Y10} a— {Pug бло} ; 


P, =p, +a, =é, is the greater of a,,(m—a)+Q,, i.e. the greatest of 
. 
ву, а, ЕВ, —2a1,o, 81 +В, Ку — io — Bios 61 B, Жу, +8, 


—а, о —B19—Y10: 


ог m—{a—a,o}, m {rap Bio}: m— (ЖУ —Hhoh 


. 
m LT 81 о} 5 
M,=m,=P,=é, ; 7 
+ 2 s 
and where то=т s2 > oso ?тл--6, have the values given in 
Art. 7. 
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From Lemma A of Art. 6 16 will be seen that the constituents 


E 0). (5) 


exist respectively when and опфу when 2.>0,4.>0,7,%0, and that 
they are then general non-zero simple post-major slopes with zero 
horizontal and vertical nullities having the non-zero parametrie ranks 
a, P,, Qa. When u,=0, then also рь =0 ; when P,=0, then also 
(4750 ; when Q,=0, then also 7,==0. In fact 
Pas Yar 7» 
are respectively the greater of 
0, а,—Влоф 0, Р,-у..; 0, а,-5,.. 


From Lemma B of Art. 6 it will be seen that the constituents 


С), 69 Grr) 


exist respectively when and only when 7, >0, 4,>0, 7, >0, and that 
they are then general non-zero simple pre-major slopes with zero 
horizontal and vertical nullities having the non-zero parametric ranks 
5,, R,, Q,- When 5,—0, then also 7, —0 ; when R,=0, then also 
4, =Ù ; when Q, —0, then also 7, —0. In fact 
fi Ф» Pi 
are respectively the greater of 
0,8,—y,,; 0, R;—Bo ; 9 Q, —^,,. 
In the formula (E) we can strike out in suceession 
a, in A, a, in В; B, and p, in B, P, in С; 
y, and 4, in C, Q, in D ; 
5, in р, 8, in С; у, and7, in СЕ, in B; 
В, and g, in B,Q,ind; 
to represent in each case cancellations of corresponding passive rows. 
Then X is reduced to the form (D) of Art. 7, and the evaluation can 
be completed ав before. 


9. Generalisations and applications. 


. It wil be immediately obvious what the general theorems for 
commutantal products of any number of factors are which correspond 
to the theorems given in Arts. 4, 5 and 7, and that those general 
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theorems can be either proved directly, or proved by induction when 
they have been proved for products of two faetors. The results 
obtained are of very great generality, and are abplicable, with the 
appropriate simplifications, to many special kinds of simple matrices, 
both aon-mfled and ruled, the most obvious applications being to 
simple slopes. 


The direct standard forms have been used throughout, bat all 
results obtained for the commutantal produet 


Ce), (41, [е], [4] =f] or ABCDzX . (1) 


remain valid for the commutantal product 


ru ra mp ecce me • 
do c b а => or DCBA=X, … (2) 
Ша „ш ыле LP Lut 


with the proviso that «,, 8,,. 6. are then the horizontal and ,, 8,... 
£, the vertical nullities of A, B,...X in (2); for we can regard (2) 
as the conjugate of (1). 

When the inverted standard forms are regarded as fundamental, 
all the results obtained for the product (1) ean be converted into the 
corresponding results for the product 


r2 79 (0 rot mae 2 
а 6 c d =w or ABCD=X ... (3) 
tC шар ET LL? Ст 
by replacing 
т, Dy Jy 7, Mp % U, 0, Wy J 5 0,, а j qo. Bag ... 


by Ms T, фри 5 Jy Wy Vy My 55 gy 0, 3 Фао) Фр) ax 


Then every letter has the same meaning for the product (3) as it had 
for the product (1), «,, #,,...6, being horizontal nullities, and а,, 
Ba.E, being vertical пао. Thus the general formula for a 
parameter x,, of À becomes 


ш,,шжа,, Dra бұз d,,—zxmd,. бы. b, n Gas (i—j=k), " 


the possible values of 2, j апа k, and the range of the summation being 
as before. Тһе only difference is that in passing from (1) to (3) 
the words “initial? aud ‘final’ must be interchanged in speaking of 


the horizontal and vertical parametric rows. 
е 





A note on the construction by points ofa 
trinodal quartic. 


Ву 


GigiNDRALAL МОКПЕВЈЕВ 
[Read February 29th, 1920] 


1. In this note I propose to diseuss a solution of the problem :— 


To construct by points a trinodal quartic, of which the three 
nodes and five other points are given. 


Тһе solution is based upon two theorems which may be stated 
as follows :— 

I. A, B, C are three given points and S is a given conic, 
Through one of these points, say A, two lines AP and AX are drawn 
meeting BC in P and X respectively and making with AB and AC 
a репе! of constant anharmonic ratio such that А (B, C, P, Х)==, 
ТЕ now from the foot of one of these lines (say X of the line AX) 
two tangents are drawn to the conic S, they will meet the other line 
AP in a pair of points P', P" which will trace out а trinodal quartic, 
having A, B, P for nodes and touching S at four points. 


П. А, B, C are the three nodes of a trinodal quartie U. 
Through one of the nodes, say А, two lines АР and АХ are drawn, 
meeting BC in P and X respectively and making with AB, AC a 
pencil of constant anharmonic ratio such that A (B, C, P, X). 
І now one of these lines, say AP, meet the eurve U in the two points 
P; P”; then the lines joining X (the foot of the other line AX) to 
these points will envelop a conie S, having quartic contact with U. 


The following few points may be noted in connection with these 
theorems :— 

(а) The lines AB and AX trace out two pencils which are 
сопеепітіс and homographie, having AB, AC, for their common self- 
corresponding elements. 

The pencif traced out by AP will in future be referred io as the 
first pencil ; and that traced out by AX as the second pencil. 

(4) Let U be the quartie traced out by the points P', P" in theorem 
I. It can be easily seen that if BQ and BY Бе drawn through B 
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meeting AC in Q and Y respectively and making y BC and BA 


a pencil of which the anharmonic ratio is 1-І ; that is to say 


с 


ө 
B(C, А, О, Ү)-1-1 › then BQ will meet the tangents drawn to 5 


from Y in'a pair of points which will Пе on U. Similarly if through 
С, CR and CZ be drawn meeting АВ in R and 2 respectively such 


that C (A, B, R, = ; then CR will meet the tangents to S 


from Z in a pair of points lying on U. 

2. From what has been said above it is clear that the first step 
in the solution of the problem under coffsideration will be to deter- 
mine the conic S. Now the conie S can be determined in the follow- 
ing manner :— 

Let А,В,С be the three nodes and P,, P,, P,, P,, P, be the 
five other given points. Join one ofthe points А, B, C (say А) to 
each of the five given points Р. Drawn АХ,, АХ,, AX,, АХ,, АХ, 
meeting BC in X,, X,, X,, X,, X, respeetively such that 


А (B, C, Py, X,)=A (В, С, Py, X,)=... =k. 


Drawn а conie touching the five lines P,X,, P X,, P, X,, P,X,, 
Р.Х,; this conic will be the required conie S. Having determined 
S, the next step will be to determine the points where lines drawn 
through either А, B ог C meet the tangents drawn to this conie S 
from the feet of the corresponding lines as explained above. These 
points will he points on the quartie U to be drawn. 


It is easily seen that in solving the problem we require the help 
of the ruler and compasses only. Hence the problem of constructing 
atrinodal quartie of which the three nodes and five other points are 
given may be regarded as 4 problem of the second degree. 

8. I shall show that the curve U generated above is а trinodal 
quartie eurve, having A, B, C for nodes ;orin other words that it 
possesses all the following properties of а trinodal quartic, viz.— 


(1) that the order of the curve is four ; . 
(2) that it has got three nodes and A, B, С are these nodes ; 
(8) that it has four double tangents; ° | 


(4) that it has зге inflexional points ; 


(5) that tbe class of the curve is six, 
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(1) The degree of a curve can be ascertained by determining 
the number of its intersections with a right line. Let L be any right 
line and it is required to determine the number ' of its intersections 
with U. Let L meet BC in О awd AB, AC, AP,, AP;, AP,, АР,, 
AP, in B,C’, P',, P',, P',, P',, P', respectively ; then it is easily 
seen that the two ranges of points О (В, C, X,, X,, X,, Х,,Х,) 
and O (В, С, P’,, P',, P’,, P',, P',) are homographie but not in 
perspective. Hence the lines ВВ, CC’, P', X,, P', X,, ete., joining 
eorresponding points of the two hamographie ranges will envelop a 
conie. Let C be this conie ; it will evidently also touch the bases Т, 
and BC. Now, if L, bea point eommon to L and U and M, be 
the point on BC such that A (B, C, L,, М)=А (B, C, P’,, Xj) 
=k ; Шеп L,M, will touch both C and S. Hence L, to be а common 
points of intersection of L and U must also lie опа common tengent 
of C and S. As there are four common tangents to С and 5; tlie 
number of points common to L'and С must also be four and these 
points are the four points of intersection of L with the four common 
tangents of C and S. "Thus it is proved that the degree of the curve 
is four. 


(2) That A, B, C are double points on U ean be easily seen by 
eonsidering the intersections with U of the lines AB, AC, BC. 


Again let any line AP through А meet U in the points P', P" and 
let X be a point on BC, such that 


A (B, C, Р, X)=A (B, C, P,, X,)=h 


then ХР, XP" will be tangents to S. If now АР?” be made to 
rotate round A until P’ moves upto and ultimately coincides with 
А; then AP" will be a tangent to the-curve at A. But then XP’ 
becomes coincident with AX, one of the tangents from A to S. Thus. 
a tangent to the curve U at A is a ray of the first pencil correspond- 
ing toa tangent to S from A, regarded as ray of the second pencil. 
As there сап be drawn two tangents to S from A, it at once follows 
that there can be diawn two tangents to the curve U at A, and they 
are the rays of the first pencil corresponding to the tangents to S 
from A, considered as rays of the second pencil. 


*Similarly also it can be shown that two tangents can be drawn 
to U at each of the points B and C and they are lines corresponding 
to the tangents drawn from them respectively to S, 


+ 
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In this way also itis seen that А, В, C are double points on the 
eurve U. | ! 

The cases when these tangents will be real, imaginary or coinci- 
dent can be'easily distinguished. i 

(8) If in (1) L be a double tangent to the curve, C will һауе 
double contact with S. Hence the number of double tangents to the 
eurve is evidently equivalent to the number of such eonies C that сап 
be drawn so as to touch the three given lines BC, CA, AB and have 
double contact with the given сопіс 5. The number of such conics, 
as we know, is four and consequantly the number of bitangents 
to the curve is four. 


Let S intersect the sides BC, CA, AB of the triangle ABC in the 
three pairs of points A,, A,, B,, B, ; C,, C, respectively in the order 
in which they are written ; then it ean be shown that the four Paseal 


lines 
, 


C,A, B,C, A, B, C,A,B,C,A,B, С,А,В,С,А,В; 
| | | 


€— т- Қо. 


KO TS pec s 
C,A,'C,A,, С,А,-С,А,, CASOS; 


A,B,-A,B,, А.В, A.B,, A,B,-A,B,, 
B,C, B,C. В,С, :В,С,, В,С, B,C, 
С,А,В,С,А,В, 

O 


(7 
С.А, ‘C,A,, 
A,B, “А.В,, 
В,С,:В,0,. 


(where the Pascal line C,A,B,C, A, B, is obtained by joining the 
three points of intersection of the three pairs of lines С,А,, С,А,; 
A,B,, A,B, ; В,С,, B,C, respectively) are the four common chords 
of contact of the conics С and S, М 


(4) If L be an inflexional tangent to the curve U at any point 
L,;then C will have contact of the secomd order with S. Herfce 
the number of inflexional tangents, and consequently of inflexional 
points on the curve, will be the same as the number of conies С that 
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ean be drawn touching three given lines and osculating a given conic. 
As the latter numbe§ is six, it follows that the number of points of 
inflexion on the curve is at most sir. 


(5) IfI touches the curves U at L, ; then C and S will touch 
one another ; and if M, be the point on BC such that 


А (B, C L,, М,)-А (В,С, Bj, X,)—k 


then L, M, will touch both C and S at their common points of con- 
taet. "Therefore L will be the second tangent drawn from L, to C. 


If L passes through a point Р which is not on the curve О and M 
be a point on BC such that . 


A (B, C, P, M)=A (B, C, P,, X,)=# 


then PM will touch C. Hence when Р is given, to determine PL, 
we have to draw the conie C of which it is a conie touching four 
given lines (BC, CA, AB, PM) and a given conic S. Ав the problem 
of determining C admits of six different solutions, it follows that 
siz tangents ean be drawn to the curve U from P. In other words 
the class of the curve is sir. 


When P is on the eurve, PM touches S also ; and in this case two 
of the six solutions become identical and this double solution will 
then correspond to the tangent to the curve at P. Thus when P is 
on the curve, besides the tangent at P, there can be drawn to the 
curve four other tangents from it. 


If P coincides with any one of the points A, B or C, this construe- 
tion will fail ; and in that case it can be shown that only two tangents 
can be drawn to the curve from each of these points. By making AP 
in sub-sec, (2) rotate round A until P" moves up to and coincides with 
P’, it can be shown that the tangents from А to the curve will be 
rays of the firs¢ репе] corresponding to the lines AA,, AA, considered 
as rays of the second pencil (Ал, А, being the points of intersection 
of BC with 5). : 

Similarly the tangents from B and C сап be determined. 


4, І «ате shown that the curve U possesses all the Pluckerian 
characteristics of a trinodal quartic. It now remains to show that the 
curve thus generated is a «nigue one ; for it may be argued that by 
varying k, different curves satisfying the given conditions ean be 
drawn. But upon examination this will be found not to be the case ; 
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for if it were possible to draw two different curves by giving two 
different values to 4, then we would have the absufdity of two quartic 
curves intersecting in (3х4--5)-- seventeen or more than sixteen, 
points. e D 


5. I conclude this note by giving a few additional problems on 
the trinodal quartie, the solutions of which сап be made to depend 
upon the two theorems stated in Art. 1. The problems with their 
solutions are given below :— 


I Given the three nodes A, B, C ; one other point P and the 
conic S ; construct the quartic, 


Here the first thing for determination is the constant of anhar- 
monie ratio (k). If the two tangents from P to S meet BC in X, 
and X,; then k will be determined either by A (B, C, P, Х,) or 
A (B, C, P, X,). Henee there will be two solutions. 

II. Given the three other poinis P,, P,, P, and a bitangent L: 
to construct the quartie. 


Here tlie conie S is to be first determined. This can be done in 
the following manner :—Take the points X,, X,, X, on BC sueh 
that А (В, С, P,, X,)=A (B, C, P,, Х,)-А (B, C, P}, Xa). Let 
АР,, AP,, AP,, meet Lin P',, P',, P', respectively. Draw а сопіс 
C touching BC, CA, AB, L and P’,X’,, which will also touch Р,Х,, 
Р,Х,; Draw another conie (S) touching the lines P, X,, P,X,, Р,Х, 
' and having double contact with C. This conic will be the required 
conic S. 


This problem admits of four different colutions. 

ШІ. Given the three double points A, B, € ; one other point P 
and two bitangents L, and L, : to construct the quartic. 

Here the conic S ean be determined in the following manner :— 

Take any point X on ВС; and let P,, P, ђе һе points where АР 
meet L,, L, respectively. Draw a conie C, touching BC, CA, АВ, 
L, P,X and another conie C, touching BC, CA, AB, L, and P,X. 
Draw a conie (5) touching PX and having double contant with: both 
С, and C,. "This last-drawn conie will be the required conie S. 


This problem also, like the preceding two admits of more than one 


solution. 
с š 


a. ^ 
On Liquid Motion inside Rotating Arcs of 
Three and Faur Confocal Рагабоја5 


Bx 
N. M. Basu 


[Read September 4th, 1920) 


The problem of determining the two-dimensional motion of a 
homogeneous incompressible liquid inside rotating cylinders has engaged 
the attention of many eminent mathematicians, but up to now the 
problem has been solved for only a small number of cases. The present 
state ‘of analysis does not enable us to attack with success the general 
problem for any arbitrary boundary. A solution for the case in which 
the cross-section of the rotating cylinder consists of arcs of two confocal 
parabolas has been given by Ferrers. The object of the present paper 
is to present the.solution for two new cases, viz, (1) when the cross- 
section consists of three confocal parabolas and (2) when the cross- 
section consists of four confocal parabolas, all belonging to the same 
orthogonal system. 


It may be mentioned that the hydrodynamical solutions given in 
this paper also furnish the solutions of the torsion problem in the 
Theory of Elasticity for the same boundaries. 


$1. Preliminary Observations. 


Take the common focus of the parabolic ares of a cross-section as 
the origin and the common axis as the axis of +. If À and и be the 
parameters of the two parabolas which pass through the point (а, y), 
we have 

g-À—p, 


уз = ФА, қ 
À being the parameter of the parabola whose axis is the negative 
2--ахіз, 


Let Az:£? and p=7?, 
so аб we have 
К 062—1 | 
to у=&2ё6 


1 Ferrera: " On the motion of water contained in certain cylindrical vessels, &c.," 
Quarterly Jow nal, Vol. 17. 


„ @) 
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То avoid ambiguity we shall suppose that is always positive while 
é may have either sign, and instead of (1) we shall write 


amé*—y?, | 
• | . ... (9) 
y 72£3. 


Thus y=constant are complete parabolas and ¢=constant are half- 
parabolas, the upper halves corresponding to positive values and the 
lower halves to negative ones. 


It is easily seen from (2) that £ and у are ај functions given 


by the relation 
2 ойу (Ein). 


Hence the stream function y must satisfy the condition 


ом Әз o (8 
E T (9) 


at all points occupied by the liquid. 








Also, if the cylinder rotates with angular velocity « about an axis 


through the focus, we must have | 
Y=do(a?+yt)+constant … (4) 


~ 


at all points on the boundary. 


Now from (2) we have 
зу? m P? 49°)? = (E+ - 67" yt) +867. 
Since £* — 62275 +7 satisfies the equation (3), we shall анар 
—do(£*—6Pyt gt) Hs. 
Then y, will have to satisfy the conditions 


ә? 
оғ 


at all points occupied by the liquid, and 
` y, = 06703 - constant a (6) 





= | 06) 











at all points of the boundary. 


$ 9. Three Confocal Parabolas. . 


Let the cylinder be bounded by the three confocal parabelic cylinders 
"туз 979, and $= +é,- . А 
Let 73527; 7.— 9.7728 amd 4, +7,=28, sothat n,=ê+8, 
and  $5,$6—f. 
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“Мах ас” c 
Assume 


yi = mese) 2 Е ЈА, sin EE (а ез). 


3£, d 


+B, sion REDE (у, у | 
2é, 


+20, сов т —8)сов (8а-1) 9 гі. 


The equation (5) is obviously satisfied. The equation (6) will be 
satisfied if | 
V,-—4ef*y? when y=, and —ё,<ё<4, 
V,-—4ef'92 when y=y, and —é,<é<&,, 
and V.m4ofig? when = +é, and 7, <7<. 
Hence, putting 7=7,, we must have, for all values of é between —£, and 


&, 


oo 
дыёз уа БА, cos (2n+1) 76 sinn 28 Мей 
2 JE : 


1 


Multiplying both sides by cos{2n+1) = d£ and integrating between 
1 


the limits —£, and 2,, we get 


& 
Бақаны 200 aur | Ecos (2n+1) LÉ d£ 


1 


-é 
т 
2 
= | 2*cos(2n-4-1)zdz 
т Ы . 
0 
= (—D" бо (1- zo 
(2n +] јт 4 (2n+1)°7° 


1 2 | 
. б40#312 | = — ^ _ 
(= Ds “| Җ (Әп--1)2т? 

= Тј d | 





sinh (22+ Drg 
é 


i 
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Similarly А | 
в„= С)" tn] à an 
be sinh Chl yr 


=: 


To find C, put 6----2,. Then we must have, for all values of ту between 
т, and M 


Multiplying both sides by cos 


(2n4-1) v , — (2n+1l)ré, 
ML (4-6) cosh de 


ос 
4031? =SC, cos я 
0 2 


Ce and integrating between 


the limits 7, and 7,, we obtain 


Now 


Thus 


7% 
(2n+1)ré, _ or, _ 
ВО „совћ CHR = 40? 7 ES (1—8) 


7і 


В 
ui] (2? 4-2:8-8*) cos OT de. 
—B 


B 
P (2n-Fl)z 7 _(—1)"48 = ВЕ e 
| 25 98 7 28. үү [1 arp | 


—g | 


.rB 
| 2 боз (20 + 1)sz dz —0, 


BB 
в 


8 
"da (до. +) та d= ‘48 . 
28 (2n+ Dr 


8g 
24.92). • 
o (CD? 1608 [e Vi Gripe] 
МКТ 2... 

(2n 4-1) cos ns 
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We thus havo 


10(2+ —6£*u? +) +, 
where 


С)" (i ' 8 (дп--1)е6 
ы 2 С ыруг) о as 


72 sinh DT —43,) +y2 sinh en 








x 
sinh (Zn t тв 
& 
Z 2 
+ 1668: Ез SOUDE 88 
о (27 


(2n 4-1), 
min} S m (7—8) 


(2n--1)r£ 
cosh oR 





Хон 
(2n --1)z£, 
cosh 28 
со (_ ууз та sinh Cre D M) +n? у sinh CET (һ- 
Mo 2 7” 
169012 р) | РЕ 
sinh (2n тв 
1 
cosh Gic DE 
E 9 
X сов CEE + (gr 48) B 
“61 


MEE sn GOS Ed (-5] 
(2n4- 1)v£, 
cosh S BB 5 


со $ та sinh Ey 
—198ьёз > CU" [ А 


—7,) + njsigh D Dr 
5 (Зе + De 


(0. —1) 
sinh (22+ 1) тв 


1 
е 


совһ (2n 1)76 
эё fo E Lg 2 





сов Ent D" (38) | 
1 cosh Ont i B 
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% 
Remembering that ¢+7 is a function of £+7y, the expression for 
the velocity potential ¢ can be readily worked out. 
We thus obtain 


i 





: ° фе 9 — 75) +ф,, - 
where 
noob Ee тр) + cosh Enti, —1) 
y= Was? = = (= D [ | : 
Шы өнд nt Dn 
: sinh CST 
xsin CEDE (Ba 09) —————— m Cr (ж eU (ps) | 
А ЖЕТЕ 


2n+1 a (2n+1 
3 cosh ED) + со тр —1) 
1 1 








—198ьёй = С)". | 2 


2n + lr? 
o CRE PE snh@r+1)r8 
sinh (2n+1l)ré 
2 
sin зл — 8° ИСИС ОИ sin d (4-9) | 
1 (2n+1)ré, | 
cosh 28 


58. Simplified Results. | 


ж 


` The results obtained in the. preceding article сап be simplified to а 
certain extent in the following manner. 


Substituting the values of 7, and 7, in terms of B and. 9 and observ- 
ing that 


. 
sinh 


eS ) (т) + sinh FD а) 


Lon QnEDsB ЖЕКЕЛЕУ УН 
=2sinh BEA cosh E (7—2), 


sinh OE rn) sinh © Cei ns a) 


= (Zn--l)sB .. , (9n-Fl)m, __ 
zz2cosh eai CE TE (4-9); 


2 
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and sinh 


(2n+1)7B o р (2-1) у (Qn+1)xB 
saat Т. =2 sinh DE. cosh E xx 


1 

















we find that y, can be written as , ы 
= (= 
у =16 > (Е +8*)(P+Q) +2888} 
0 
S 
= cl 
“Мей, үу 24(8%-552)Р--870--2988І) .. (7) 
0 
cosh AEDE (aa) қ : 
where Р- н cos келім, .o (8) 
cash! € d ы 
cosh Cn+Dré 
2B 2n--1 
д= — — — сар d (9) 
cosh e ré: 
2B 
(2n+1l)r 
sinh oo ( ) 6 
and R= 261 s RUE. .. (10) 
inh (22+Dr8 j 
Sin әр 


Now it is obvious that, when y=”, and —£, «£«£,, 


(—1) = (-1)" os Gn l)sé _, 
= ЈУ (Р+0)= = (Ont lye d 2£, ES 





In a similar manner it will be found that, when =q, ава —£, <ё<ё 
or when é= +é, and 7, <7<7,, 





Thus the above equation holds for all points оп the boundary. 


Also (+25 {= +) | -o 


164 N. M. BASU 


Hence, everywhere within the cylinder we must have 


= (—D* Fa 
| қарттан ја e Gb 


Integrating the equation (11) with respect to y, we have 





Жк sinn ers (4- 2 
= (—1)* f Е ов Ек 
1 ~ 
о ту NICHT 26, 
2, 


у Qut Ié ° 
ШЕРУ; V 
du В вт 
pet Dré, Е 
28 





220% еу 
8) p= tAE 
cos 


D 


To determine f(£) риф n=8 in both sides. Then the lefthand side 
vanishes. 

а 8 

Thus Д#)= — i 


Substituting this value and integrating again with respect to 9, we 
obtain 


oM8 


{—1)" f 2p = (9—8)? Né. 5 
(9n +1) тз 41Р 480) = NM +4). XE (13) 
Since the lefthand side remains unchanged when — & is written for É, 
F(£) must be an even function of 2. 


То determine this function operate on both sides by 92+ + À ке 
Then the lefthamd side vanishes and we have 
P=} 


where k is a constant of integration. 
% 
To find the value of k scbstitute this value of F(¢) in (12) and put 
é= +é, and у=, or у,. Then the lefthand side disappears and we 
have 


0—1(f* —£) +h, 
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Thus ki -—B) 
Medie (—1)" В DE 2 2 2 18) 
and 2 ntl) r? (їР—8 б)== (— 75-6 LÉ } we Ch 
бош CDN gars a 7 14 
Let = (nt Let (£ T9:)P48 дј=6. e (14) 
0 


From (18) and (14) we easily obtain 


oo 
т ; 4 eam 0-1)" қ 
oe l f lp —§ 2 rE s. 592 2 а 2 whe EE ы ] 
Uz —3st(—8)* —8 +E —B* | + (8* +8 DEG 15) 
ог 
о E) (qaei) 





3283 
p 2 <> = (—1)" 16 
tg +$89+82) = ETES … (16) 


From (7), (11) and (14) we have 





= doué? (B? 8:)—198 #70 4.3283 өс (-D' fi— 2 LR 
= (BP + aU Sam DS Dell Gad iy 


Using (15) or (16) we finally have 


oo м 
V, oft o3) —£ HE+} 12806 (Баған m „СЫ р 


: (gui) 
oo 
мен CD {1-5} 
зовон GSC. {1 (2n 4-1)*7* Ы 


or 


== 8 % 2 fae Ay? 21— 54894 92 2452 (—1)” 4 
y, =40(B2 4-8 МЕ--(4 8)? + 871 —12806°‹ 8 +8 HDS 2 түу, У у 


со 
рына CD: У у 
+3 бй істен үр Ce па Тузи | R, 


where P. Q and R are given by the relations (8), (9) and (10). 


The corresponding expressions for ф, may be easily deduced. 


Thus" 
борау 8) 1999: (тағанут D" р 
Ф, = ote je e£? (B* +0? -- £1 2 iy 


кары (СУ {1- ысый а. Үк 
15 (@+1)т (2n-4- 1)*«? | 
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or 
"x Вз 8 —8)--1 ° 2 2 (--1)" ! 
% ог Вз + 82 )E(q—8) + 1289* (B* +8 HE: os GP "а 
• e 
өне Do бұлт. _ ЖЕҢ ) 
SEHE c Fei (артар 
sinh ET —8 
о c 
where Р заа ; 
cosh (24--ГтВ = 
| 36, 
sinh (TD 
9 Қ 
Q'— ———————— sin CS. 
(Әл--ПЙтЕ mt 
cosh "uS 
ШЕРТУ 
ала В'= DE NAE sin Қылады; У 
ү sinh (22 + тв i 


Suppose the cylinder is bounded by the four confocal parabolic 
Es, =N, and 7=7, 


fe 


cylinders €=£,, = 


Let 


and 
so that 
and 


Assume 





=i 


$4. Four Confocal Parabolas. 


=y+ а, ё, шу--а 
КЕ =8+8, тп, =8—8. 


Pre 
LJ 


d, => cas Cnt Hee 7) | A sinn рт) 


ба: 
+5 cos Oe) E ) 


+B,sinh22t))7(,, 
ша 


—1) 1 
4 


=: 


Ds Ат о, |. 
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Then proceeding exactly as in the preceding articles we obtain the 


following results. E 


„(—1)' | 8a? . 
GEIL (ћу) - рна] , 





A, = 1673 · 


sinh (9n +1)r8B 
а 


(—1) T 86 
0, =1696 салы OM 2 ‘erie | 
sinh Cot yee 





B, and D, are what A, and C, become when 75 and é? are written for 
72 and & respectively ; 











whence : 
па ul | (аз Љу 3) cos nt Dr (g— y) 
y sin Cr Drs) utin Or (72-7) 
= а 
x | 
sinh (21 +1)т8В 
а, 
+(8° 685) cos Оту) 
£isinh EEE (EE) tsi inh C^ E Dre, A 
ИН x i 


Б sinh (2n+ Тјта 
| 


= (-1 son (@%+1 
пи ЈЕ сов CO (ep) | 


- 
• 


t . L(2n-F1 , 
; nj sinh Ge Dres a y sign CAEDE (yn) 


x: аиша 
(2n-- 1)«8 





sinh 
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+B со sE 28) 


е & si 81 а £T £ вш БЕ Teg, — e) 
X —— ue eee ek 





sin 


h (854 1 )ута, 
В 


and 


ZD 5 шады ту +n Y, 
ф, = 1602 [ + y? Jain — —— : (é— y) sinh PF Dé 


5 (antl jr 


(p cis BE Dr (y EDS Hx, +ÉX, ] 


MUI та, 
B 


oo 
; (—1) so (n 4-1) У, +Y 
2419 2 6 liti. 
E BE rte | wen EN | РВ 
а 


| _взь а p @Х,+ё@Х, 
Бар т үс } 


where X, 2008029 ты LCS 


Qn+1 у 
X, iius —£) 
Y, =созһ EDT (pm), 


and | Y; cos tt Dee, у 





% 
Substituting the values of £,, £, тр, and 7, in terms of a, B, y and 8 
and adopting the method of the preceding articles, we.get the following 


additional results : Ix 





b =1695 Sc - Katy Y) (Рф) айан HAR 
+ 2ay(8° 4-83)8] 


2 ga 
BE pale (8+8) РВ (ал +7" )Q+ да“ BOR +28ayS], 


where 


and 
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cosh Cn +07 Dre —8): - 


Р- p. OUS cos 


(atl e ) 
2a 
(2n+1)r8 
cosh nr 


Q= | с ÉD СЫ) 
cosh 22 1)та 
28 


cos 








sinh PT Dre, _$, 
аа 








R= Dica cos Ctr Dr $j; 
sinn (2-5 DP 
а. 
ED Qn 4-1) 
s= — 2 Са LITER sy 
sinh (2л + )та 
“Әр” 


We shall also find that, at all points on and within the boundary. 


and if 


then 


= CD aeq 
0 


» 


= ш D _,[a*P—B*Q] == (7-3)? — (£—) +a? — £5], 
о 


та a (t 9) Раз у) ЈС, 





а! a 
U= EY [(n—8)?—(E-y)? tare] 


atat + ауу m CD" 


о (2n +1)5 т? 
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(17) 


(48) 


(19) 


(90) 


Р; 
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or 


U= RE [(т—8)*— (#—у)* + о* — Br] 
+++ HORSE I. À 
Finally 


y, =4o(a? y! )L79)* - G7 у)" +a? s. 





(= ov( B3 4-5% 
+3205 С bs [B8(a? +у?)Е+ up +8*)8] 


о ; 
1 Mo i : 
-12802 a reset Gh + + 4-82)P + газ BSR +28 ay8)], 


2 


or yz —4(8° +8? )[(n—8)? — (£—y)* —8* — у] 


~ 





С = (—1)* M а? 2 И 2 2 
+3292 pp ee +0 


= (—1)" РУДЕ 2 L2 Se аз 2a 
E I TU le (a? + 83 + у d )Q +2 eee "She 


where P,Q, R and S are given by (17), (18), ©) and (20), . 
and h, =80 а» + у" iH му) 


(—1)" 
2 09а lyr 


+3205 [BXa* + у? )В/—ву(8° 8587 


oo ~ Cr 
19805 ACE D ағар +y? 93) P'+ 2a BERI 29^), 


or  $,-——8e(f* 9*)(£g—8£—yn) 


me —1)* a? а 3 2 ! 
+320 5 2 Ту - [88(а* + ү*)В/—ау‹В* +8 ST ` 


(--1)" 


oo ] 
412808 0 uri +B? + 3? 4-82)Q' — 2a? BSR’ + 28275], 
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where - | : : ' : 
sinh Pet Dr —5) М 
ju = (2п+1)т ТЯ 
Р'= .-—-- "p sin -2---(6 y 
„ај 
T LI А ke 
sin ED (8 y) 
db ; Qul, — 
Q'— а sin 7728 (7 8), 
cosh n Dre 
2B 
cosh ту) 
а 
. Ra ^ oOo sin Ce Dr у), 
; dinh (2% = D vf : 
cosh P ED g Р 
and v= ал л. віп CHET). 
sinh {2n + Dra 
28 


lt may be ‘observed that the results obtained for the case of three 
confocal parabolas can be obtained from those obtained in this article by 
putting #, = —£, (so that y—0) in this article and é, =a in 56 2 and 3. 


Another expression for ,, with a corresponding expression Тог ¢,, is 
obtained by thé assumption’ 


V. - Soin i-e, fa, sinh (— =m) +B,sinbg (n —7) | 
1 : 2a 


+ Bain па) | e. sinh; £— —£)) D, sinh; 56-0 |. 


In this case we shall find 








. Bar 
NEC EIER 
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B, and D, are what А, and C, become when y, is written for y, it 
A, and ё, for ё, in C,. 


Also 


Ф, = cos WZ ES cosh (= —7,)+В „совћиг zm | 


+3 cos Ж zu C, eosl RÉ £,)+D, cosh (Es —£) 1. 


A third and simpler expression for у, can be obtained by assuming 


y, => sin "ey [ 4. sinh (q— —7,9+8, sinh Ts –) | 


+5 sin a (4-5) [ C,sinb "7 (£—£,) D, sih s (4,4) l 
1 B 


Tt will be found that 


(—1)**' 16боу?ау B= (--1)"%і  1боң?ау 








Å= 5 ; 

Жа АСТ. we sinh 28 
а а 
ЕКСУМЕСІТ ГЕКЕ? 
to omm sinh 2070" NE sinh —— "E 
B В 


The corresponding expression for ф, can be easily deduced. 


"арпу а иу 2818 jo sajddiy • 
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Investigations on Ripple Motion 


Ву 
J. С. Kauzsvana Rav, M.Sc., 


Palit Research Scholar vn the Calcutta University 


[Plate] 
[ Read September 4th, 1920] 


The problem of wave motion on the surface of liquids has for a long 
time been the subject $f both theoretical und experimental study. 
Amongst the earlier workers were Scott Russel,  Cauchy* and 
Poisson? ; the last two solved the problem of the effect of a local 
impulse on the surface of water. Soon after Stokes* gave a complete 
théory of surface waves of finite amplitude, without however taking 
the effect of surface tension into consideration, but Kelvin? gave the 
theory of capillary waves of small amplitude and proved the existance 
ofa minimum velocity of propagation, which was afterwards experi- 
mentally verified by Rayleigh.? More recently Dr, Wilton? gave a 
theory of the form of ripples of finite amplitude and showed mathema- 
tically that the lengths of crests is greater than that of the hollows. 
While trying to verify Wilton's theory some remarkable results were 
obtained by the present author in the case of the larger wave lengths. 
It was found that for finite amplitudes the crests of waves begin to 
divide with increase of wave length, the form of the waves thus 
becoming complex with two or more crests in each wave length. It was 
also found that the form of the waves changes with the depth of liquid ; 
for small depths the form becomes simpler, but the depth at which 
this change of form takes place is very small. As might be expected 
the depth at which the change of form occurs was found to be less for 
small lengths and greater for larger wave lengths. , 


1 Brit, Ass. Rep., Vol. V1, 1844, 
2 + Mémoire gur le théorie des ondes," Mem. де Acad, Roy. des. Sciences, t. 1. 
(1827). 

з “Mémoire sur la théorie des oddes," Alem. де Ї' Acad. Roy. des Sciences, t. 1. 
(1816), Lamb’s Hydradynamics, 4th edition, p. 373). | 
+ Qumb. Trans., t, VILI (1847) and papers, Vol. I, р. 197. 

* Baltimore Lectures, p. 598; Phil. Mag. (4), t. XLVII, p. 874, 
* Phil. Mag. (5), t. ХХХ, p. 386, papers, t. 111, p. 894. 
* Phil. Mag., May, 1916, p. 688. 
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Ripples сап be excited on the surface of a liquid either by periodic 
puffs of air directed against a point or by the periodic vertical motion 
of а dipper at а point on the surface of the liquid. The dipper can be 
attached to a tuning fork, but it was found more advantageous to 
attach it to Proë. Fleming's motor vibratof as improved by Prof. C. V. 
Raman. By means of this instrument, we can vary the amplitude of 
the waves very conveniently and accurately, and also the wave length, 
by increasing or decreasing the speed of the motor by including a 
rheostat іп its circuit. The ripples thus formed are seen by the method 
of stroboscopic observation. The waves thus seen, appear to be a series 
of concentric circles at equal distances in the case of small amplitudes 
and for large amplitudes and increasing wave lengths, the circles become 
double, -triple and ‘so on; corresponding to twovor more orests, for each 
wave length. Some photographs of-those forms are shown in Figs. 1—-6: 


The phenomena observed above can be explained matheniatically 
as follows. The simpler case of plane waves is taken up first. ' Es 30 

Let the axis of « bein the direction of propagation of ` waves and 
the axis of y vertically upwards and the undisturbed level of the liquid 
as the plane y—0, and let the depth of the liquid be h. Then for 
irvotational two dimensional wave motion, the velocity potential satisfies 
the equation. 





Ф| 976. 
gor eye C а) 
- 89. 
8y =0, when y=—} 2) 


t- This condition denots that the velocity at the bottom is zero and 
the pressure болар at the surface gives, 


-184-- 98-1 (8% `+ (8% 0 … (3) 


taking the curvature to be small, which is true for pretty long waves. 

Since the disturbing force is simple harmonie, we can suppose the 

following expression fer %, | e 
s=n 

¢= > а, cosh sm Gr) sin s m (oce o (49 


75= 7 ^ 
which satisfies (1) and (2) 


We have also the condition, 


2-9%- ду 
бс әре Oy 9: 


1 


, and for y=0,. 


1 Phys, Rev, Nov. 1919 
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ilis gives 
s=n RO xe 
y= Eu а, sinh smh cos s т (Reg) A. (5) 
i= . 
To determine the constants ay, а,, a, etc, we substitute the values of 
$ and y in the pressure equation (3) and equate the co-efficients, of 
cos sm(ct—#) to zero, we get approximate equations for the determina: 
tion of с, ду, @,.. ete, а, itself being arbitrary. For practical purposes 
it is sufficient to take only three terms. Thus we get the follcwing 
values for о, a, and a,: 


8 н ы 
ce? = ph ) tanh mh — > a,? sinh? mh 
р Зе | 


cosh 3 mh 


в m®a,tauh mh sinh? mht ™ 6 
—9 m'a muh mh ik mh “9 а, xod k^ (6) 
а, = = а," sinh? тћ— "= 

ІІ TI + :) sinh 2 mh —2mc cosh 2 mh 
pt 


9m? я = m ~ . Е 
—— g,? sinh? mh cosh 2 mh— uo а; sinh mh sinh 2mh cosh mh 
б с 


СТЫ ae ; 
— a,? sinh mh sinh ӛт 5, 
с 


+ 


Шә 


| ~ : Е m x А Р 
and а, = (3 m*a,a, sinh må sinh 2mh —3 — a,a,* sinh mh sinh 3mh 
7 с 


m? . 
+ — z% а,° sinh? 2mh ) 


| { Өтен +? £) sinh 3mh—3me cosh Әт) 
pc 
ct т? a, (+ sinh ӛт) sinh? "E. cosh 3mh sinh? mA 

| —i sinit 4mh sinh mh ) ID 


. а . 
Putting — sinh m^ =a, the formula for the wave form becomes 
с 





y=a cos m (ct— t) ae" | Со. 
. +. % 
2 249 
P (+ = sinh id сов 2m (ct — г) 
* 5 : - 
(m +y) sinh 2mh—2mc? cosh 2mh —m?*a? 


(2 cosh 2mh + costi? mh— 3. cosh 2. 


* cosh mh 
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T [imt sinh дтћ +аа , m? m —i sinh 3mh) } 


x sinh 3mh cos Әт (ct—x) 


mn . 
2 
| [ (== +g) sinh 3mh—3me? cosh Зтћ-— ст? ал (s sinh 3m 
P / 


в Зтћ —3 | 
T +“ nt sinh mh (7) 


27 а sinh er) | 
i 


where а, is the co-efficient in the second term of cos 2m (ct— 7). 
This formula becomes for infinite depth, 


m? 
— qe — р 
5 ace cos 2m (ct—x) 


= 





уса cos m (cl —2) + iT 





tg )- ie Tim?*a?c* mac 


3 c?m?aa/ —+} cm$aa? 


- ШЫТ | s = (8) 


^ T g— mc? +3 т?с%а® + 5*9m5n/? c? 





where a zm 


2 
ЕВЕ А +9 — 2те? +imsatc? 
This formula fully explains the phenomenon observed. Fur large 
gravity waves the formula reduces to 


уга соз m(ct—g)—} та? cos 2m (ct—.)-- 2 m*a? сов 3m (с4--ш). 


This shows that the form of the waves becomes cycloidal as was pointed 
out by Stokes. 

To explain the change of form of waves with increasing distance 
from the source, we use cylindrical coordinates. We take the axis of 
2 vertically upwards and as before the undisturbed surface of the water 
as the plane :— 5 

Тһе equation are modified as 


9'6,1 064 9%- 
бе tr or Où = ane 
8 • 


9% =0, when r=, 
T 


д 


99 =0, when e=—h. … (10) 


2 
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The pressure eqnation becomes 


E RE BARN - a) 





= р Or 9% д Өг 
We сап therefore une = = 
шт 
ф= = о, J, (skr) cosh sk (24h) sin sket, .. (12) 
s=1 
and from the condition — 9 = , we get for z=0, 
1 SEn 
= = а, J, (skry sink skh cos sket. .. (13) 
з=]. « 


Substituting these values in е pressure equation (11) and taking only. 
three terms into consideration as in the case of plane waves, and 
equating the co-efficients of cos sm(cé—z) to zero, we get equations 
for the determination of с, а, and a,, a, itself being arbitrary. ' 


- 


Thus we get 


с 





seo TE ds T n tanh kh FS tanh A; а, {J (kr)]? 
p 











EE PU J, (215) cosh 2k —3 À а, J, (kr) tanh Eh sinh 24, 
€ 
since Jr) —J. у] 3,00), 
we have as a first approximation 
"A ТЕ J,"(kv) hA 
с"=| — СБ) ӨЗ " 
= ( ш; — Tk 1. Г. Gh т) Ф f үшін М kh 
p hr J.C əз 


and 
mG sinh kh J (kr) cos ket 


Hd ( (аяға, 49 (ее злоће Мы PIT (5, Оу)" cose "| 


: ; ; ATR? ји. * nhe 
sinh 2kk J, (2kr);cos мч) fi == J, (Li) sinh 202, 
p 
К ; 


+ J, (kr) sinh 944-2107, (2kr) cosh 940; X 


+ { = (2a,0,3,(2kr) sinh kh sinh 2kh—a,a,J,(2Kb) cosh kh cosh 94% } 


xsinh 34h J, (3kr) сов 3kct 
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| (ЛЕ: 2! (8k) sinh зы 5 7, (Bkr) sinh ЗЬЬ 
pc 


—dke J, 7 cosh Зр a a а, bei (14) 


when a, is fhe co-efficient of the 2nd torm. 


Putting © 1 sinh kh=a and simplifying we get, 


z=a J, (kr) cos ket 
(ағат, Qype Ere J,(kr)]* cosh? n| sinh 2kh cos 2164 
+ 





LAT 4 e sinh 2kh-+g sinh 2kh—2ke® cosh 2kh 
. 


p Ja (2kr 





“Кей. 
For infinite depth, this becomes 
z=a J, (kr) cos ket 
з otka у, (ре ы Зай (у (му? 
+ cos 2ket 


LATE 2,92) MOT 
(CRF н) nen 








«Кейс. 
The asymptotic value of J, (kr) is 


x. сов (&- s 

rkr 4}? 
š | 79 of aL т 

and that of J, (kr) is n/ <р. Sin (із | 3) А 


Substitutinz these values in the above formula, we get 


DET МЗ сов CS: ) cos Act 


2.“ 2  lk?a?(I4-2 sin 2kr) cos 2kct 
Tii LATER J TTI) 4 9 kot “etc. 
р Jo(2kr) 


The above formula shows that the amplitude of the second harmonic 
decreases inversely as the distance from the origin, whereas the 
fundamental decreases inversely as the square root of the distance. 
Hence the wave form would tend to become simpler with the increase 
of distance from the source snd this is what is also found experi- 
mentally. 


Note on the product of any number of Legendre 
functions of different degrees 


By 


SUDHANSURUMAR ВАМЕЕЛ 
(Read September 4th, 1920] 


Іп 1878, Adams published in the Proceedings of the Royal Society 
of London, the well knowr» result on the product of two Legendre 
functions of different degrees, namely 





E = 2n--2m—4r4-l | A(n—r)A(m—r)A(r) 
Pau) Pul) = 2Qn+-2m—2r-+1 А(п+т—т) Penes) 
1.3.5.. (m—1). а) 


where А(ту= 
$ т! 


m and п being positive integers and m<n. 


This result can also be written in the form 


nam 
PGP,G= m atl _ 
y=n— Law mong C 


А зәр) ntem) à (RES 














P,(z) 
n+m+q 
= тіле) 
nem 
= = Ania P, (2) , 4 .. (9) 

q=n—m . 

where 
a(S!) А (ат (89) 
re E 4051 9 2 2 
mt m+n+q+l | " n) 
• 2 


and the summation extends for the following values of 4 


т--т,т--т-Е-9,...ө-Бт. 
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From this Adams deduced the value of the integral 


1 
| Pale) Pal) Раја, 
е e 
—1 
n-Fm—49 m+q—n 9+п— т 
2 = 2 )a( 2 )a( 2 ) А 
= mtn+q+l P oU dE 00 


(=) 
А 8 , 
and 4 takes the values 


nm, n—m-2, n—m-+4,..n+m, if n>m 
or 


mn, m—n+2, m—nt+4,...mtn, i m>n 
and for other values 04,4 the integral is.zero. 


The method can easily be extended to obtain an expression in a series 
of Legendre functions for the product of three or more Legendre functions 
and when this has been done the values of similar integrals involving 
four or more Legendre functions can be af once written down. It is 
interesting to note the results in-the different cases and the conditions 
under which they hold. 


If (2) be multiplied by P,(z), where s is a positive integer and if 
s>n-+m, we have 


Р„(2) P.(z) Р,(2) * 


ntm 
= = P,(:) P.() 


=n—m 
порт 8-84 

= А, = А, Pel), … (4) 
шт--т t=s—q 


ESÁ нун» Fo Ра (2) 
+ (А „ана А, „па 2 зафо- п-т Ig C Ажан) 


-Р,зз-а-«(2) 


. 
ЖҚА,,л,һұн-а А, заада аса РА а ymo nme S А, ht Sa Rem 


7 +A, mnm А, ашасы Pabezacatk) 
+ (Ag „уат А,,һатуғатат) Ра“) . el 5) 


From this the law of formation of-the co-efficients is obvious. 
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"Нв<т--т, we have 


n+m ats 
P.(z) P.Q) P,(z)= =e Ans > À ot Р (2) 
4шт--т t=g—s 
À, „а-а Arms әл-т-а ры 6%) | е 


Ф СА, ——— ун уйнар + À, алса Аалайдасына ға) Ра-п-а + (2) 
(Amants AÁacntissnon-ska T An nonas An-mtass nam ete 
FA E А cas una) Ры аз (д) 
He HA „ан Annis фића Рафа (2). 
lf n—m<s<n+m, let s=n—m-+r, where т may be an odd or an 
even integer (0<7< 2m). 
ЈЕ т is an odd integer, then 


Р,(г) Pa(z) Р, (2) 


n—m+tr—1 т--т-Е-т-Ғ4 
= = А, тзт > А ығ P,Q) 
g=n—m іштп--т-Ет--4 
n+m | qd n—m-r 
+ > А ата = Sanc ере als): 


а=т—т+7+1 | t=q—nt+m—r 
If у is an even integer, then 


Р,(2) Pa(z) P, (2) 


n—T-rr n—m+r+g 
= > А ата = А тета Р,(2) 
4--т--т ішт--т-Ғ-т--4 У 
nem 0-Ет--т-Ет | 
+ = А ата = о ,л—т+туе Р, (2). 
q—n-—m-4-r4-2 í£—g—n-4-m—r 


These cover all the cases that may arise for the product of three 
Legendre functions. 
To evaluate the integral | . 
1 


| Р.(2) Р.Ф) P.(z) Р.(2)ф, 
. --1 
it should be noticed that if s>n-+m, then the integral will have a 
definite value other than zero if % takes any of the values 


бут, ,, S—-N—M+-Z, | 5—n—m-FÁ,...5--n--m, | 


and for other values of 2, the-integral is zero. 
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When ¢ has any of the values given above the value of the integral 


can be written in the form 


D: + & = 
+1 = А сарат = Ag eaters Кете rur) 
% 


• 
where the first summation extends for all integral values of r form 0 to 


т and the second summation for all integral values of 7" from 0 to 


n-~m+2r, which make 
r—r'=a given integer— 


(sm) — (nt) 
5 


The following particular cases are interesting : 
1 ; 

| Pala) Р.О) P,G) Pi-nn(z)ds œ 

—1 


nie NN 
^ 9s—2n—2m411 


1 
| P.'z) Рр, ) Р.(2) Р,.,.һаа(2)02 
—1 


Та 2 
^ 9s—2n—92m-4-5 


nm, ndbm E REA ACA 


~ 
LÀ AG PEOR Ag e n-25t375-n 


T Án nan Аа асаа), 
1 


| POPOP (ӘР, буш 
ы] RU 


2 
а др отпад [Аллана А, 3M bm—4:8d44—n—m 


+A, тукт 9 А, әл--т-8 а-а-а" А, smgn-tm А, дананы а) 


etc. 2” 
When s<n—, the integral 
1 


! Р,(а) Ра(г) P, (e) Pe(z)dz 


—1 
e. 
has a value other than zero when ¢ takes any of the values 


n—m—s, n—m-—s--2, n—m-s--4,.. n т, 


and for other values of £, the integral is zero. А 
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The value of the integral when £ has any of the above values can be 
easily written down. The following particular cases are interesting : 


i 


| Р,(г) Р,(2) P,(z) Р, ,-.4% 
= 


"MEE MIN 
— 92n—92m-—2s-F1' 


А, этул--т АКы; m—m—s* 


1 
P, (г) Р„(:) P.C) Passo (27: 
—1 


2 
onm 9s5 p ous А ван #45 


Ааа А асан 
etc. 


Tin—m<s<n+m, let s=n—m+r, where r may be an ода ог even 
integer (Oc r«2m?. ТЁт 18 an odd integer, then the integral 


1 
| Р.С) Р,(2) Р,(2) Р,(2)42 
—1 
will have a value other than zero, if ¢ takes апу af the values 
1, 3, 5,...2n—2m--9r— L,... 2-1, 
and for other values of £, the integral is zero. 
lf however r is an even integer, then the integral has a value other 


than zero if ¢ takes any of the values Қ 


0 2, 4,...2n —2m + 2r,...2n v, 


and for other values of £ the integral is zero. 


The value of the integral when # has any of the values enumerated 
` above'can be easily written down. 


The method can obviously be extended to the product of four and 
more Legendre functions of different degrees but the conditions under 
which the different expressions hold become more and more numerous 
and the results more aud more complicated. 
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Ав an application of the integral ofthe product of three Legendre 
functions of different degrees, it may be montioned here that it was 
shown by the author in a previous paper published in this Bulletin 
that if (r,0) ада (ғ, 0") represent! the polar co-ordinates of а point 
measured from twojgiven poles, then 


J (kr) со J gar) 
nt} y == pti 1 
Wow Ры Pa Y M P (p), 
where cos д=и, cos d'=y" and 
1 
; ===> 
©, p= (2p 1)i**" | P,(z) Р,(:;е "E d. 
—1 
—(2p--1)i*" VER "m (2s+1) d P UDI 
1 
| P,(z) Р,(2) Р,(2)0 
=] 
; E 2 
=(др+ 1) + [t 1,9 FD) À Кык 
(Әр--1)% HD: = PWD J Ра у 


D being the distance between the poles and the summation with respect 
to s extends from p— to p+n or n—p to p+n. 


For this and similar results éfererié із. made to two papers 
published by the author in the Bulletin of the Society, Vol. IV 
and Vol. V. 


Other applieations of the results obtained in this paper will be 
published in due course. 


. Notes 


The International Congress of Mathematicians (1920) was held at 
Strasbourg, September, 22-30, 1920. Тһе first and fifth days, and 
the last two days, were reserved for excursions. There were four 
general lectures by Volterra, Larmor, Nórlund and Dickson. The 
papers were read in each of four sections. In Section I (Arithmetic, 
Algebra, Analysis) there were 33 papers; in Section II (Geometry), 
13 papers; in Section 111 (Mechanics, mathematical physics, applied 
mathematics), 23 papers; and in Section IV (Philosophical, historical 
and pedagogical questions), 10 papers. Only three Englishmen took 
part in the programme: Larmor, Young and Greenhill. Italians, 
Spaniards and Scandinavians, as well as Germans and Austrians were 
conspicuously absent. The total attendance was above 200. The 
International Mathematical Union voted to hold the International 
Mathematical Congress of 1924 in the United States of America. 


On page 59, Vol. XI of the Bulletin of the Calcutta Mathematical 
Society, in dealing with Sylvester's Law of Nullity, the Reviewer of 
Dr. Cullis's Matrices and Determinoids, Vol. I stated that Dr. Cullis's 
Theorem III of Art. 71 gave only one half of Sylvester’s famous law. 
Тһе reviewer is glad to see that in Chapter XV of the Second Volume, 
Dr. Cullis has dealt very completely with the ranks of matrix products 
and, in partieular, in Art. 33 of that chapter, has given the most 
general theorem of which Sylvester's Law is only a particular case. 
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Sur divers modes de, convergence d'une suite 
3 x . 
-de fonctions d'une variable' 


Pan 


Maurice Енконкт [STRASBOURG] 


[Read, January 16th, 1921] = 
1. Introduction. J'ai indiqué dans ma Thèse, et depuis lors, 
comment on pouvait faire correspondre à certaines définitions 
classiques de la limite d'une suite d'éléments, des définitions 
convenables de la “distance” de deux éléments, satisfaisant aux 
eonditions suivantes : : 
(т) a tout couple a, b d'éléments est attaché un  nombré 
(a, 6)=(4, a)> 0, nombre qur est: appelé distance des 
deux éléments | 
(4) deux éléments sont considérés comme identiques si (4, 6) =0 
(ти) si а, 6, с sont trois éléments quelconques, on a (а, 4) < (a, с) 
+ (с, 6) | 
(iv) la condition nécessaire et suffisante pour qu'une suite 
d'éléments a,, 4,,...4,, ..converge vers a est que (a,, а) 
eonverge vers zéro. | | 
Dans ma Thèse, j'employais au lieu du mot “ distance,” р 
sion “écart” que j'ai réservée, depuis, au eas plus général où la 


expres- 


condition 22: n'est pas imposée. 

Je me propose de considérer iei plus particulièrement le cas où 
les éléments considérés sont des fonctions d'une varfahle réelle définies 
dans un méme intervalle I. | ES 

* ` 4. E ў 
. Premiere Partie. 

3. Convergence relativement uniforme. Le Professeur E. Н. 
Moore a introduit une notion qui généralise la notion de convergence 
uniforme. D’après 101,2 une suite de fonctions /', (т) converge 


ғ % 


1 Communioated by Prof. S. К. Banerji. 


з. Voir par exemple: Introduction to a Form of General Analysts, 1910, page 30. 
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uniformément vers f (2) sur l'intervalle I relativement à une fonction 
c (x) lorsque à tout nombre « > 0 on peut faire correspondre un 
entier p tel que Роп ait sur I. 


ы |7. (2)—7 (а) | ze | o(#)|  pourx >p 


Lorsque | с (х) | а une ‘forme. supérieure fixée et une borne 
inférieure positive la convergence est uniforme au sens ordinaire. 
La notion de convergence relativement uniforme а été formulée pour 
introduire le cas nouveau où с (x) n’est pas bornée. 


On remarque tout de suite qu’elle se ramène à la convergence’ 
uniforme si l’on opère sur le champ des fonctions /(.r) considérée la 


transformation И 





"EIC 
do 


dans le cas le plus Tp où | о (+) | est borné ou non pourvu que 

с (т) soit partout +40. De sorte que la convergence relativement 
uniforme est moins distincte qu a ne parai& de la convergence 
uniforme tout court. 


8. Mais le point essentiel que je voulais signaler—bien qu'il 
soit à peu prés évident,—e’est qu "on peut définir une “distance,” 
satisfaisant aux conditions 4, й, йт, w mentionnées plus haut, 
lorsque les éléments considérés sont des fonctions d’une variable et 
lorsque la limite d'une suite d'éléments est assujettie à être rela- 
tivement uniforme, par rapport à une fonction с (х) quelconque ‘mais 
déterminée. 


. ll suffit pour cela d'appeler . distance de deux fonctions f(x), 


ф (2), (relativement à o(#)) la borne inférieure (7, Ф) des valeurs 
de е telles que l'on ait dans tout l'intervalle I. 


24179-91 < «| 2 (e) | - 


„Les conditions +, %, iv sont évidemment vérifióes.! Quant 
à 2%, on observe que 


RON OPA Lr | + 9-99) | жу, Le] 
А к | tel c 


У Si l'on veut éviter que (f, p) рете des valeurs infinies, on peut le remplacer 


Cf Ф) 
ee 54647) 
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on a done 
0) 17(9-9 (01 Selo), 
pour e (f, y) + (y, Ф). 


Par suite (7, Ф) qui est la borne inférieure de toutes les valeurs 
de є satisfaisant А (1) sera au plus égal à (7, 4) + (y, у). 


4. La défimtion de E. H. Moore contient en germe l'idée de la 


convergence par rapport à des fonctions majorantes.  Exprimons 
cette nouvelle notion dans toute sa généralité: attachons à chaque 


fonction f (г) un ensemble de fonctions majorantes а” (ғ); on dira 
que la suite 7, (1) conveyge vers 7 (+) par rapport aux fonctions 


а” Сс) si quelque soit le nombre е> 0 on а 


€ 
у 
|^ Of (91 16; () |, 
à partir d'un certain rang p indépendant de +. 


Si de plus la borne inférieure de | а” (х) | est zéro quand е varie 


pour chaque valeur particulière de г, la convergence par rapport 
РТ е 
aux'Q ` impliquera la convergence ordinaire. 
Le eas intéressant est d'ailleurs eelui oà la borne supérieure des 
1 у : 
valeurs de | Ө (4) | sur l'intervalle І est une fonction de e dont la 
€ 


borne inférieure n’est pas nulle, sans quoi la convergence se réduirait 
à la convergence uniforme tout court. 


5. П est remarquable que la notion de distance ou d’écart de 
deux fonetions conduit naturellement à la conception de cette conver- 
gence relativement uniforme sous l'aspect généralisé qui vient d’être 
déerit. t4 

26. Influence de la notion “d'écart” sur la définition de la 
convergence. Supposons qu'une définition de la convergence d'une 
suite de fonctions d'une variable ait été donnée de façon quelconque 
pourvu ‘que d'une part elle implique au moins la convergence 
individuelle eh chaque point + et que d'autre part elle puisse être 
formulée par l'intermédiaire d'une définition convenable de “ l'écaxt ” 
satisfaisant aux conditions, 2, &, tv. Nous allons mettre en évidence 
une propriété importante d'une telle convergence. 
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7 - А 
Nommons en effet Р, (r) la borne supérieure pour > et donnés, 


de | *(x)—¢ (x) | où Ф (т) est une quelconque des fonctions telles que 
la distance (/, p) reste inférieure à є >0. Cette borne supérieure 
peut’ être infihie ; mais pour une abseisse déterminée r,, elle ne peut 
être infinie quelque soit le nombre positif є; et méme elle tend vers 
zéro avec « En effet si P, était infime quelque soit e et еп parti- 


eulier si elle ne tendait pas vers zéro avec e, on pourrait former une 
suite de nombres e, tendant vers zéro et tel que P, (2,) fut infini 
n 


ou au moins supérieur à un nombre positif déterminé 8. П y aurait 


done une fonction %,(») vérifiant les inégalités 3 
\ 


(Ф) <6 |Z 694.) | 5620. 


Mais, quand z croit indéfiniment, є, et par conséquent (f, $a) tendant 
vers zéro; done ф, converge vers f en tout point et en particulier 
pour æ=+,, contrairement à la dernière égalité. 


- D'ailleurs, d’après Ја définition méme de В. (a), cette" fonction 


ne peut croître quand є déeroit. Еп définitive nous voyons qu'à toute 
fonction /(-) est attachée une fonction de ”, Р, (+) qui peut être 


infinie mais qui lorsque e déeroit vers zéro reste finie à partir d'une 
valeur suffisamment petite de «, et même tend vers zéro sans jamais 
croître. 

Inversement si (fa, f) tend vers zéro, à tout nombre « correspond 
un entier p, tel que sur tout l'intervalle I, on ait 


IC (0 | <Р, (9 pour n>p. 
On voit done que toute convergence de Fenu envisagée implique 
une convergence, wniforme relativement à la fonction p’ (а). Mais 
cette convergence est plus générale que celle qui est définie sous ce 
nom par E. H. Moore et où ГА (r) а la forme particulière «| o(x) |. 


. • 
Nous verrons d’ailleurs dans un moment que la convergence 
actuellement considérée si elle implique cette convergencé relativement 
üniforme généralisée, peut ne pas s'y réduire. Mais, il y a lieu de 


< i : ; 7 > : . 
déduire de l'existence des fonctions Р. une conséquence importante 
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que j'avais déduite dans ma Thèse des propriétés des classes de 
fonetions de Baire, mais qui peut s’obtenir ici d'une facon tout à fait 
élémentaire. 


IL est impossible de formuler une o définition de ** l'écart" de deux 
fonctions f (x), $ (в), satisfaisant aux conditions 2, 27, 78 mentionnées 
plus haut e£ fourinssant une définition de la convergence d'une suite de 
fonctions se réduisant à la convergence ordinaire. 


Pour le-démontrer, considérons une suite infinie de point distinct 
de l'intervalle I: 2), tgse... ES et appelons /,(4), une fonction 
égale partout à f (+) sauf au point »,. Quelleque soit la valeur 
qu'elle prend en «,, il est évident que /,(«) converge ordinairement 
vers / (æ), c’est à dire converge vers f(e) vers m point s 
individuel méme si celui-ci" appartient à la suite 2,, rayo. . 


Si l'on peut prendre pour /,(+,) une valeur telle que 


(9) ПАС) | > PE G2, 


є, était un nombre positif convenablement choisi, la fonction 7, sera 
nécessairement telle que 


Gas jos 
de sorte que si le nombre е, est indépendant de л, la distance (fn f) 
ne peut converger vers zéro et la condition #2 ne peut être satisfaite. 
La seule circonstance qui puisse empêcher de réaliser l'inégalité (2), 
c’est celle où pour toute valeur positive de e, l'une au moins des 
quantités 


P^ (па), r (z,), Ses t€ 


serait infinie et сесі quelleque soit la suite de nombres distinets 


М А А 
Or pour + fixe et quelconque Р, (7) est fini lorsque p est un entier 
p • 
/ ar қ 
assez grand. Si les points où P,(+) est fini restaient en nombre fini 
Р 


quelque soit p, leur ensemble, quand p varie, serait dénombrable et 
devrait pourtant constituer tout l'intervalle I qui comme on le sait 


n'est pas dénombrable. Il y a done un entier p, tel que les pointe 
7 e 

où P, (r) est fini soient en nombre infini. 1] suffira dès lors de prendre 
Н ы 


9 


А ; ; 1 
parmi ceux-ci la suite 2,, 2%......еб de poser um 
* e 
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- 8. En modifiant très légórew:c: t le raisonnement nous pouvons 
méme aller plus loin еб substituer dans l'énoncé à la convergence 
ordinaire la convergence “quasi uniforme." Cette notion a été 
introduite (sous le nom de convergence à traits) par Arzela qui l'a 
obtenu commé condition nécessaire et suffisante pour qu'une série de 
fonctions continues converge vers une fonction continue. Une 
fonction ¢,(+) converge. quasi uniformément vers une fonction (7) 
dang un intervalle I si à tout entier N et à tout nombre « >0 corres- 
pond un entier N’>N tel que l'on ait _ 


| | | | Ф,(2)—фФ(а) | << 
pour au moins une valeur de x comprise entre N et N' mais pouvant 
varier avec 4. . 


Ceci étant rien ne nous empêche dans le raisonnement précédent 
de modifier légèrement les fonctions #,(x) de façon à rendre /,—f 
continue. Il suffira de représenter fn—f par une ligne brisée se 
confondant avec l'axe ou sauf dans un petit intervalle =, —0,, +, +6, 


où elle formera un angle dont le sommet d’abscisse 7, aura une 


ordonnée /,(z.)—/ («.) déterminée comme plus haut. On pourra 
alors toujours choisir les e, et 6, pour que /,(2)—f(«) converge vers 
zéro. еп chaque point... Comme 7;— f est maintenant une fonction 
continue qui tend vers’ la fonction continue’ identiquement nulle, la. 
convergence est bien quasi uniforme. - Quant au choix des «, s 6, оп 
peut le fixer. comme suit. On extraira de la suite infinie des u, 
obtenue plus haut une suite n'ayant qu'un seul point limite. Puis on 
extraira de cette suite, une suite placée d'un seul côté de ce point limite 
et s'en rapprochant sans cesse. Alors il suffira de prendre pour 6, par 





exemple le plus petit des nombres | o: | , | Зың EE ЈИ Оп 


voit qu'alors ^, (2) —/'(z) sera nul еп dehors de l'intervalle limité par le 
point limite des", et рат taij ileonverzera donc bien vers zéro partout. 


Nous voyons done qu'il est impossible de formuler une définition de 
“ Pécart > de deus fonctions f (+), ф(в) satisfaisant aux conditions 2, %, 
to “mentions ées plus haut et fournissant une définition de la eon- 
vergence d’une suite de fonctions qui soit équivalente à la convergence 


quasi-uniforme. 
“ 


- 1 On voit ainsi que le théorème de ma Thèse ($ 22, page 15) non seulement se 

' trouve démontré d'une facon élémentaire mais qu'il reçoit une double généralisation, 

Ја convergence ordinaire. étant remplacée par Ја convergonce quasi uniforme et le 
voisinage etant remplacé par l'écart (au sens de la note imprimée plus haut.) 


А 
\ 


a 
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L'énoncé reste encore exact si l'on n'exige de définir la distance 


que dans le champ des fonctions continues. Il faudra seulement dans 
ce cas que la function Pe soit définie comme la borne de d /(ғ)--%(а) | 


ой f et Ф sont deux fonctions continues telles que ( 7,ф) <e. 


9. Bremple d'une définition de la “ distance” de deus fonctions 
с nduisant à une définition de la convergence qui implique la conver- 
gence ordinaire sans se réduire à la convergence relativement uniforme. 
Comme nous avons vu que ni la convergence ordinaire, ni même la 
convergence quasi uniforme ne peuvent être déduites ni d’une défini- 
tion de l'écart, ni par conséquent d'une définition de la distance de 
deux fonetions;: comme d'autre part nous avons vu qu'on pouvait 
déduire d'une définition convenable de la distance non seulement la 
convergence uniforme mais encore la convergence relativement uni- 
forme, il est intéressant de montrer que de la notion de distance on 
peut déduire des modes de convergence ne se réduisant pas à la 
convergence relativement uniforme et impliquant pourtant la con- 
vergence ordinaire (saus s'y réduire). 


П nous suffira pour cela d'appeler distance de deux fonctions 


Хә), фбе) la quantité ( /, Ф) = 6] (0759) 





K А 
_ (f-9%) . , - (/-Ф 
ауес ГА] = —————; (БУУ AES 
DEKO. 4) HA) 


y 


la borne supérieure finie ou non de v) 


к) 


désignant une fongtion fixe non bornée et. partout > 0, et en appelant 


en appelant K , ба) 





А V l'aire limitée par l'axe des x, les ordonnées #=a, «=ò qui limitent 


ж 
l'intervalle I et la courbe y= | (ж) |. Pour éviter toute ambiguité 
dans le eas ой #(+) ne serait pas une fonction continue, nous supposons 


l'aire А " définie de la fagon suivante. On divise l'intervalle (a, b) 


en un tertain nombre fini d'intervalles partiels qui servent de base 
е ` "un 

à des rectangles parallèles aux axes, limités à 0» et de hauteurs assez 

grandes (au besoin infinies) pour que l'ensemble de ces rectangles 


éoñtienne toute la courbe y=#(«). On appelle alors A, la borne 


y 
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inférieure" finie où hon de la somme des aires de ces rectatigles quand 
on fait varier leurs dimensions et leur nombre. 


La définition actuelle de la distamce satisfait évidemment aux 
conditions 2, i£: comme К, À sont toujours > 0, les 
(7--Ф), "(7—Ф) PT IW 


quantités Ex ae су seront toujours finies et >0. Si f= ona 


évidemment (№ ф)=0, Réciproquement si (7, ұ)--0, on a (7, y) 0 
done K f- МЕ а c-a-d. que quelque soit « >0, on à 


(ей oe on ep. 
i) . 
En ee qui concerne la condition 4, il résulte de ce que nous 
avons dit sur la convergenoo relativement uniforme que 
K K K 
(7–% ® (и) À Sue) 
or si trois nombres а, В, у finis on non mais >0 sont tels que 
aXBty 7 


B I, on а done 


évi t uc ағ 
on a évidemmen Pri de Tr 


L^, 9] = [Av] + [Hé] 


et il ne reste plus qu’a démbütrer que 


po) 9 App) + Aeh 


Or si l'on considère deux systèmes quelconques de rectangles qui 
enferment les courbes y= | f—y |, y= |%-%|, il en résultera en 
combinant les divisions еб ajoutant les ordonnées, un systéme de 
rectangles qui enfermera y=(/—¢) ; laire totale des deux premiers 
systèmes est done > Ag y) et il en sera de méme de sa borne 


inférieure qui est А (у y) + Ay 4)" 


Quant à Ја condition v, elle sera satisfaite d'elle méme en la 
prenant comme définition de la convergence d’une suite d$ fonctions.’ 


1 C'est l'intégrale, superieure de Darboux de y (w) dans (а, b) Mais nous 
voulons éviter dans cette note de supposer comme les théories modernes de 18 


mesure ei de l'intégration. 
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Il nous reste cependant à montrer que la convergence ainsi définie 
implique la convergence ordinaire. Or оп a 


FOP) | SKORE О) (Ae 
si done (ff, ) tend vers zéro f,(r) tend vers. f(r). La convergence 
nor seulement a hea en chaque point e mais elle est uniforme 
relativement à Ж). 


10. Cependant si on a eu soin de prendre pour #() une fonction 


>0 dont l'aire А, est infinie (par exemple ij , (a)=0), la 
а 


--а 
. , . . 
convergence actuelle ne se réduit pas à une convergence uniforme 


relativement à #(-), ni méme à une convergence relativement à 
; Е / ; Р 

quelque suite de fonctions Q, (") que ce soit, supposée tendre vers 

zéro en décroissant quand « tend vers zéro. 


Autrement dit la convergence actuelle ne serait pas assurée pour 
une suite de fonctions /^,(:) et leur limite /(:), si à tout nombre е>0 
correspond un entier p, indép ndant de ғ, tel que 


LAO ois | а; (+) | pour л>р. 


En effet que les Q А (9 sotent finies ou non désignons рат А, (.) 


la fonction finie >0 égale au plus petit des nombres 10) et 
n 





Qi) 





D'après la définition de À,, la fonction f(*)-AX,(*) converge 


А s "RUE f 
vers f relativement aux Q, quand z.eroit indéfiniment. Par suite 
4 ry 


( ff A.) et alors aussi A, tendent veis zéro; on en conclut que 


À 
pour л assez grand: =n, А, fini. Dès lors puisque quelque soit 
n 
| : виа Ка 
l'entier p, l'aire А, est infini comme А, la courbe з= ne peut 
> А p 


jamais рагіоп au dessous de la courbe y=, (x). П уа done un 


abscisse е,, telle que 


k(. k Jd XC. 
| eu: (гр) < ee), Pour p>n, ке) < Ке); 
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ilya done d'après la définition de À, (е) un nombre x, tel дзе 
• а, (a) | | Қ.) ourp > 2 
l ~» ? р 4 o* 


Considérons alors la suite de fonctions 0, (ғ), 6, (x) obtenue en 


prenant | 0,—/' | partout au plus égal à HR) et еп particulier égal 


à Me pour z—2,. Si ou choisit en outre | 0, —/ | suffisamment 
petit ailleurs qu’en »,, on pourra s'arranger pour que Ay rs с; 
comme d'autre part on а évidemment Ko. X < : on aura 
E 
(AO) а- eL 
^ eb i 


Done la suite des 6, possède Геѕрёсе de convergence considérée 
vers la fonction 7. Pourtant sa convergence n'est pas uniforme 


: ME. 
relativement aux Q. puisqu'on а 


| ACP EACEA | = Lel > a (2,7. 


Ho 


Nous avons vu au 84 que toute définition de la convergence 
déduite d'une définition de l'écart et impliquant la convergence 
ordinaire implique nécessairement aussi une convergence uniforme 


relativement à des fonctions déterminées E (е). L’exemple actuel 


montre que cette convergence uniforme relative n’est pas une propriété 
caractéristique des convergences définies au moyen de Pécart. 


Deuxieme Partie. o . 
ll. Généralisation de la convergence en mesure.* Le nom de 
convergence en mesure à été donné par F. Riesz (dans les Comptes 
Rendus du 17 Mai 1909) à une espèce de convergencè qui se rencontre 
naturellement quand on étudie les fonctions mesurables ; еб F. Riesz 
en a indiqué quelques- propriétés. 
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Il est intéressant de remarquer qu'on péut généraliser cette notion 
et l'étendre à des fonetions queleonques sans avoir à se servir de la 
théorie complète de la mesure au sens de M. Lebesgue. П suffit 
d'utiliser les deux remarques fondamentales de M. Borel: “ lorsqu'un 
ensemble est formé de tous les points eompris dans "une infinité 
dénombrable d'intervalles n'empiétant pas les uns sur les autres, et 
ayant une'longueur totale s nous dirons que l'ensemble а pour mesure 
$"' “Si E, contient tous les éléments de E nous dirons que la 
mesure de E est inférieure ou égale à a (а, mesure de E, ). 


Mais surtout nous allons montrer qu'on peut former une définition 
de la distance de deux fonctions de ә queleonques, de telle facon qu'on 
puisse déduire la convergence en mesure (généralisée) de la notion de 
distanee au moyen des conditions 2, 25, 2%, cv. 


12. Nous dirons, en généralisant la définition de F. Riesz, que 
la fonction f, (^) converge vere f(:! en mesure dans un intervalle I 
si quelque soit le nombre œ positif l’ensemble des points où 
О-О) | >w peut être enfermé dans un ensemble E, formé 
d’une suite finie ou поп d'intervalles dont la longueur totale tend vers 
zéro quand « croit indéfiniment. -~ ; З 
“(Оп voit que si 7,(е) reste identique à une fonction déterminée 
(с) quelque soit z, l'ensemble des points ой /—4--0 est de mesure 
null. Or f aura évidemment pour limite ¢(:). Раг conséquent 
pour maintenir l'unidité de la limite d'une suite convergente, nous 
sommes amenés à considérer comme non distinctes deux fonctions 
qui ne différent que sur un ensemble de mesure nulle). 


‘Pour abréger et pouf rendu plus maniable la définition de la 
convergence en mesure, nous remplacerons la longueur totale des 
ensembles E, qui dépend du choix des intervalles par une quantité 
qui ne dépend que de | /,—/| et де є. 


13. Désignons pw МЕ ја borne inférieure «le la somme des 
longueurs d'une suite finie оп non d’intervalles I,,T "m .qui enferment - 
un ensemble linéaire E.! Si E est un ensemble de points de l'inter- 
valle T, ME est; au plus égale, à la longueur de I. Dans le eas où 
on peut epfermer Е dans un ensemble formé d'une suite d'intervalles 
dónt la longueur totale est aussi petite que l'on veut, on а МЕ--0 
et on dit: ue E est de mesure nulle. Il nous sera inutile dans la 
suite de rien connaître de la théorie des ensembles et des fonctions 


EE E ot Ла П 


1 Dans In terminologie deM, Lebesgue МЕ est la mesure extérieure de E. 
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mesurables ; nous nous contenterons des remarques suivantes qui sont 
bien évidentes : 


si Е est une partie de l'ensemble linéaire F, on а МЕ<МЕ; 


si E qb Е sont deux ensembles linéaires sans points communs, 


ona ME+MF> М(Е+Р). 
14. Appelons E |f. f | >o l'ensemble des points où | f,(«)— 
Га) | >, on voit que /\(x) sera dit converger ez, mesure vers f(x) 


sur I si, quelque soit о > 0, ME LA f | > tend vers zéro avec -l. 
n^ п 


П faut bien remarquer que /, (е) peut converger en mesure vers 
(е) dans un intervalle I sans que /,(') cônverge vers /(v) en chaque 
point de I et même sans que /, (1) converge vers /(4) en un seul point 
де I. Pour le montrer divisons I en: deux, quatre, huit,.., 27... 
intervalles égaux et numérotons les intervalles obtenus I,, I, quand 
on partage I еп 2 parties, Т,, 1,, І,, Ij quand on le partage en quatre 
parties ete. .. Puis appelons /,(«) la fonction qui représente une 
ligne brisée formée d’une parallèle à Ос d'ordonnée dans 1,, d'une 
droite inclinée joignant cette parallèle сй Ow dans chacun des intervalles 
de même longueur que 1, à droite et à gauche de I, et ce la droite 
Ox dans le reste de l'intervalle I. 


On voit que 

ME <3 I; 

(OMA |>е 
quelque soient l'entier 2 et le nombre positif є. Par conséquent f(x). 
converge en mesure vers zéro dans I. Cependant il est évident que 
pour tout point >, /,(«) passe une infinité de fois par les valeurs zéro 
et un de sorte que le nombre 7, („“) ne converge vers zéro pour aucune 
valeur de ». 


15. Cependapt dans la communieation à l'Aeadémie des Seiences 
rappelée plus haut, F. Riesz a fait remarquer que l'on peut extraire 
d'une suite qui converge en mesure une suite qui converge pour ehaque 
valeur de x sauf peut-être dans un ensemble de mesure nulle. On 
peut en déduire en suite au moyen d'un théorème d’Egoroff que cette 
seconde suite converge uniformément sauf dans un ensemble de 
mesure aussi petite que l'on veut. Ша démonstratidn de F. Riesz 
faite dans le cas des fonctions mesurables s'étend sans difficulté au eas 
général et même donne directement le second ré-ultat indiqué, comme 
nous allons le voir, 
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Soit. 2.0. o өрі, шұ... 


une série numérique convergente à termes positifs décroissants et 
су» €,, une suite de nombres positifs qui tendent en déeroissant vers 
zéro. Si une suite de fonctions /,(:) converge en mesure vers f(e) 
sur un intervalle 1, la quantité | 
ME,, , 

| 7 —7 | D Ep 


tend vers zéro quand > croit indéfiniment. Elle est done inférieure 
44-2 i . 
àw, à partir d’un certain rang »,, qu'on peut supposer eroitre avec p. 


Appelons alors E, l'ensemble des points qui appartiennent à l'un 


des ensembles. 


EA v? 
Оп a 


| 6. H vee 3 


ME, Со, ће, 


de sorte que ME, tend vers zéro avec $ et que si » est un nombre 
positif quelconque on peut prendre у assez grand pour que E, soit 
contenu dans une suite f d'intervalles de longueur totale <7. 


Or on a en tout point qui n'appartient pas à f 
fn, | «e 


quelque soit r >p. Autrement dit la suite f, ,/,,,...extraite de la 


suite donnée des fa converge uniformément sauf dans une suite f 
n . ^ Atra у 1 м 
d'intervalles dont la longueur totale peut être rendue inférieure à une 
quantité arbitraire 1. = 


Il en résulte en particulier que l'ensemble des points s’il en existe 
où les fe, ne convergent pas vers f est de mesure nulle, étant au plus 
égale à у, nombre positif arbitraire. VE 


16. Mais arrivons au second point que j'avais en vue. Si l'on 
eonsidére deux fonctions quelconques /(:), (r) et si l'on forme 
l'ax pression. 

x ; о+МЕ 

ie | f—9 | >w 
pour toute valeur positive dé о, cette quantité a une borne inférieure 
>0, borne qui est d'ailleurs évidemment au plus égale à la longueur 
de Vintervalle I où / et ¢-sont définis. Appelons cette borne la 
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distance de f(x) et de Ф(ғ) sur l'intervalle I et représentons là par la 
notation (7, $). Оп а évidemment (7, Ф)=(ф,7)>0. Il est utile de 
remarquer que si (7, ф) <8 on:peut trouver un nombre w, 0 tel que 


o, T ME <ô , d’où 


|/-%| >, 
о, <8, ME |/—Ф | >. <8; et comme E |/-%| >è 


est contenu dans E |/-% ioe on a enfin 
we МЕ 7-633 57 


Il s’agit maintenant d’examiner si les conditions i, ii, iii, iv sont 
satisfaites. 


On remarque que si f et ф sont identiques, (7, Ф)==0, mais que la 
réciproque n'est pas vraie, Seulement, d’après l'inégalité précédente, 
on voit que si (/, ф)=0 on a quelque soit 85» 0 et » entier 


d'oà 


ME 4| $0 SME |, | > алғын 


8 8 
5.52 %..<%8 
Lè ++. + 


Done / et ф ne diffèrent que dans un ensemble de mesure nulle. 


Si done on ne consilóre pas comme distinctes deux fonctions qui ne 
diffèrent que tout au plus dans un ensemble de mesure nulle, -la 
condition nécessaire et suffisante pour que deux fonctions soient 
distinctes est que leur distance soit positive. П faut d'aillurs 
remarquer que si /, $ sont deux fonctions quelconques et si Л, ф, 
sont deux fonctions qui ne différent de f, $ respectivement, que tout 
au plus dans un ensemble de mesure nulle, on а (5$), Фа). 
Car on aura ` | 


У 


|А-Ф | = |7—Ф | | 
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sauf peut-être dans un ensemble de mesure nulle et par suite . 


E = МЕ, 
МЕ риф рро “ИВ р> 
Ы 5 • 
quelque soit >0. 
Passons à la condition 24; soient 7, ф, V trois fonctions quelconques. 
Ровопв a-(/, V), B=(¢, y). Quelque soit le nombre positif 8 jl 
existe deux nombres w, w tels que : 


w+ME < а+8 


І/-ч| > 
o + МЕ 


| dy | >w SPP 


| Or on a partout 
1/-%| <|7-у|%1|%-у| 


de sorte que si un point n'appartient nt 4 E БАНЫ ni à 


E Г il ne peut appartenir à Е І- autrement 
2 ~ 


$ | росе 
dit le dernier ensemble est contenu dans la somme des deux premiers 
et par suite 


(  $)zotw +E 


а оин TERREA 


Оһ а done | 
C $)&C^ v) + (Фф, Ф) +28 
quelque soit à >0 et par suite 


(9%) SAW + (v, Ф). 


Enfin arrivons А la condition 22. Si (7, f.) tend vers zéro avec 2 


ч 


on а quelque soit e . 
(Afa) < ss 


pour » assez grand, et par suite par analogie avec (3) 


a Ба fe 


Done fẹ converge en mesure vers f. 


Réeiproquement si f, converge en mesure vers f, оп a quelsque 
soient les nombres positifs в et » 


ae | | >т 54 
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et par suite 
(ЉЛ)< € ts 


К : 1 
pour 4 assez grand. Done (/,/,) tend vers zéro avec P 


Ainsi il est bien établi que si l'on considère comme non distinctes 
deux fonetions qui ne différent que dans un ensemble de mesure 
nulle, ow peut faire correspondre à tout couple de fonctions f (x), ФО) 
un nombre (7, $) appelé distance de / et % qui satisfait aux conditions 
i, ii, ili et au moyen du quel іа convergencé en mesure peut étre definie 
par la condition zv.? 


D’après la démonstration précédente, onevoit que non seulement 
si la distance (7, /,) tend vers zéro, /, converge en mesure vers f, 
mais encore si la série | sh un 


"n 


est une série convergente à termes déeroissants, la fonction 7, converge 
uniformément vers / sauf peut-étre dens un ensemble d'intervalles 
dont la longueur totale peut être prise aussi petite que l’on veut, 


17. Dans le cas des fonctions mesurables, F. Riesz a indiqué la 
-condition nécessaire et suffisante pour qu 'une suite de fonbtions 
données a(s) soit convergente en mesure. Il est facile d'é étendre sa 
démonstration au Cas général ; maïs il est plus intéressant de formuler 
la condition au moyen de la distance et de montrer que cellà-ei ве 
prête à la généralisation du criterè de convergence de bauchy : 


Pour qu'une suite de fonctions Р, (e) quelconques converge en mesure 
il faut et il suffit que quelque soit le nombre e 0, on puisse trourer un 
entier т tel que 


(ufa) €t : quelque sott, l'entier p, 


La condition est évidemment nécessaire puis que ы la spite 
. a zi 
converge en mesure vers une fonction /, on a 


(ја а ет) 


Elle est aussi suffisante. En effet soit e 


о, "То, + 


1 Qe résulat a été énoncé pour la première fois dans ma note aux Comptes 
Rendus du 24 Janvier 1916, Е P 


т 
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une série convergente à termes positifs décroissants ; d’après l'hypo- 
thèse, on peut trouver, quelque soit l'eutier 4, un entier л, tel que 


(4) (fa, fes < о, ? 


d'oà | | 
E Sa Sn | > о, Бы 


En partieulier, on peut enfermer dans une suite f, d'intervalles de 
longueur totale < о, tous les points tels que 


L^, Ge Ла (С) | > ө, 
Et, par suite, pour tout point qui n'appartient pas à la suite 
d'intervalles X, formée de ceux de f,, de f,4,, ete. ..... „опа 


НА. 9.07) | Бага ГРИ С ca) | Sever, 


d’où en particulier - 


(5) РА (2)—, бош (г) | Sorto Жету 
| ++» 


Etant donnés deux nombres positifs arbitraires є et з, prenons 
d'abord 4 assez grand pour que 


Los, 


dy Fox + or «n 
puis 7 assez grand pour que 
Date Ogg U << 


On voit qu'on aura en dehors d’un ensemble 2, d'intervalles de 
longueur totale < 7 


(6) Lan au OU 


n 


pour m assez grand (m=g+ 7). Autrement dit la suite des fonctions 
Js nase. Converge uniformément en dehors de X,. П en résulte 
en partieulier,que cette suite ne peut diverger que dans l'ensemble J 
des points communs à tous les X,. Cet ensemble J étant contenu 
-quelque soit g dans une suite d'intervalles de longueur totale inférieure 
à w оса +... ..est de mesure nulle. La suite des fonctions 
Fa Faal t) ·. ..converge done vers une fonction Ж ) bien déter- 
 3minée sauf peut-être dans un ensemble J de mesure nulle. Achevons 
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de .déterminer /(а) «n lui donnant par exemple la valeur zéro sur d. 


En faisant croître p dans (5), on voit qu'on a pour r=0. 


7, (9576) [s +. 





sauf dans 5, et par suite 


ic DRE ИЕ à 


Е combinant avec » (4), on obtient 


dd т says 8 wt? вае 


quelque, solent p et g; par suite non seulement la suite des У, mais 


la suite tout entiére des Ja Converge en mesuré vers 7. 


18. Convergence presqre uniforme. Nous avons vu. que d'une 
suite de fonetions qui eonverge en mesure, on peut-tirer une suite de 
fonetions qui converge vers la méme limite uniformément sauf peut 
être dans une suite @intervalles de longueur aussi petite qu'on voudra. 
Nous dirons qu'elle eonverge presque uniformément. La convergence 
presque uniforme est un cas particulier de la convergence en mesure. 
‘Une fonction /, qui eenverge presque uniformément vers f (+) con- 
verge en mesure vers /(#) elle converge aussi eu chaque point r sauf 
peut être dans un ensemble de mesure nulle ; par consequent l'exemple 
donné $ 14 montre qu'une suite peut converger en mesure sans Con- 
verger presque uniformément. Оп voit aussi que pour conserver 
limité de la limite presque uniforme il faut considérer comme non 
distantes deux fonctions qui ne diffèrent que sur un ensemble de 
mesure nulle, 


La notion de convergence presque nniforme peut-elle être déduite 
d’une définition convenable de la distance ou au moins de l’écart ? 


La réponse est négative, Supposons en effet qu’on puisse 
assigner à tout couple de fonctions f(x), Ф(г) définies dans un inter- 
„valle 1, un écart [/, $] =i, ]>0 tel que cet écart soit nul dans 
le cas où / ne différe de % que dans uu ensemble de mesure nulle et 
que Ја condition псе saire et suffisante pour que 7, converge presque 
uniformément vers f soit que [5 Г) tende vers zéro. Je vais 
montrer qu'on arrive à une contradiction. 


> 


.Reprenant l'exemple de $ 14, divisons en effet l'intervalle I én 
deux parties égales, puis еп quatre, ete; еб assignons à chacin de 
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ces intervalles une certaine fonction comme dans l'exemple 9 14. 


Ы * Zl < т tém 
Toutefois il : ous sera plus commode de-désigner par І, le л des 
Ы B . E . = ~ 


. • . 
intervalles de longueur 5, et par ^ U) (4) la fonction correspondante. 
5 m - ч 


Soit alors k, le plus grand des écarts [0, JO (г) 1 de la fonetion zéro 
m - 


avec les différentes fonctions fo (1) qui eorrespondent aux intervalles 
| es қ қышы 
de longueur is 


Les nombres positifs k,, kas, k,,..... kas... tendent vers zéro 
e- 


1 . "n 7 . 
‘avec =. Sans quoi on pourrait en extraire une suite. , 3 


qui aurait une borue inférieure positive À Бі alors 


a | ва, = ғ; о | 


+ . ab ET H n * > A B 
et st © ` est le milieu de l'iutervalle г. ‚ оп pourrait éxtraire de la 
7n 


3 у » 5 ^ A 
suite bornée des. points C une suite 
н : А 


га A m ma : 
чш tend vais un certain point C de I. 
| (т) _ B 
Or - јео] а ky РАРО 


А А QU) 
done la suite des fonctions f, ‘ ne peut convesger vers zéro presque 
з 


uniformément. Mais d'autre part soit 7 un nombre positif donné. 
On peut prendre % assez grand pour qu'à partir d'un certain rang 


, 


n . . . ` . . 
I | svit tout entier ainsi que les deux intervalles contigus contenus 
т, | 


dans l'intervalle J de longueur 7 et de centre C. Par consequent à 
: ; w.) | ; 

partir d'un certain rang ји = 0 en dehors de J. Dans la suite 
(v .) қ Р 3 и 24 

des fy. converge presque uniformément vers zéro. Оп arriverait 


ainsi à une contradiction. 
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formément vers zéro puisque la suite de ses écarts avec zéro est, 
formée de nombres >0 qui sont au plus égaux à 'a suite 


has kas tay kas kgs ky Бау. + 


qui tend vers zéro. Or nous avons vu que cette suite de fonctions 
eonverge pas vers zéro en aueun point de Oz. 


19. Cas des fonctions mesurables. ^ Lorsqu'on se limite au 
2 РОА. Ju HAE 2 
сав des fonctions mesurables, la quantité, que пойв avons appelé 
ME |7—Ф | >о © réduit à la mesure au sens de Lebesgue de 


l'ensemble mesurable E . Alors d'aprés un théoréme 


[7—ф | > 
de Borel: toute série convergente de fonctions mesurables converge 
en mesure. 1] en est de méme si la série converge presque partout, 
c’est à dire, suivant la terminologie de M. Lebesgue, si la série 
converge sauf en un ensemble de points de mesure nulle. Dans ce 
méme cas des fonctions mesurables la convergence presque partout 
cvincide avec la convergence presque uniforme. 


Par conséquent, en considérant encore comme non distinctes deux 
fonctions égales presque partout on voit qu 70 est émpossible dans le 
champ des fonctions mesurables de définir un ecart (f, $) de deux 
fonctions mesurables /. $, écart satisfaisant aux conditions 2, ti, tv 
de façon à définir (au moyen de Ја condition го) ѓа convergence presque 
partont par l'intermédiaire d'un. écart. Nous avons vu au contraire 
que la convergence en mesuie peut se définir par l'intermédiaire d'un 
écart et même d'une “ distance ” (la condition 4% étant réalisée.) 


Оп іһе convergence of the solutions 6f the 
second kind of: Mathieu's Equation. 


BY 


SASINDRACHANDRA DHAR. 


[ Read, September 4th, 1990.) 
PEE 

The object of the present paper is to investigate the convergence 
of the solutions of Mathieu's Equation of the second kind, which have 
been investigated by Mr. Lindsay Ince,* who has given two methods 
for finding the series of integrals; but neither of these methods is 
suitable for studying the convergence of the series. Іп the present 
paper І have given another method for constructing the series, which 
will be suitable for the consideration of its convergency. This latter 
method follows lines‘similar to the method of Frobenius as applied’ by 
him to the solitions of linear differential equation in power series and, 
is similar to the method employed by Professors Whittaker and. 
Watsont for constructing the solutions of the first kind. 


$1 


The connonical form of Mathieu's differ ential equation is given by 
OY 4 (a+16g+169 cos 2 z)y=0 2 (0) 


For certain values of ‘a’, two kinds of solutions of the above différen- 
tial equation have been constructed. Тһе periodic sofutions of the first 
kind have been denoted by Prof. Whittakerf in the formis .— 


, ce, nq), се, (50), sy CC (BG) sues | 


(2) 
se, (2,9), is ѕе„(29),... : 


. 
* E. Lindsay Ince, “The Elliptic Cylinder Functions of the second kind.” 
(Proc. Edin. Math, Soc., Vol. XXXL, 1914-15). - 


+ Whittaker and Watson : Modern Analysis, рр. 413-15. 
€ Whittaker: Fifth International Congiess of Mathematics, 1912. 
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Тһе solutions of the second kiud corresponding to the above solutions 
of the first kind, have, however, been obtained by Mr. E. Lindsay* Ince 
and they are generally denoted as 


Gg. ст, (2), cse dal) | s 
in, (2,9), · tee DU QU APER 


The special value of “а” for which the two solutions ce, (2) ала 
in,(2q) have been constructed, is given by Fi 








32q° 128(5m° +7)q* 
=m’ — К — elt. .. 4 
Pol реа (m? —1)? (an? — 4) 2 (4) 
We shall denote it, however, as . 
a+16q=m" +4,9+4,9? +азд + ... «с, … (9) 
` 32 
where а, =0. а, eb e etc. 


$2 
df we put 
| «+169 — m? +8p, 


the equation (1) can be written in the form 
Фу iy — (p-- 2 cos 22) 6 
23 +m? y= —8(p-F2q cos 2:y … (6) 


When p and 4 are neglected, the solutions of the equation are given 
by 
y=cos m:, and y-sih in. 
If, however, we proceed with the solution y=cos т>, it will enable 


us to construct the solution ce,(:,7). We will. therefore, proceed with 
the second опе y=sin m~. ' | 


Let us denote sinmz=U,(z). Then to obtain а closer approxima- 
tion, we will write —8(p+2q cos 27)U,(=) as а series of sines-of 


multiples of z, in the form 4 


—8{qsin(m—2):+psinm:+qsin(m+2):} + 2 
. which we shall denote by Nis)... sw (7) 


* Lindsay : Proc, Edin Math. Soc, Vol. XXXIII, p. 6. 
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Then, instead of solving the differential equation 


=У +тзу=У (а), 2, 


we will solve the equation ` id 
diy ey T 
= +m?y=W (2), .. (8) 
where, 
W (2) = У, (2) + (8p—a,q)sinm:. .. (9) 


Its integral, which we shall denote by 17, (2) is given by 


—2qsin(m—2)z 4 2gsin(m-E2)e | d1Q.co8mz (10) 


“Us 
16 m—1 714-1 2m 








$3 
“То obtain a still closer approximation, we will express. 
—8(p+2q сов 2:)0, (2) as a series in sines of multiples of z, which 
we shall denote by V,(z), viz.. 





ViG j= l6q?sin(m—4)s | ar Sint ae ÈI 25 y ceos(m2)z 








т--1 
 sin(m--2); „1б т sin(m+4)2— бра, zcos(m— 2): 
+ Spqa zeosmz — ваа; :eos(m +2). … (iD) 
2m 2m ; 
Here again we solve the equation 
TY pmymW.G)n 3 C (12) 
Ta + та -W.(G), i» 


where W,(:)— V „(2)—а, g®sinm”+À,zcosm:, where А, has been deter- 
mined in such a wax that W Де ) does not involve zcosm:* (if there 
be any). - 

Suppose that U,(z) is the integral of the equation (12). We will 
proceed exactly with U,(z) as we have dorie with U,(z) and obtain the 
integral О, (г). 


* ]t will be found thot`z cos тя first appears іп U,,(z) andhence in V,,,(z). 
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Continuing thus, we get the series of integrals U,(z), С, (г), U,(2), 
… U,(z}), ... etc., of the differential equations 


. A: 
15 + тлу 0, | 
d? 

ge my Wi(), | 
| (13) 

=| 

fs 

КОДА P +my=W,(2), |7 





respectively, where 
: Wo aud E E (n>2) 
У „(2) = —8(р + 2ас0822) 0 „. (2) ; (»>1) | 
‘Therefore from (9) and (137, we have 
- eo 


i m? > U sys > т. 


n=0 E 


te= = ү Ка »«( Sp- 30.9" }sin mz 
nzz] 
оо 
+ 2А „созт. 
79 


. 
ог 


: БЕС di 
E + (a+ 169-4 L6gcos2: ) | ZU,(:) 
0 


oo е | со 
-( Sp— а," jin m:+ EA. cos mr. 
© 1 >- 2 F 


But we have from (3) ~ 
о 
Вр==а,4", 
1 
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oo - n 
and. it will also be found that А, also vanishes for the above, value 
9 


4 


oo 2 NE 
of “р.” Hence 20, (2) is the solution of Mathieu's equation, corres- 
0 ы à 


‘ponding to the value of “а” given by (3). It is, in fact, the solution of 
the second kind, corresponding to ceu (c г 4) as have been obtained by 
Mr, Lindsay Ince,* that is, 


ёп (0) = > 0.) - ve (14) 


"4-0 


. $5 
We proceed to show that SA, actually vanishes, by working out a 
few particular cases. Suppose we construct the integral which corres- 
ponds to в6,(2,4). The particular value of the arbitrary constant “а” 
for which ce, (7,4) is obtained, is given by : 


ı a+16g=1—8¢—89? +8q% —$9* — 5845 +... E (15) 


When we write a 4- 16g =1 + 8р. the differential equation (1) reduces to 


Ty +y=—8( p+29 cos 22)у. en (16): 


Неге U,fz) is evidently sin г. 
(a) To get О, (г), we express —8(p+2q cos 2:)0,(:) in a series of 


sines in the form 


—(p—q)sin: — 80 sin 3. —V , (2) 


and solve the equation _ 


pa К 2 . 
7-2 | T +y=W, (2), 
where W,(2)=V, (z)+8( p+) sin -, since there is по term zCosz con- 
tained in У, (2). : 


- The integral of the latter анон 18 


4 


U = Bros: + gs .. (164) 


* Lindsay Ince : toc cit. 


, 
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(b) Again, we express —& p+2qcos2:)U ,(z) in a series of wines in 
the form 


ТЕНГЕ + 649° 20083; — 8pqsin3z — 8g? sin0z — 8g? sin. zx V „ (2). 


Then we х have to find an integral of the differential equation 


CY жу= (а), 7. EI 


where W,(c)=V,(:)—64q( 2 +9): cos; + Bg* sin: (Le, W,(z) is hereby 
made independent of 20082). 
Hence УУ, (2) 22644? :c083z — Bpgsin3z — 8g? sinbz. 


The integral of the equation (17) сап be dbtained Қу) adding up the 
particular integrals of the equations :— 





л “зу ү 
d'y ну — Sq!sinb:, | 


de +y=—S8pqsin3z, - ^ . - -.. (18) 
| ЈЕ. | 
Қы! = -+y=— 64y?_cos3-, | 
d:? PR 
and it is given by 
©, (г) — 8g. cos! q (ба -p)sin8; + 1800: . … (184) 


(с) Again, since —8(p+2qcos2z)U, (2) 
—64g%+c085:-+ брат 20088 +-640 „сова í 
— 89* (6g + p;sinz— (Вра(ба - p) + $9? }sin3z | 
4 —8{4° (бар) + ipo ]sin5: — 44? sin ==, (+), 


r 


we have | 
МУ (2) = У ,(z) — 649% сокс — 8q?sin*, 


so that W,(z) may be independent of z eos z. Ж 


‘Now, solving the equation 


T y y W, [y | (09) 
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we find . EM 
U,(z) = —4q? zcosdz—8pq?zcos3: + dq? (74 + p)zeos: 
45343 -h12pg + p? )sin3: 4-49* (7g + p)sinó: 
` У • 
T 35q?5in? :. .. (19А) 


(d) Again, У, (2) = —8(р+24с052:)0,(:). Now, if we express it 
in a series of sines, we find that the term which contains zcosz as a 
factor is 


—32q (p? +6q+79?)zcos: | | .. (20) 
and the term containing sinz, is 
— 8g? ( p° -- 12pq + $q?)sin-.. .. (21) 
Hence we define W 4 (sy such that 
У' (2) z: V ,(z) +329? ( p* -6pq-- 74?) cos: - $4*sin-, 


W,(2) is thus made independent of :. We can now find the integral 
U, (2). | 


Proceeding thus, we can find all Ње integrals U,(z), U,(z), 0, (2), 
… Џ,(а),...ећс., to as many terms as we please. 


$ 6 


D) +06) 0,02) FU, (2) +... 
as found in 5 6, we substitute by (15) 


Hence if, in 


Bp —8y—89" +89? —4q* — 5947 Tus 
we get, after arranging : 
—8q(1—3q? +... )+2{cos: + qcos3: +q? (—сов8 + 30892) +... 
* |-+ ап + qsin3: + у" (481162 + 55118) 
+g? (віш: віп авіш) +... t 
(correct to third power оға). .. (22) 


* For finding the U's, the particular integrals of the following equations will be 
found very useful ;— : 


(а) у" + тву = А віп (п + а)=; (b) y'-m?y- Asinmz; (с) y" т2у= Ascosaz, 
whose particular integrals are respectively 
(а) y=—Asin(m+a):fa(2m+a); — (b) у= — Azcosmz|2m ; 


(с) y= Азсоваг [(т3 — а) + 2Aasinaz/(m* ~at), 
T Lindsay Ince : loc cit, 5 ` 
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M Р 
And here it will be noticed that SA, as obtained above is given by 
2 


— 64g (p+ q) — 649° + 829% p* + 6pq+7q*) + .. 
which, on substitution of the value of p in terms of q, vanishes if we 
neglect powers of 4 beyond the fourth. | 


Hence the series as obtained in (22) is a solution of the differential 
equation (1) corresponding to the value of “а” as given іп (15. This 
is the second solution corresponding to се, (2,9) and is denoted by 


19, (2,4). Ы 


$7 


Similarly if we proceed to construct the integral corresponding to 


to the value of “а” of се, (2,0), viz., 


80 s __6104 : 
2 +164= =4+=4' уу 1 ЖЕДЕ: … (23) 
we find 
U,(z) =sin2z, 


+ 
Uv.) qsinds, 


U,(2 =. q?sin6:+ | рузх + 84 "20882, 


ГА 





0, (= = zd ssin8s+ Mpa ?sinOz-F = ЧЕ Pq 8143 ) sinds 
capies pq* -cos2: + 189? 20054, | 
9 ә J 

ә etc... 


and е 


SX, =64pq? + (‘Sera 2569" + a q* )+higher powers of q 
than the fourth 


=0, neglecting higher powers of 4 ап the fourth.* 


Hence SU, +) is the second solution corresponding to се, (2,4) and is 
evidently the solution 29, (2,4). | 


That ZA, vanishes, bas been further verified in a few other cases. 


ON THE CONVERGENCE OF THE SOLUTIONS $15 
$8 


We shall now examine the solution ZU,(s) more closely with a 


view to study its convergence. The forms of U,(z), which are solutions 


of ihe differential equation | е 


ДЕ. (РА | 
dz? tm y=W,(2), 


will be of the types :— 


(i) when n<m, 

t. т т 
D mE! LE - 
U,@)= Ef. sin ^m—2rjz + = o 


"= 


: 
z sinm+2r)z 


(it) when n=m, 


m т 
U, (2) => Pmr sin(m— ЭЕ Enr sin (т+ 2r): 5, o Cosma. 


(її) when n>m, te, when nzm-t 9, 9-1 


m+n m+n 


Ж + = = F р 4,56 m—2r)z+ = an+ тәзіп(т--27)2 


2 


7 7 
+2 { > у “cos’m—2r)z+ S 8 cos (m+ 2r)a | 
т=1 ?” r=0 7' 


Then since 


Ф 


d? - xs Bp 4. Booed, 
( a tm? TOL S(p+2gcos2)U p y (2) 


—À À zcosmz— a.,q" sinmz 
mtnt+l | 


* 57 denotes that the summation ceases at the highest integral value of r which 


is less than % 
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we get on equating the coefficients of :cos(m--2r)z, zcos(m—2r)r, 


sin(m-+2r)z, and sin(m—2r)z, the following recurrence formula 


(а) (т.т), y Lr ={08, r оир (7=1,2,8,...) 
(b) «0-туу, = EO, У рр POSE) 


(е) "(mro gn pi tio us AP mt ae 


+q(a pHa o U ae 
о m 1,7—1 ql 


~ 


but when n« m, 
r(m+r)a, т cire, +q(a, ay +e, 1 )}. 
p eme espiritu MP us 
а Ви +642, "+1 )h(r2$) 


but when т<, 
И 
jS 


b 


(т) В L1, =2128., r ЖЕР TET Hartl ут). 


with the following"restrictions :— 


a = = =ð | =0, if r>n 
ту В nr Var nr 3 >п, 


and also 


a =f =y = =0, whatever n is. 
7,0 7,0 75,0 * 


.. ON THE CONVERGENCE OF THE. SOLUTIONS 917 


VE: Lom Su 
| If we denote 
| 2 • 20 | 
и =D; E uir =C, "m : 


2 


then D, and С, give the sum of the coefficients. of :cos(m+2r)z, and 
zcos(m—2r)z respectively in SU, (2). 


Hence from (а) and (5) §8, we get 
r(m+r)D, =2{pD, +q(D,-,+D,4,)} … (25) 
r(r—m«)O,-22(p0,-q-(0; 40,4.) О - … (26) 


From the forms of (25) and (26) itis evident that the series for 
D, and C, are both convergent* and that 


lim.D, —0 and lim.C, =0, 


T= оо . TZO ы лақ 


Similarly, denotin g 


со 


оо 
а, вА ; > = В ,- 
Z apr TAE E um PE 
n=r n=? 


which represent. respectively the coefficients of sin(m+2r)z and 


sin(m—2r)z, occuring in ZU,(z), we get from (e) and (d) 
*(т-Ет)А , --1(m--27)D, =2{рА, Ға(А, FA 41)} .- (27) 
Де-тув,48(т-2 6, 22098, +4(В,,+В)} e (28) 
Writing | 
v, Palin) 9], w',=—2q/{r(r—m)—2p}, 


у= (0t 4-97)/9 1r(m - 1) — 2p}, v; =(m—2r)/{r(r—m) —2p}, 


ж Whittaker and Watson: Mcdern Analysis, pp. 415-16.- | 
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we get from (27) and (28) respectively 
v,D,+%w,4,_,+A,+uw,A,,,=0 


v/,O, +0',B,_.+B,-+w' ;B,,, =0 


Eliminating A,,A,, ... A,_,,A,4,, ... from (29), we get 





А, = = (СВ, 


A, 
where 
A 1 w, 
w, 1 We 
0 w, 1 Ws 





Dd, vD, tw, 1 w 
va D; ш, 1 т, 
е,р,, 0 w, 1 о, 
AJéaD 0 0 0 w, l 0 
v,D,, 0 0 0 0 0 Ww, W, 
v,41D.4, 0 0 0 0 0 0 1 0,1 
v,4,,D,4,, 0 0 0 0 0 0 ш,,, 





since À, —1. 





(29) 
(30) 
(31) 
0 
Ww, 0 


.00.. 
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Expanding the determinants С], ‘in terms of the elements of the 
first column, we geb 


(32) 


ғ eo 
A m CO fv D, ee DM, + zvDM, | 
À; - ‘ _k=2 


where the М" donote the first minors of the elements of the first 


column. 
| Ё e 
| | $ 10 
{ It will be easily seen that with =>), 
(2 М, (—D) tw, wag Ween’ Aras dl ш, 
w, 1 w, 





pt do m uos 


where A++: stands for the infinite determinant 


Es DLE TERI 
VW, ag 1 W, tate 
0 Wrtsts 1 Witets 
gee 
and also when k« vr, 
. . 


(ii) My=(—1)* a.  Д, | 1 wy, 


w, low, 
s 


Sr 942. d 
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and further i Я 


(iii) M,c(—1)y-7[1 о, 


M 





D .. .. m» m m ... “su ... 


The infinite determinant A,’ is convergent," whatever r is and 
further lim.A, =1. Hence the M's are all finite and the series (32) 
У r= оо 
isitherefore convergent and converges to a finite value, if r is finite; but 
vanishes if + is made infinitely large. 


- 


Тһе same may be proved for B, by means of the relation (30). 


‘The series SU, (2) is, clearly a series of analytical function of ‘2 
and can now easily be proved to be unformly convergent іп any bound- 
ed domain of z and the process of term by term differentiation that we 


have earried out іп $4 is valid. | 


* Helge Von Koch: Acta Mathematica, Vol. XVI. 


> 


. On an Extension of Sonine' 5 Integral” 
in Bessel Functions _ e- 


BY 


ABANIBHUSAN Data 
[Read, ‘January 6th, 1921) 


_ Some very remarkable definite integrals involving Bessel functions 
‚ have been evaluated by Sonine in an elaborate memoir published in 
Mathematische Annalen, Bà, 16. In particular he proved that 


| Фе Хай =, 
`0 Ё Е 
[(atb-+e)(a+b—0)(b-+e~a)(c+a =)" t 


=e 989 П а јат "о" 


(т>-і 

according as we can not or can form a triangle having the sides a, b, c. 
Sometimes in January, 1920, I undertook at the suggestion of Prof. 
Banerjee an investigation of similar integrals involving four or more 
Bessel functions -of same order bnt different arguments. After the 
paper was written out and handed over to Prof Banerjee my attention 
was drawn by him to a paper on the same subject published by Prof, 
J. W. Nicholson! in a recent issue of the Quarterly Journal. Since then 
I have attempted to verify some of the results obtained by me with 
those of Nicholson and І find that in some cases his results differ 
substantially from those of mine. Тһе method used by me is а simple 
extension of the one used by Sonine in proving the theorem quoted 
above whereas Prof. Nicholson has used а method suggested by Prof. 
Macdonald.* The difference in the results obtained by Nicholson and 
those of mine is due to certain errors which teem to have crept in 
some of the steps of his proof. I find as by Nicholson that the value 
of the integral 





. | Jutas) (а), (o5)J „(Феу 
5 0 


dn 


1 J. W. Nicholson " Generalisation of a Theorem due to Sonine," Quar, Journ. 
of Mathematics, Vol, 48, Part IV (1920), p. 821. 
з Proc. Lond. Math. Soc., XXXV, 1902. 


929 ABANIBILUSHAN DATTA 


is zero when a, 8, с, d do not form a quadrilateral. When they do form 
a quadrilateral the integral cannot be evaluated in simple forms but can 


be easily expressed in an infinite series. 


2. Sonine has given, in his memoir кырады above, the following 


elegant formula? :— 


oo 
—h у 
| Ү.(рв)9, («је «d e 





0 
| Су ptet 000 
= p^q" 1 | 4h . m—t 
run) Go ) • AR 
“11 эль 
i | À си, 
1 He? dr 
Substituting for h, hts, multiplying both sides by 5- оға 


and integrating between the limits —со” iud + 00, 


a VS , and vê тр" + q* — 2рав, we have 
e | "ECC 
—h. 2 1 | 2 Qu. dr 
је ОС | 
си v? 


5 | m 3 
x бену sg e 2u ат 
(22-2 
% 


-1 j — ос 


where u=k+ri and m> —1. 


The left hand side can be easily proved to be equal to 





oo а à А 2 
| брод COTE CS 
0 к? А ` 
by substituting cw for æ in the formula? 
а? 1 
2 k " А 
aw N’ eo zi + ")- (т) Tr) dr (A) _ 
Же) -( z ) 5 "d car + 
— ОС - A 


1 Sonine loc cit, Art. 44. 
2 Sonine Loc. cif. Art. 25- 


‘and putting 
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where а is a real positive constant aud л is greater than zero, The 
. right hand side can be transformed into 


1 € Hv? А 
xÁ acing M : 
RE "TT EE 
L1 "m 
с с ev? 
PY ew( +3) 
| И dr 
5 с а 
— oo (+3) 


Ав it is evidently justifiable*to replace within the integral taken with 
respect to 1, # +a simply by и, which is merely equivalent to chang- 


ing of the constant k in w=k+ rd, the second membe reduces to 





1 216% +2? 
к} asepe A s (о )%. 
2hv" "XR 
--1 
Accordingly | 
ос 
—ha* de 
| 3, (pr) „(ава „(ође 709" de 
0 
1 e To. 
E yo € 7 ee 
«| (1—12) nr mL 5s ) di 
—1 
i T 0 e 
- | ae) Se Sos ега ___ 
i 2hr"- — (9h)"j"9"» мт IT (т—7%) 
: p m—1i 
~ Өр T 77% 
| et (1—:3) d; 
-1 
(replacing Jn ( бс ) on the right hand side by a definite integral) 
1 1 с +o? ~ ЕЕЕ m ~ 4 
'  $53À—3$ есе E S Oh TTA 
- uf (1—ғ) ur Bs dt p а==) “de. 
(2h)"*: 2 


-1 
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1 
А т--4 1 
NS att 
=KLY d-e) a 
--1 2% 2 
• 1 c? 4- v? ~Qeuz m 
I шуа m—+ 
e (1—:?) dz 
--1 ' ; 
% ue МАНЕ с“ 
Aere . BR ve mc 


Substituting for h, h= z ‚апа then multiplying both sides by 
з и 


bu by? CENE ° 
1 200% ағ А zs А 2.22 
>= e ‘— and integrating with regard to r between. the limits 
дт са | 


— оо and+o, we have 





со è 2. бео, bu b(a? +y?) 
Р de 1 2.5 2u dr 
| Ju (р!) Ја (qe) Ja (ca) жа) е - к E "mI 
0 ee - 
1 1 
т--і m—t 2 
=K (1—°) dt (—:°) de cc NE 
" — + | ) 
ao: “1 
се bu и(0%--0%--дам) by? 
1 97 2b ^ ди x (* ml dr 
ӛт е ӨЛЕ 5 "ies 
T со 
1 1 
x m—+ m—t 
= (1—/°) af (1—.?) dz 
ES ve X NT 241 С 
2 ee bu u'e? +v? —2сог) by? 
l- o0 9% ры x 1 di 
Za geri «qm 
.—o 


On performing the integration on both sides, we get by mens of the 





formula (A) pu • 
5 P + 
1 J, (БМ фу?) 2, 
J, (ре) Jy (де) Ja (er) = ÁN ТУ ' dw + 
| pe) 4 a aTi (ма + уз)" 


0 . » 


Fw. 
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1 1 : 
| m yi i 
К р" - (1-#?) : dt | 1—;* уза 
--1 a 


E zi 
татті ЕЗІ шеті a Е ө 
Jin; (y Vb? оу +2 2cv:) "Ove em +2002) MyM nnt d, 
| a>m>—1, 
where - 
у a=1 for b? <(c—v)?, 


a алаты for (c—v)? <b? < (c--v)*. | 
2cv 





а=—1 for Б> (c v)*. 


For y=0, nom +1, the above formula reduces to 


T oo 
5 - ат 
$ | Ја Ср ') Ju (gx) Ја (са) Jati (bæ) ge” 
0 
1 1 
4 m—i m—4 
-кы--| (1—#?) af (1--2%) dz. E 
—1 а 


Multiplying both sides of this formula by 6"** and then differ епа 
ting with regard to 0, we shall obtain 


oc YA 
|. (px) Tn (qx) d. (св) Ја (в). Sec 
0 
1 
i Le M т--% b 
A GE) (1—8) 2 dtovzero 2. (B) 
cu Lors 
--1 : . 
according as we can form a triangle having b, c, v for its sides, or not. 
In the above integral рус mo 
2cv 


These "integrals сап be evaluated by the method of quadratures. 
Otherwise we tay proceed as follows -— 


m— 
| dE i 
Expanding - 2 —p,?) by means of 'laylor's Шы та 


series of t. "E substituting the series thus obtained in the Же 
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integral, it becomes 


т} NEO q^ 
n=0 #! Ф" 


fs қ à 1 қ т--% 
кї} (1—12) l 1-8,°) ] dt 
v t=0 c 
1 


е 5 ard а | тў 
= = Lb-"-1 Ax] --В 3) А | n 
я-0 d'p» s t=0 
1 
4 1 |; FEES | 
x (1—1) і dt 
--1 
п=бо ТЕНЕ | т} = 
gmt д "г 4 z 
= == УСНИ Ин EN = (1ј—р •г 
а ‚ч n! de s E: Вг) jas 


(1:3:5:... (2n 1): 13:5: ...2m—1 , 
> 2:4-6-...(9ө-Ғ?п) 


ка 


It is evident from the above that there are certain relations bet ween 
P, ф с b, 5 and В,. These сап be better interpreted geometrically. 


2 е +42 — b? _р? +92 -—v ; 
_ Since | fl and эй cn , 


it is clear that £, is the cosine of the angle, of the triangle having с, v, 
and 6 for its sides, included between the sides c and v and similarly £ is 
the cosine of the angle, of the 
‘triangle having p, 4 and v as its 
sides, included between p and g. 
Hence it is obvious from the 
adjoining figure that p, q, c, and б 
form a quadrilateral having : as 
one of its diagonals, # and В, being 
the cosines of the angles 0 and ф 
respectively. 





Fig. 1. 
The integral on the right hand side is equal to KLb-"-? 


1 
m—i b 


~ . m—$ 
(1—1*) (1—8, ?) ES dt or zevo 
pU Ы 
=j | Е • 
(1) according as we can from a triangle having b, с and v as its 


ы - 2 2.— 23 ТА 
sides or not (spate ) : 
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and also (2) according as we can from a triangle having p, 4 and 
: с: р? t+q?—n? ы i at 
т for its sides | ‘#2 i. }, because v must always be a real 


ap q 


positive quantity, . 
• 
and hence according as we can form a quadrilateral having p, 4, c 


and b for its sides, 2 being the diagonal common to the two triangles 
thus formed. 


With the help of the geometrical interpretation given above, the 
formula (B) can be transformed thus :— 


Since t=cos б, di=—sin 6d 6 


© В, сов ф,  v°=p° +q" —2pqt 


j - 

de 
| Ја (р' ) Ju (аж Ја (ce) Ja iv ELE 
0 


cent m—2]* w 


1" с“ т- m=} т-% 
ppt press = а) “а-а Lau 


0 | 
к" а: SOT sin 6d6 
Ex ees у — 3 1— 2 aa cy ы NE 
g | (1—cos 9 (1—cos*¢) (T ope 52 P4 
+r | 


0 


о o, 
(р? +q? —2рд cos'8)3 


---КІ > (sin 0)*" (sin $,?"7t 


+7 
0 
-т ы a . i 
or end. | (sin y)?" (sin 6)24-1 —_— 
P. (c? +02 —2‹0 sin y)? 
+7 


for 4 sin d sin ф=ђ sin y sin 8, A, В being corresponding functions. 


From the general integral ms different arguments aud involving 
Bessel Functions of order т> —1, we cau deduce some interesting 
results by imposing particular ARR between the arguments. 


. | ј ~ 
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. Suppose, for example, p=g=c=b, in which case, the quadrilateral 


becomes а rhombus and we 
have 
y, d=¢. 
6 • 
: Putting: 2 =h we have 


ve 90°. 9-94, 
= sin ф=08 y, 


sin 0=2 siu у cos V. 





` 46--94у. 


* Fig, 2. 


(p? +q°—2pq cos 9)? УҘ b» on 9)? = А/Эр (2 siny)? =2p sin y. 
со 0 ^ 


11 -т 
face eee A X (ее — 22% sin?" cog? "y Lo. ay 
Ж 
2 








рэт у 


0 

-EH Я (cos J)* "7: (sii rnt dt 
т Е B “+ 
2 


аз"? 


(сову) "71 m и" ау 


C [Unh y 


D) га 


n алы? | T(2m)P(m) 
C )9s(Hl(m—2) T(3m) d 


Form the particular case, in which.p—q, and e=b, we have 
• 
oo 


lu 2”-214-1 
| Ji^ (ра) Ja? (са ) EL "pP 
0 i | 





ч 


т 
© с A 
vc. 
Bu 1% сов? "у (1-5 one ) 
0 
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Nicholson however finds that 





T 
со 2 
1 de аз"-% 1 . LEN in?- 
{2 (ae) | isse = D ifm | cos! "^! f sin" 2 046 
0 | O° 


еле CH] ii 
dr р Г(т +4 ) 


which seems to me to be incorrect. The generalisation, that if m> --1, 
then 


oo 


| 2, (а,а)2,(а,т)..2, (а„т) ае de=O 


provided that (a,, 2,,...a,) do not form the sides of a polygon, is easily 
obtained. | 
lt seems to me that the discrepancy between the results obtained 


by Nicholson and that of mine is to be attributed to his incorrecily 
quoting the formula 


Jn? (ах) _ 
T "del n: ofm—t 


рр 3 bo] 3] 


cos?"0 Т, (2 ax sin 6) 46. 


The correct formula can be РТТ obtained from the following result 


due to Gegenbauer А 
А 1 


p"g"c" J, (ем p* +9° —2pqt) 
мад" TI (m —1) (vp? 4- q3 —2pqt)" 


—1 : m—2 


т>-і. . (1-13) “dt 





4, Сре) Ja (qe) = 


E • 
Putting p-g-a, ccu, t=cos б, 





Ja (ав) = ————— ——— 


0 
а?" m J, (е a/ 2a? — Фа“ cosh) да cont) 
Мт 2"H(mn—3) (2a? — 2a? cos6)= | 
т 


т —i 


(1—cos 0) . sin 0640 


ЛАР Заг == sng’) ~ 
I nes p sin?" 40, 


2a ins 5 
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D 


Putting 2 =>, we get J,? (ax) 
0 
auct un OUT Ww `+. J, (дах sin У) . si 
=~ AUD | 20а вї gs (in сөну)" 20) 
т 
2 = 


0 
а?" a” Dam 2 
тшше елдіктен В usin y) sin" 820 dy. 
7 JS" II (m—i1)a" | Ja (аз sin у) sin“ÿ cos?"y dy. 
T 
2 


да" әз 


т 
9 
жы — 2 2a» 1 si m gm. Я 
= Vm | 7, (Зав sin y) sin" cos? "y dy 
0 


Using this correct formula, the value'of the integral 


is given һу” 


m-—i 


т 
2 
Аа“ ub Pss s жағ бары А 
2 пв) | cos?’ "y (За sin y)" 1 їп" (4a? —4a? sin?) ау 
0 


where Ас-4/т934-1 q?"TI( 1), 





Z 
2 
• 
gi"? 4n—1,h eia ETES) 1 
or si Hipp cos y sin y dí 
' 0 
бр дез Түт T (m) 
vili(m—4)]* | 2T.3m) | 


which agrees with the result obtained by me. 


My best thanks are due to Prof. S. К. Banerji for his suggesting 
this problem to me and also for the interest he has taken in my work. 


С 


Оп Some Symmetric Determinants* 


. 
M 
BY 


Hartpana Darra. 


[ Read, January 16th, 1921.) 


І. It is well-known that all centro—symmetric determinants can 
be expressed as the product of two other determinants. 


To effect this resolution into factors, we are to perform on the , 
determinants the operations : 

(1) row,-Frow,; row,-Frow,., ; row, crow, S; . 
and then on the resulting determinant tlie operat'ons, 

(2) col, — сој, ; col,_,—col, ; col, —col, ; ++ 
Неге it is to be shown that there are determinants, besides the centro- 


symmetric ones. which сап be expressed, by the same operations, as 
products of two other determinants. 


With the operations given above, we obtain 


h h Je. er h hh 

040% Gs Ye h Ie 
| а, tgi Qa +ga а +93 а, %4,-4,-0, а, 440, —g. а, да —а, —9, 
қар һар һа batfi—ba—fa ФЕЈ, be theif, 
€, +d, с, Fd, са Fd, с, +a, — са — да ee d ,—(, d, с, d, 6—6, 


d, d, , а, ; d,—ds, d,—d, d, —d, 
ћ Ја fs Ж-Һ АЉ} А-л 
91 92 Js с ys 95—93 27-4. 


* This paper was wiitten оп Ist November, 1917, when ] was working in 
Cambridge, аза Carniegi Research Student, 7 





282 HARIPADA DATTA 
This determinant | 
а. +9, "c '4,—4; 4„—4, ds 
= bith bf bstfs |X| fi—fs Һ-А fih 
c Fd, cd, c,+d, 0,79% Фу—да 96—91 
provided that | 
4,%%,-44-9у-а,40,-а,-4ұла,%0,-а,-4, 
mb bf b, f, mb ef b, f, bo Ef b fi 
=e, d, — ву —d, =, -d, —с, —d, =¢,+d,—¢, —4, =0. 


These nine relations бал be satisfied in more than one way, for everyone 
of them is quite independent of the other eight. 


Then these relations are satisfied in the following way :— 
01296; 84-71 4,550, 4,5%, | ау==ў,; 0,793 | 
dif; b=f, ү bhf; b=f, [ б/і b.—f. г 
e =de; ed, J c —d, PdQme, ) 02d, ; e,d, 
The determinant is centro-symmetric. | 
The following determinant which is not centro-symmetric, is resdly- 
able into three factors each of which is a determinant:— | 
а, а, а; а, а; a, а, аа 


b, ba ba b b, b, b b 


- 6, сұ са с, с; с, с, Сұ 











Us —0, 4) —а, -а, а, —а, а, 
бара ажа | oppi, 5 40,1. |4,—4„4„—@„4,„—4, d, >d, 
ыс (dx 50 Xx ac 2 
Cites Cs tce d, +2, d, d Ci—Cs 6;--6; 6,--е, 0—68 








bb, b, —b, b,—b, b,—b, 


а,--а,а,--а, 4ұ--а, а,--а, 
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By interchanging the place of a, with as, and of a, with a, ; and 
altering the signs of the rest of the elements of the first row we obtain 
the last row. By interchanging the place of b, with b,, and of b, 
with b,, altering the signs оі? the rest of the elements of the second 
row, we obtain the last but one row. Carrying on this procsss of inter- 
changing of places and altering in signs alternately the other rows are 
obtained. For half the determinant, the elements, from bottom up- 
wards, are alternately positive and negative, for the elements which 
change places retain their signs. Of this determinant, cnly half of the 
elements occupy centro-symmetric positions while the other half do not 
(here order of the determinant being 47). 


: (¢) Even if ihe signs of those elements (a,, a,, b, etc.) are not 
е 
altered. still the determinant is resolvable into three factors. 


(či) If dy, сұла,, b,; d,, Ca ==<8,, 5, 
| ds, с,=а„, 8,” d,, €, =a. b, 

ds, ста, 5%; dg, сасша;, с, 

d, с, =86 6; ds, сыла,, b, 


Then the third factor becomes centro-symmetric and therefore breaks 
np into two factors. Hence the determinant— и 


| а, фаза a,ta, а Фа (4,-Ға, 


х 








de Жы, | b,+b, b, +0, 


^ 
а, —84--a,-——G, a, —a,--a,—a, 


а, ља,—а —а; a, +a, s] 
x - а 








+ 
ba—b, РЕ ЕЕ ТР Е [bi UV bb. ЕЕ 0-5, 


The first two factors differ in sign only. 4 


(iii) If the last row is obtained from the first in the same way as the 
last but one from the second, and the last but three from the third in 
the same way as the last but three from the fourth, and so on (Ze, if 
the process of interchanging of places and altering in signs, is same 
throughout except the (2u--2)th row then the determinant of order 
dn+2 vanishes while the determinant of order 4n, is still resolvable 
into three factors. A 

(iv) Exactly in the similar way the determinant of odd order, may 
" be treated. | 


2334 27 flartbaba БАРА 


2. Le D,* ' « 


а atl а-9 a+3 a+4 atd 
mid a+? a+3 at% a+5 a+6 
at2 a+3 ats -a+5 a+4 a+3 
а+8 а+4 a+5 .а44 a43 a+2 
ate «45 a+4 at3 a42 al 





а+5 att a+3 а--9 add a 





| 2a+5 2а+5 2a+5 `1 rl —1 =]. 
=; %a+5 2a+7 a7 | x | —1 —3 —3 
| 2a+5 8а+7 2a+9 2-1-8 – | 
| | 2a+5 0 0 -1 0 0. 
| да+5 2 0 | x | —1 —2 0 =(—1)2(2a+5). 
НЕ |" ee ee SR 
Similarly 


D,,z(—1)"2* t "71 ) (2a+2n—1). 


- 5. Let К+, 

CREER din g | 

tants Gan в а», | 
| 

GE 1,n41 Lutin атала» (тін | 

and "K, the determinant obtained from it by deleting the (r--1)th^ 


о) 
column and the last row. And also 1668, —"K,/K,. А 


_* See “On Symmetric Determinants and Paffiane, Art. 6. Proc. Edin. Math, Soc. 
“(Part 2) 1915-16. 


4 
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The recurrent 
(9 
5, 1 | 
• Е 
а) a; 4 
А 5, 1 
(3) (2) (1) 
з b, 2% 1 БЕГА 
(а-а) 'n-3j а) | 
Pata n—1 ba, i3 
(ту a-t) (2) (1) 
n b, » в 
• 


For if on this determinant the operation 
а, 1201, —a,,col, +a,,col,—. .+(—1)"~'col,, 


be' performed then all the elements, except the last one, of the first 


column, vanish, and this last element is (—1)"*'«,,,,. 


Therefore, 1f d, „+, =0 then the whole reecurrent will vanish. 


Я (т) mml)... (41) 
DIEM ETIN. 


(b+m)(6+m—1) ... (b-Em—r4-1) 
(a--Zm — l)(a 2i —2)...(«4-9m—») 





ГА 


then the value of the recurrent 15 


(b--1)(0 23. (btu) 
(a4-1)(a--2)...(a- 2) ' 


Here the operation is 


b+1 (b4-1)(b4-2) 
— col, + Pos 
001,190 2+ GDS col, 


4 (1) G1)... @+%—1) 


(a+1)...(a+n—1) me 
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4, е, 
а, 100. 0 0 
hy a, 1 0 4. .0 0 : 
Ж қ 
. Gien, vy же КОН @ 1 
а, Doe e кїз ба б 


then the persymmetric determinant of order n 


Co Cy e биз, 1. а, а 
ба 6, ue Cage ау а 


. =(—1)" 


BR 65 rne Ca - а, ау, vee 2. бұ, 
To prove this lei us take a determinant of oder 4, namely f 
$ la es Са Cy 
Ca e, E Co 
~ А У + 
с, е, Ce с 
* 
6 Св e; ©з 


1 0 0 


0 
—a, 1 0 0 
: TESTS 

0 

1 


and the resulting determinant by the same determinant (1) (in the 
first place the multiplication is to be performed row by row and in the 
second place column by row), then we obtain 


2... -- = — 
{by “~My а,4:--4; а,4;--а, а,а,--а4; 
. 
> t 
- 2 = t Р 
а,а,--й; а--а4, gly, а,а,--а, 
| | | e) 
а,а,--ау и,;4;--а, aya, аза, —а, 


= => = ёз 
а,4,--, oi — y Ga — 4; 02—05 
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an axis-symmetric determinant. By the addition of a column and a row 


(2) сап һе written as 


А 


е 
4, 
the determinant | 
а, (2) | e 0) 
а, А 


Performing on this determinant (3) the operations 
. 


col, —a,col, ; col, —a,col, ; col,—a,col,; col, —a,col, 


we obtain 





1 а, а, а; а, 

a, а; а; а, as 
(—1) а, а, а, а, a, | 

аз а, а, ae a, 

а, а, а, а, а, 


The order of this determinant is less. by unity. than the sum of the 


suffix of first cof ‘the first row and the order of the original deter- 


minant in c's. Ав for example 


Cy 


| 2 thy 
Ca 6; Cy a, 1 0 а, a, а, а, 
€; Cg 6. а, а, 1 a, а, а, а, 
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That the last determinant is persymmertic becomes evident if we inter- 


change the first column with the third. In general 





f с, Cran Ü nel | 

] Е d Н 

| Coi C, xs .. Ü n 

| € pni $ Ciono 
0 о us Gd UE uw а, 
0 0 0а, a, .. а. 

e 
= (п+»—1) 
1 а, "IEEE M 
| 

Wa. cH ki cim ик XS ФА. ue "Raga 





ar 
multiplied by a sign faetor (—1)* ED or (—1)' according as r 


odd or even. 


Seismograms and their Significance" 


BY 


SUDHANSUKUMAR BANERII 


1. Introduction. In opening a discussion on the interpretation 
of seismograms, I am pained to observe that although India has wit- 
певвей іп recent times some of the most devastating ear thquakes, such 
as the Great Indian Earthquake = of 1897 or the Kangra Earthquake 
of 1905 which wrought considerable mischief especially in the 
epicentral area and resulted in the loss of more than 20,000 lives, 
Indians do not appear to have evinced much interest into the scientific 
study of earthquake phenomena. So far as I am aware the only valu- 
ablé works on earthquakes done in this country were by two Europ- 
eans, namely, В. D. Oldham ? and C. 8. Middlemiss both of whom 
were Superintendents’ of the Geological Survey of India. Now that 
the Indians are forging’ their heads in scientific research, I should 
consider myself fortunate if the discussion whieh:is being opened 
to-day will ехейе iu any of them an interest into this recently 
developed branch of science pregnant with immense possibilities. 


In two papers + published in the Philosophical Magazine for 
July, 1916, and January, 1918, I investigated the properties of sound 
waves produced by the impact of two bodies, say two billiard valls: 
The sound waves so produced are highly impulsive iu character and 
similar, is the case with a great tectonic” _ eatthqnake produced һуа 


! Opening address in а discussion of ‘ Seismograma and their Significance’ deli- 
vered at the Eighth Indian 86 ence Congress held at Степа on February Ist, 1921. 
The results of an enquiry by the present author into the mathematical theories 
‘of earthquake waves read before the Calentta Mathematical Society on 4th April, 
1920, have been incorporated in thix address, : 


2 The epicentral tract for this earthquake was situated in the neighbouring 
province of Assam, MN . . : 


з R D. Oldham, ^ Report onthe Great Earthquake of 12th June, 1897," Мет. 
Geol, Surv. India, XXIX, 1899; “On the .propagntion of entthqunke, to grent 
distances,” Phil. Trang., А., Vol 194 (1900), p. 135. 


- * 8 Banerji, “ Aerial Waves Generated by Impact,” Parea, Phil, Mag. a тшу; 
1916 and Pert It, Phil Mug, January, 1918. 
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relief of the strain to which the rock masses of the earth are subjected 
` by mountain making or other crustal movements. But the analogy 
drawn bétween a disturbance: traveling through a homogeneous 
gaseous medium and one travelling though a complicated structure 
like that of the earth must necessarily be far-fetched. Attempts 
were made fully deseribed in the papers quoted above to obtain 
records of the character of the impulsive sound waves by various 
methods and although results were obtained confirming the broad 
indications of theory, the photographs obtained could not be regarded -- 
„ав satisfactory records of the character of the sound pulse owing to 
the free vibrations of the receiving apparatus: excited by the sound 
of the impact. Arrangements to damp the free vibrations of the 
receiving instrument proved ineffective аћа rendered the instrument 
less sensitive. Very similar has been the experience of those pioneers 
in the study of seismologieal science who constructed the various 
types of seismographs with a view to record the earth. movement. 
To avoid the free vibrations of the pendulum rods used in these 
instruments, devices have been employed to make the rods practically 
aperiodie or dead beat. Although aperodicity is obtained at the 
expense of sensitiveness, the great energy contained in the earthquake 
waves has not rendered the seismographs in which damping arrange- 
ments are used altogether insensitive. We are therefore perhaps 
safe in assuming that our seismographs especially the Galitzin types 
in which electromagnetic dampers are used give reliable records for 
the horizontal and vertical components of the ground movement 
within the limits of error introduced by instrumental complications. 
It should, however, be noted that even with the best damping devices 
such for example as we have in the Galitzin arrangements, the free 
vibrations of the pendulum rod are not altogether avoided. This will. 
be clear from the fact tbat two instruments of the same type will 
seldom give identical records of the same earthquake even if installed 
in the same room. АП seismograms must therefore ‘be considered 
liable to error to a certain extent on this account, ` E : 


9. The three principal types of Wave-Motion in an Isotropic 
Elastic Solid. | 
| It was in 1881 that Poisson discovered that in*an isotropie 
elastic .solid.there, are two types of waves travelling with different 
velocities, That was a great diseovery in the-theory of ‘earthquake 
waves although the importance of it was hardly recognised at the Я 


i 
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time when it was made. The recognition of the’ itrotatioral and the 
éqiivoluminal.character of these two types of waves is due to Stokes. 
It is well known that the equations of motion of an isotropie не 
solid can be written in the form | : 
0A и .. 
giu n 





(A+2n) V* A —p 


NE 3e 
ну З(о,, ө,. о.) =p зе (w,. оу, 0,), 


where A denotes the dilatation and w,, w,,w, the components of 
rotation, À and р being elastic constants for the medium Тһе waves 
of dilatation or longitudinal waves therefore travel through the 


. nho. vans ЈА и ; : ; қ 
medium with a velocity ( —— — |? and the waves of distortion or 
. p - 
transversal waves involving rotation without dilatation travel with 
velocity (еуі . À very important pronouncement in the -theory of the 
B p p" - 


subject under discussion was made by Lord Rayleigh in the year 1887 
when he showed that besides the above two types of waves there can 
travel on the surface of an elastic solid a third type of waves with a 
velocity which is slightly less than the waves of distortion: Taking 
:=0 to be coincident with the solid Lord Rayleigh showed that for 
progressive waves whose fronts are parallel to the axis of y, the 
‘displacements, if the material be incompressible can be HMM in 
the form : i 


Ne eiei — +5433 e7** ) sin (pt - f у 
w zz U(e-/* —1-840 e7**) cos (pt--fa), 


where U is a constant and the velocity of propagation is 


P —:9554. Ву 


and if the meterial satisfies Poisson’s conditions - 
» wem Ufer 5778 e^**) sin (pif 
еі: 1475 6777 —1- 4679 et) cos (pt fa) 


and the velocity of propagation is 


-9194 (% y 
Е р 
. The distürbance represented by ‘these expressions is confined to a 
superficial region comparable with the wave length and as they diverge 


_ in two dimensions only.they must gain an increasing relative importance 
at в considesable distance from the source. | 


. 
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-8. Division of the Seismograms into three phases. 


A seismogram or instiumental time-record of- of the earth 
movement produced by an earthquake at some distance is now 
easily divided into three main parts 1; known as the ‘first phase’ 
the ‘second phase’ and the ‘long weve phase’ respectively. The 
beginning of thé first phase is-denoted by P and the beginning of the 
second phase by S and these are interpreted as representing the 
arrival of longitudinal and transversal waves which start simultaneously 
at the focus of the earthquake and travel by brachistochronic paths 
with different velocities and reach the observing station at different 
times The beginning of the long wave phase is denoted by L and is 
identified with the arrival of the surface waves with a velocity 
agreeing closely with that of Rayleigh waves. If the earthquake is а 
very large one we may after about 2} hours ohserve the arrival of long 
waves that have travelled by the opposite sides of the earth. 


Тһе fact that P and S represent the arrival of longitudinal and 
transversal waves that have travelled by brachistochronie paths from 
focus to the observing station is easily understood. It should not 
however be supposed that the waves of these two types travel by two 
simple brachistochronic paths from focus to station. This would 
undoubtedly be the case had the earth been a homogeneous isotropic 
elastic solid but the multiple diffraction which these waves must . 
undergo in the heterogeneous mass of rocks that constitute the earth’s 
crust must give rise not only to one principal but many subsidiary 
brachistochronic paths from focus to the station. This will partly 
explain the irregular movements that follow P and S. These features 
may also be partly due to subsidiary shocks either at the primary focus 
or at other points. | : 

The long wave phase though found by measurement to travel vound 
the earth’s surface with a velocity agreeing closely with that of 
Rayleigh waves is а complex phenomenon and “ For distances not less 
than two thousand kilometres the general appearance of-this phase is 
marked by first а few waves of period .about 20 seconds, pradually 
increasing in amplitude and looking as if they had been drawn with a 
shaking hand, then à rapid development of extremely smoth waves of 
rather shorter period which reach a maximum amplitude, subside, pass 
through а succession of maxima before merging into the tail of tie 
earthquake or сода. For short distances however this description does 
not hold good, L succeeds S very quickly, shorter periods ef about 12 - 


à Oldham “On the propauation of earthquake to great distances,” Phil. Trans. 
A, Vol, 194 (1900) p. 135. See also G. W. Walker “ Modern Seismology,” p. 48. 
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seconds prevail, and the duration of the whole phase becomes very short. 
Following the maximal or long wave phase we have the Coda. The 
amplitudes are row small and the movements are somewhat irregular 
and lacking іп smoothness. -But still the motion here їв on the whole 
periodic and sinusoidal (about 12 $econds)." * The remarkable periodicity 
of the long wave phase in the seismogram and of the coda is rather 
difficult to understand in view of the fact that the primary disturbance 
is an Zmpulse and has led to some conjectures about the surface crust of 
the earth. The most interesting of these hypotheses is that of Wiechert ? 
who supposed that the surface crust of the earth assumed to have a thick- 
ness of half the wave length of surface waves or about 35 Кт. апа to be 
resting on a sheet of plastic material is set into free vibrations by the 
impulse of the earthquake waves. Such a crust by its natural vibrations 
will provide an explanatibn of the dominant period of the long wave 
phase, say 20 seconds. But objection has been raised to the hypothesis 
of a plastic material on astronomical grounds. Further if such a erust 
is supposed to exist at all it must not only confine within itself the 
surface waves but also the longitudinal and the transversal waves. But 
we have, definite reasons to assume that these two latter types of waves 
penetrate deep into the earth. And is the hypothesis of a plastic meterial 
an absolutely essential one ? The surface crust of the earth exposed to 
daily radiations into the ontside space may eventually be conceived to 
be in a different physical state from that of the interior subject to an 
enormous pressure due to the surface crust. The familiar analogy of 
the bark and the trunk within is naturally brought into mind which 
need not necessarily be plastic and may be perfectly elastic, 


4. Surface reflexions of earthquake waves.* 


We have seen how the notation P and 8 is used to denote the 
arrival of longitudinal and transversal waves as recorded in the 
seismograms, by brachistochronie paths, But a seismogram may also 
show well marked sharp impulses comprised within the first and the 
second phases. Wiechert supposed that these represent the arrival of 
waves that have undergone one or more reflexions at the earth’s surface. 
'The notation PR, is used to denote a longitudinal wave that has been 
reflected n times at the surface thus dividing the epicentral distance into 


1 9. W. Walker “ Modern Seismology,” p. 50. 2 

2 Wiechert and Zoppritz, “ Ueber Erdbeben Wellen," „бон, Nach., 1907. 

з Walker, “ Surface Reflexions of Earthquake waves" Phil Trans, Ser А, 
V ol, 218 (1919). p. 878. I. 
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(n+1) equal parts and a similar notation SR, is used for the transver- 
sal waves. Waves are also contemplated of the type P, S, called 
"Wechselwellen by Wiechert that have undergone change from longitüdi- 
nal to tr ansversal or vice versa On reflexion at the earth’s surface. 


Recently Walker in а paper published i in the Philosophical Transac- 
tions of the Royal Society for 1919 has undertaken a quantitative 
analysis of reflexions theory on simple lines to explain some of the 
difficulties that have hitherto attended the interpretation of seismo- 
grams and süggests that a systematic examination of both times and 
magnitudes of P and S and atleast PR,, SR, and PS or SP is likely to 
afford important information about the primary time curves.: The 
difficulties mainly examined in this paper are: (1) that the times of 
the arrival of the reflected wave systems are not always in agreement ` 
with theoretical calculation fram the curves "for Р and S as fünctions of 
epicentral distances obtained by Zoppritz? which are in general use at 
seismological observatories, (2) that the relative magnitudes of the 
reflected waves to P and S undergo changes at different distances that 
are difficult to understand, fer example, it is doubtfulif reflexions are 
shown at all at less than 3000 km., at 8000 km. PR} is about as large as 
P, while at 12000 km. PR, is substantially larger than P. 


Itis not difficult to understand why no reflexions.should осепг for 
epicentral distances less than 3000 km. For such distances the seismic 
rays will be practically confined within the surface crust of the earth. 
For greater distances it seenis to ine that the simple reflexion theory “ін 
insufficient to explain the ‘phenomena. It would appear from the 
manner in which the relative magnitudes of the reflected waves change 
at different distances, that the absorption of seismic rays within the 
earth play a far more important part than it has hitherto been supposed 
to do, If it is assumed thatthe absorption increases with the depth 
then it is not difficult to conceive that a seismic ray which has followed 
& direct route from the focus to station will be more absorbed having 
entered deep into the ‘earth ал the-one which has been reflected: one 
or more times at the earth’s surface and therefore pursues a course more ` 
or less close to the surface curst. . NE" 

Assuming the loss of motion by communication to be proportional 
io the velocity, the elastic equations of motion can be written in the 
form 


А-а ДА 


зг Уи u -- Ku 
р On 


1 Zoppritz, Bott, Nach, 1907. 
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and two similar equations for v and w. These equations reduce to! 7 


. 9 --. о“ 
mw УУХ 
апа Ё Vo= o, +ko, 
© P 


and two similar equations- for wy, w.. The solutions of-these. équations 
can be written in the form | Б 


А=З,А, ваго és m EEE 1} i) ta} 








Le —— У р 
€, —X,B, mm се | cos $ М (Ene) i }, 


k may be supposed to slowly vary with the depth and the factor e 
will determine ег decay of vibrations. 


Another point 5 which attention should be invited ab this stage is 
that although the possibility of a longitudinal or transversal wave 
changing into a longitudinal or transversal wave or vice versa on 
reflexion has been recognised by Walker in his recent investigation, 
there seems to be however no reason why a longitudinal ог.а transversal 
wave should not give rise on reflexion to both of these types of waves 
simultaneously, nay, to Rayleigh waves as well. 


5. Energy carried away by the three types of waves. 


· It is now- definitely recognised that ‘ all earthquakes are due to the 
sudden fracture of the rock of the earth’s crust which has been strained 
by slow earth movements beyond its strength. Strong vibrations are 
set np at the fractured surface at the time of the fracture ’ and these 
travel as longitudinal and transversal waves through the ‘elastic solid 
material of the earth having a velocity of 7 and 4 kms. near the earth’s 
surface. This is very well understood but how are the Rayleigh waves 
which travel over the surface of the earth originated? The Rayleigh 


`.. 1 See the seotion on “the -problenis of seismolegy " by Н, Е. Reid under “А 
Burvey of Research Problems in Geophysics " prepared by the American Geophysis 
са! Union, Proc. of the National Academy of Sciences, Vol. 6, October (1920), p. 556, 
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waves must- be started when the body. waves mentioned above arrive ' at 
-the $urface- Ал idea of how and when they ӛге torman can ђе obtained 
‘from the-following considerations :— 


Let the cr&st by whose fracture the earthquake waves are generated 
occupy a region of space which we denote by T. Suppose that-this 


region had initially no displacement and that a velocity ( us, Vos w, ) 
was suddenly given throughout T by the fracture of.the crust. It is 


further supposed that at this instant (а, Co w,) has zero valües 
outside T. Let V,, V,, donote the velocities of propagation of longi- 
. tudinal and transversal waves. Lêt 8, denote а sphere of radius V ,! 
having its centre аб any point (x, y, 2) outside T and S, a sphere of 
rodius У,4 having its centre at the same point. Let Q denote that part 
of the volume contained between these two spheres which is within T. 
Let r denote the distance of. any point (4, у, 7) within Q or on the 
parts of S, and S, that are within T from the point (+, у, z) and let 


d. denote the sudden velocity acquired at the point (2, y’, 2') projected 
upon the radius vector v, supposed drawn from r, y, 2. Then the 
displacement (ш, v, w) at the point (s, y, 2) at the instant i'can be 
written in the form* "E 


а= . Әз ^1 8?: "1 
- (os * "6:83" " Шалы 


and similar expressions for v and can be easily written down. 


€ 


Obviously the disturbance expressed by (м, v, w) will first reach 
the part on the earth’s surface which we call epicentral tract and the 
disturbance on this tract will influence the formation of а већ of surface 
waves travelling with the usual velocity of Rayleigh Waves. Professor 
Knott ‘has shown that the greater part of the energy of an earthquake 
comes to the earth’s surface within a short distance of the epicentré 
and 95% within a distance of :90°. It would thus appear that а 
considérablé part of the energy that arrives at’ the earth’s ‘surface 


‘1 See Love's Elasticity, Third Edition, Art. 211, p. 808.(1920). Reference may 
also’ be made to a paper by Doge in London Math. Soc. Proceedings. (Sex. 2, V Vol. LI 
(1904), p. 2901. . Р | | p 
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"within the epicentral tract'or-in. its neighbourhood is converted! into 
surface . waves.: 'When- we remember that the -earthquake. originates 
“айга fault and. hat the mass movement there may be horizontal, inclined, 
or vertical, or of the nature of a twist, we realize that: this movement 
will influence one type of waves more than the others and that the 
energy sent out in different azimuths and at different vertical angles 
must be dependant on the direction of the fault and of the nature of 
the mass movement." . - 


If the focus of the earthquake be taken as the origin and if it is 
supposed that the earthquake is due to a-single force of magnitude x (2) 
acting in a direction which we take to be the axis of г, then the 
displacement (но, Voy We 3) at’ any point before the disturbance has 
reached the curved surface of the earth is given by 


“= д ec Рх в) de іш any [n st 
| ds | 
4 р! ) че, (i) 


EUN SA , људи + Өт 9" ЖТ. Y 
Da ge | Uy(é—t’) ++ Garde ду iL x(: :) 


^» ~ 
D 








cui Oir !v(t— Or Or (1 E. 
ШЕТ а | Ld ааа E (I) 


rja 


а апа be denoting the velocities of propagation -of longitudinal and 
transversal waves.? 77 


SAS M * 7 Proc. Nat. Acd. of Sciences, Loc. cit. 
= Love's Elasticity, (Third Edition), p. 310. 
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Tf the origin be transferred from the focus-to the centre of ‘the earth 
and the axes be taken to be = set of parallel ахей drawn-at that, point, 
the same expressions for (ts, v,, w,) remain true proved. we change 
the meauing of 2 ю 


= (ae) (y—B)* + (1—7), 


a, B, y now denoting the coordinates of the sestliquaks focus. 


When the disturbance represented by (ue, v,, w,) reaches the 
earth's surface, it will. not satisfy the condition of zero stress there. 
To satisfy this condition of zero strebs, we assume that there exists 
simultaneously a set of disturbance given by e 


dme BY a) 


+3, QE 9 +6, À 





(=) 


and two similar expressions for v, and w,, where R is the radius vector 
from the earth's centre, and a set of surface waves of the Rayleigh 
types given by = - ‘ 


icd jw (=) 


tls ==, (ave +В, 


бур x( +- е) 
с 


and two similar expressions for v, w,, c being the velocity of propaga- 
tion of Rayleigh waves aud p the earth's radius. 


Expanding (н, Vo) ж.) by Taylor's theorem in the form 


Ar же tg; (64) + 


ИКАО 
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where L,, M, are known constants, the arbitrary constants are 
determined бош the conditions of zero stress оп the boundary, Rp, 
namely, three equations of the type 


"E À + 5: О ue Tu )+R 8: 07 


where пн HU, us, ete. 


The detailed discussion of this proble will be given by the author in 
a subsequent paper. 


It should however be remarked here that a very important investi- 
gation has been made by Professor Lamb! on the propagation of tremors 
over the ‘surface of a semi-infinite elastic solid bounded by a plane. 
The following expressions have been obtained by him for the horizontal 
and vertical displacements due to a single impulse of the type 


D. _R т 
к= Be 


аба distance large compared with 7 : 


+ 


со” B b 
„=E 9 | R (#— 0 cosh м) du— тш „|| 6. U (6). 
ть до 
0 | -& 7 
со 
Sf R'(t—060w cosh в) dud6, 
0 
o | oo 
шер; 6. YO 6 5) Е (2—6 cosh a) du ад, | 


1 Phil. Trans: Бау Soc, (Ser. A), Vol. 208 (1904). ; sr 
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b30(20* Ъз) V (82 —a2) V (b2 —83). 


Thee 2 COS (agi Lii 168 (95 —a*) CL DE 
HQE Re) 


re À 


w= A (a? + y?) and'a<0<b. 


Curves for q, and w, have been obtained from the asymptotic 
values of these integrals. ТЬ appears that “the initial form of. the 
system . of waves depends on the history of the primary impulse, but if 
this be of limited duration, the system gradually develops a character- 
istic form, marked by three salient features tqvelling with the velocities. 
proper to irrotational, equivoluminal and Rayleigh waves respectively. 
As the wave ‘system passes any point of the surface, the horizontal 
displacement shows first of all a single well marked oscillation followed 
by a period of comparative quiescence, and then another oscillation, 
corresponding to the epoch of arrival of equivoluminal waves. The 
whole of this stage constitutes what may be called ‘the minor tremor ;’ 
it is of course more and more protracted the greater the distance from 
the source, and its amplitude eontinnally diminishes, not only absolutely 
but also relatively to that of ‘the main shock’ which is identified 
with the arrival of the Rayleigh waves. Similar statement applies 
to the vertical displacement, except that the minor tremor leads up 
more gradually to the main shock, being interrupted, however, 
by a short of jirk at the epoch of arrival of equivoluminal waves.” Prof. 
Lamb made an estimate of the effect of the curvature of the earth and 
poirited out that the chief qualitative difference introduced’ by the 
curvature of the earth will be that the minor tremor will be propagated 
directly through the earth, so that the first two epochs will (at distances 
comparable with the radius) be accelerated relatively to the main shock. 
It seems to me that Prof. Lamb very much underestimated the. effect of 
the cürvature of the. gar rth. ~The curvature is mainly instrumental to 
produce the multiple reflexions of the earthquake waves recognised in 
the seismograms by that notations PR,, SR, and P, 5, апа we have 
seen that some of these reflected disturbances are more important а 
the original disturbance! Den » 3 


`6. Oceanic Чеш а by Шы earthquakes. 


It is well-known that submarine earthquakes give rise to great 
water waves. In the case of the Pacific Ocean it is known that these 
waves travel frém :'one:sidé of the ocean to the other. It was at one 
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time the general belief that the first indication of these waves along B 
coast is marked by the withdrawal of water, followed by a great 
elevated wave. It is now recognised that this is not а general charac- 
teristic of the oceanic disturbance and although this order is very 
frequent, the elevated wave is very often seen first to appear. 


It weald be very interesting to give a mathematical discussion of the 
oceanic disturbance produced by earthquakes, But the problem isa 
complex one on account of the fact that the water waves ‘and the 
surface earthquake waves travel with different velocities. If the 
disturbance in the epicentral tract under the sea (which by far will be 
more important than the subsequent surface tremors progressing over 
the bottom of the sea) be regarded as a source varying according to some 
prescribed е say for example, | 


fU 


a law for which the surface tremors on a semi-infinite solid have been 
investigatea by Lamb, then the tidal elevation 6 is given ру! 


aud. (= 3 gin dt сов Ëy 
4427? Vr 4 2 


approximately, where == TT tan 7. The diagram giving the relation 


between € and # given іп Lamb's Hydrodynamics (page 298) shows clearly 
how the elevation and the subsequent withdrawal of water as the wave 
progresses over any point are sharply defined. Whether the withdrawal 
should be preceded by elevation or vice versa will obviously depend on 
the position of the epicentre as well as the observed point. 


7. Interior of the Earth. 


Very valuable information has been obtained about the interior of 
the earth from the observed times of transit,of seismic rays to different 
places on the earth's surface; Тһе speeds of propagation of longitudi- 
nal and trgnsversal waves depend on the elastic constants and the 
density and 15 las been suggested that this may provide us with a 
means, of.estimating the elastic constants of the material of which the 


à 


У Lanib's Hydrodynamics (Fourth Edition), Art. 197. 
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earth, is composed. The problem to be solved isthe inverse one ọf 
calculating the speed of propagation at different points inside.the earth 
from the observed times of transit to different places on the earth’s 

surface. Rudzki and Kovesligethy treated this problem mathematically 
by regarding the rays along which the energy is propagated as brachis- 
tochronic paths, their mathematical assumptions, however, were made 
so as to get a soluble case, and had no dynamical harmony with known 
seismological: facts. In 1907. Prof. C. б. Knott! discovered a-law 
of velocity which gave results agreeing closely with observations, while 
Wiechert and Zôppritz worked out an interesting case in which 16 was 
assumed that the rays are circles. - + 


' ТЕ it is assumed that the earth may be, divided into a series of 
concentric spherical shells within each of which the material is uniform, 
it has been shown by Bateman* in 1910 that the problem reduces to an 
integral equation of the Abel type and that its solution can be easily 
obtained. If A denote the epicentral distance and T the time taken 
by the seismic ray to travel to the point, we have 


i v" Еа 
==) ыы Gh) Étogran _ 


“в. 


raf o- (q? nod yd Я ов" | 


^ 


where b=, v, being the velocity-of propagation at- the- surface, and 
Р шош R сове рат _@Т r 

v, dA db °v 
rand R, the earth’s rhdius. Thə solution is given by I E E: 





таз, 9 being the velocity аб a point: 


2 


„2 Knott,“ The propagation-of earthquake waves-through the earth aud connected" > 
problem," Proc, Edin. Roy. Boc., Vol, 39, p. 157. 
2 Bateman, Phil. Mag., 1910. ое ў À 
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: px pts = LME 
and — | | 2:9 log CÓ А (=) ` етае, 
dy - таң ђ 
А 7) 
e. 
; ; : dT 
so that if 0 and T can be expressed as а funetion of c or "dé we 


should geb v as а function of т and hence the velocity at any depth. 
` Now the observations give T as a function of A, so that theoretically 
the problem is completely solved. 


Following up this solution and comparing it with observed data, 
Prof, Knott only recently in 1919 ап the Proceedings of -the° Edinburgh 
Royal Society have obtained very valuable conclusions about the interior 
of the earth. His results may be summarised as follows :— 


(1) The seismic rays, both of the condensational and distortional 
waves, are on the. whole concave outwards, indicating that the speeds 
of propagation increase with the depth below the earth's surface until а 
depth equal to about three-tenths of the earth's radius is reached. 


(2) At this depth the speeds of propagation tend to or reach а, 
constant value and then fall off slightly-for greater depths. certain 
rays showing 2 convexity outwards. 


(4) That data of observation are insufficient to enable us to trace 
waves which reach a depth lower than six-tenths of the earth’s radius. 


(4) The evidence is that at or near this-depth the distortional 
wave is cut out, so that over arcual distances from the epicentre greater 
thdn 120° there is no characteristic appearance of the secondary wave 
in the seismograms. 


(5) The hypothesis suggested by these facts and deductions is that 
the earth consists of an elastic solid shell down to a depth of about 
half the earth’s radius, that at this depth, the rigidity begins to break 
down, and that finally at a depth of six-tenths of the earth’s radius, the 
elastic solid shell gives place to a non-rigid nucleus of measurable 
compressiblity. This hypothesis is broadly similar to the views 
advanced by R. D. Oldham so early as 1901. 


Records of earthquakes at distances more than 110° have proved 
very unsatisfactory. Doubts are still entertained whether this is due 
to the imperfections of our observations or to the existence of a central 
core in the earth having different physical properties from the material 
surrounding it as suggested in the above hypothesis, 
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8. Microseisms. 


1 do not propose to enter into a discussion of the various theories 
that have been advanced to explain.microseisms or “ earth tremors” 
which are still controversial, I would only-refer to Dr. Klotz of Ottawa 
who studied the microseisms by, means of a Bosch seismograph and is of 
opinion that the lar gest effects observed at Ottawa are always associated 
with the cyclonic areas in the North Atlantic and he suggests . that. the 
microseismic movement may appear in West Europe before the cyclone 
arrives. If this is so, it is a very valuable addition to our meteorologi- 
cal knowledge. If those who are responsible for our meteorological 
observatories most of which are provided with seismographs had learned 
to -observe -this effect many valuable lives and properties could perhaps 
have been saved in the terrible cyclone which visited Hast Bengal only 
the other day and whose memory is still freslt in our mind. | 


9. Earthquake Periodicity. 


` lt is said that the Tibetans can predict the occurrence of earthquakés. - 
If this be true the Tibetans must have discovered some kind of perio-: 
dicity of the earthquake activity from earthquake statistics. It would 
be. interesting to know what kind of periodicity the Tibetans, have 
discovered. Њ may however be remarked that by the application of 
Fourier analysis to earthquake statistics Prof. Turner? already finds, 
evidence of a 452 day period of earthquake activity. 


D 


! See Brit, Ass. Reports, 1912. 


teo 


cum s er ~ 


Notes” and News 


At de ЕН Convocation of the Calcutta Uviversity, held 
on March 2 №, Lord itonaldshay, Rector of the. University, invited 
the Hon'ble Sir Asutosh Mookerjee to accept the Vice-Chancellorship 
óf- the University and to carry out the much needed reforms 
recommended by the Calcutta University Commission. > Perhaps 
no other educationist in India is better fitted for this gigantic task. 


Тһе Caleutta Univeisity.has nominated Prof. С. V. Raman, M.A., 
as the representative of their scientific teaching staff to attend the 
forthcoming Congress of the Universities of the British Empire which 
meets at Oxford in July next under the Presidency of Lord Curzon. 
Prof. Raman intends to sail for England in May and will visit the 
principal centres of scientific research in the British Isles.: He will 


carry. with him the heaitiest good. wishes of all Lscientino workers in 
India. 


The -death of Sir Rashbebary Ghose, the prince among the 
Caleutta Graduates, the foremost Lawyer of Bengal and the greatest 
benefaetor of the Caleutta University, has cast а gloom over the 
whole of Bengal and rightly so, for any country in the world сап 
be proud of sueh a mighty produet of her soil Тһе Caleutta 
Mathematical Society have reasons to be especially grateful to the 
memory of Sir Rashbehary Ghose. At the time when the Society-was 


just formed, a donation from him enabled the Society to build ap its 
library. . 


Тһе third Conference of the Indian Mathematical Society was 
held in Lahore on Saturday, Sunday and Monday, March 26th, 27th 
‘and 28th, 1921. His Excellency Sir Edward Douglas Maclagan, 
Governor of the Punjab opened the Conference. Twenty papers were 
communicated besides the Presidential Address by Mr. Balak Ram, 
“М.А., LC.S., and the Report of the Society by the Hon. Secretary, 
Prof. D. D. Kapadia, М.А., B.Se. 


_ The following five mathematical periodicals have ceased publication 
(temporarily, af least): Archiv der Mathematik und Physik (last 
volume, 28, 1919); Bibliotheca Mathematica (last volume, 14, 
1914-15); Journal de Mathématics Pures et Appliqueés ox Liouville’s 
Journal (last volume 84, 1919); Nouvelles Annales de Mathématiques 
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(last volume 79, 1920); Zeitschrift für Mathematik und Physik (last 
volume 64, 1917). It has been announced that Annales scientifique 
de I? Ecole Normale Supérieure aud Bulletin de la Société Mathématique 
de France will have to be discontinued unless many new subséribers ' 
are fortheoming at an early date. "The ойдов Mathematical Society 
had recently to inerease the membership fees and the admission fees 


from one guinea to^two guineas with a view to. meet the enórmous: 


defieit with which the Society had been running its journal.. The 
post-war eonditions will thus appear to have seriously affected = some . 
of the well-known mathematical journals. 


An 
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REPORT FOR THE YEAR 1920 


: 1. The gentlemen named below were elected officers and other 
members of the Council for the year 1920 : -- 


President : 


. "The Hon'ble Justice Sir Asutosh: Mookerjee, Sarai siti, к 
`С.5Л., M.A., D.L., D.Ses Ph.D., E.R.S.E. 


Face- Presidents : 


Mr, Mahendranath Ray, C.LE., M.A., B.L. 
Dr. С. E. Cullis, M. ‘A,, Ph.D. ET d 
Dr. Syamadas Mookerjee, M.A., Ph.D. 


Treasurer : 
‚ Rai Bahadur Abinaschandra Bose, М.А. 


Secretary : 
s` Dr: Sudhansukumar Banerjee, D.Se. 


Council : 
Dr: D. N. Mallik, D.Sc., F.R.S.E.' 
Dr. S. C. Bagchi, LL.D., Bar-at-Law. 
С. V. Raman, Ева, М.А. 
Satischardra Bose, Esq., М.А. 
Manmathanath Ray, Esq., M A., B.L. 
© Narendrakumar Majumdar, Esq., М.А. 
Phanindialal Gangooly, Esq., M.A., B.L. . 
. Surendramohan Gangooly, Esq., M.Sc. | 
' Bibhutibhusan Datta, Esq., M. Se. | | 
79, During the year 1920, five meetings were held т 32 papers 
were communieated. | 
3. Four issues of the Bulletin (namely, Vol. X, No. 4; Vol. XI, 
Nos. 1, 2,; 8) containing 24 original papers, reviews, notices and 
miscellaneous notes have deen published іп 1920. The number of the - 
Bulletin, which was to have been published in June, 1920, could not , 
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be brought out in time on account of illness of the Seeretary and 
corsequently а double number of the Bulletin was issued in Seotember 
1920. The four numbers of the Bulletin issued during the year form 
“a volume exceeding 250 pages. 


4. The Шо important event during the ye.r was the holding of 
an International Congress of Mathematicians at Strasbourg on 
September 22, 1920. The Society was duly invited to participate in the 
function but it was not found possible to send any representative to 
Strasbourg. The Congress ‘appears to have been a very successful 
function although on account of the peculiar situation in which the 
last war has left the world some countries found it impossible £o send 
delegates to the Congress. ‘Though attended chiefly by French 
Mathematicians, it appears that six Englishmen and twelve Americans 
took part in the programme. Italians, Spaniards and Scandinavians, 
as well as Germans and Austrians were conspicuously absent. The 
total attendance was about 200. It is to be hoped that the cloud 
which the last war has east over the world will soon disappear »nd 
that the International Congress of 1924 which has been voted to be 
held in the United States of America will be a greater success and 
will bring together the mathematicians of the world to an everlasting 
bond of friendship and mutual good will. 


5. During the year India has lost a distinguished mathematician 
by the death of Mr. Raman ijan, B.A., F.R.S. Mr. Ramanujan died 
at; the early age of thirty-two and was the first Indian to become 
a Fellow of the Royal Society of London. , 


6. Тһе Council adopted this year the important rule that a paper 
accepted for publication in the Bulletin of the Society should not be 
republished by the author in à different Journal without the sanetion 
of the Council and without making the necessary acknowledgment. 
The Council regrets to find that this rule has not been usually 
observed by the contributors. ` 


7. During the year the Society has received letters from several 
distinguished savants of Europe and America expressing their 
appreciation of the work done by the Society and extending their 
co-operation and fellowship for which tbe Society offers its best thanks. 
The Society has entered: into several new exchange relations during the 
year. The Society’s exchange relationship-with the German ‘Academies > 
which was temporarily stopped on account of the war has been revived + 
during this year. Тһе“ present exchange list of the Society contains ' , 
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nearly sixty different names. The Bulletin is being subscribed by some 
of the Universities of Europe and America. | 

8. The Bulletins of the Society һауе been regularly reviewed in 
the Revue Semestrielle des Publications Mathematiques, the Ameriean 
Mathematical Monthly, the Mathematical Gazette, the Science 
Abstracts and the Science Progress. Тһе appointment ‘of the present 
Seeretary of the Society as а соПафогабог for the first mentioned 
publieation has greatly helped in the regular review of the Bulletin by 
that publication. Prof. Dr. L. Lichtenstein has informed the Society 
that the forthcoming publication of the Fortschritte der Mathematik 
will contain a review of all papers published in the Bulletins of the 
Society. Тһе Society has been recently requested for co-operation ій 
the working organisation of ‘the Zentrale für naturwissenschaftliche 
Berichterstattung, Berlin 'and the Society has thankfully accepted the 
offer. : 
9. Asin previous years, the Society has to record its gratefulness 
to its distinguished founder President who has always given 
to the Society ungrudgingly and cheerfully a portion of his most 
preeious time to the great encouragement of the members of the 
Society and whose-inspiring presence was seldom missed in any of the 
meetings of the-Society. Тһе present mathematical activity in the 
University.of Calcutta is his creation and it is only to be hoped 
that under his fostering care this activity amongst the Calcutta 
mathematicians will not only increase the yearly output of 
mathematical research іп Bengal which will tend to enrich the 
Soeiety's Bulletin but will also secure for it a recognised place amongst 
the best mathematical productions of the world. The Society also 
tenders its best thanks to the other offieers and the members of the 
Couneil for the valuable services rendered by them to the Society. 

10. Тһе authorities of the Caleutta University Press recently 
eommunieated to the Society that they will heneeforth charge the 
Society for the publication of its Bulletin only one-third the actual 
cost of its publication. For this act of patronage, the Society is 
deeply grateful to the authorities of the Press. Тһе best thanks of 
the Society are also due to the authorities of the Press for expediting 
the printing of the Bulletin which has enabled the Society to issue 
four DE during the year under review. 

` Теп ordinary members were elected in 1920. The present 
mn of ordinary members of the Society is 170 and i honorary 
members 25. 
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APPENDIX A. 


The following papers were read before the Calcutta Mathematical 
Society during the year 1920 :— | 

1. Prof. Sudhansukumar Banerji, D.Sc. “ On the application. of 
Mathieu functions to the determination of the vibrations of а string 
with a simple harmonie distribution of density." 

2. Mr. Girindralal ? меге M.A., B.L. “On the geometrical 
construction of a trinodal quartie.” 

3. Mr. Nripendranath Ghosh, М.А, “ The potent divisors of the 
characteristic matrix of a minimum simple square ante-slope." 
[Communicat d by "Prof. C. E Culits.]. 

4. Mr. Bholanath Pal, М.А. “А note on Whittaker’s formula 
for the solution of algebraic or transcendental’ equations.” 

5. Mr. Abanibhushan Datta, M.A. “On a generalisation of 
Neumann’s expansion in a series of Bessel functions.” ` | 
^ 6. Mr. Nripendranath ‘Sen, *M.Se. “Liquid motion inside 
rotating curvilinear rectangles.” Be ey E 

7. Mr. Mantha Lakshman Миы, M.A. ‘On the method of 
symbolic long division applied to the solutions of linear differential 
equations.” [Communicated by Mr. N. К. Majumdar, М.А.) 

7-8. Prof. S. K. Banerji, D.Sc. and Mr. Jyotirmaya Ghosh, M.A. 
“ Preliminary zepon of an enquiry into the mathematical theories of 
earthquake waves.” . 

9. Mr. Prabodhehandra Sengupta, М.А. “On Aryabhaia’s 
method of determining the mean motions of planets.” 

10. Mr. Surendramohan Sen, M.A. * Phoronomy in the Double- 
origin Angular Co-ordinates.” 

11. Mr. Nikhilranjan Sen, M.Se. “Оп a Potential Problem." 

12. Mr. D. Srivastava, M.Sc. “А note оп the theo: “ 


magnetometer.” [Communicated by the Secretary. | 1 мз 


18. Mr. Oudh Upadhyaya. “Оп some new Tautochrohes." a the 
14. Prof, C. E. Cullis, M.A., Ph.D. “ The evaluation of, the 
product matrix in а commutantal product of simple matrices having 
givén nullities,” part oe 
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15. Prof. S. K. Banerji, D.Se. “On the evaluatidn of the integral 
of the product of any number of Legendre functions of different degrees.” 

18. Mr. Nalinimohan Basu, M.Se. “On liquid motion inside 
rotating ares of three and four confocal parabolas.” . 

17. Mr. Haripada Datta, M.A. “ On the theosy of Continued 
Fraction (third paper).” - 

18, Мг. Sasindrachandra Dhar , M.Se. “ Оп the convergence of 
the solution of Mathieu's Equation of the second kind." 

.19. Mr. J. С. Kameswar Као, MSc. “Investigations on Ripple 
Motion.” [Communicated бу Prof. C. V. Raman, M.4.] 

20. Mr. Jyotirmaya Ghosh, M.Se. “ Radial strain in a 
gravitating heterogeneous sphere. de | i 

21. Mr. Jyotirmaya Ghosh, M.Se. “ Plain strain in а thin 
elastic lamina." і 

92. Мг. Oudh Upadhyaya. “А note on Fermat's number." 

93. Mr. _Nripendranath Sen, M.Se. “ On vertically propagated 
atmospheric waves of finite amplitude.” 

94. Prof. М. Fréchet of the University, of қылына “ бағ 
divers modes de convergence d'une suite de fonetions d'une variable. 
[Communicated by the Secretary. | , 

>. Prof. 8. к. Banerji, D.Se. * On the Problem of Submarine 
Signalling.” | С 

96. Mr. Haripada Datta, M.A. “On the theory of continued 
fraction (fourth paper)." , 

297. Mr. Abanibbushan Datta, M. n * On an extension of 


Sonine's integral i in Bessel funetions." 2 


98. Мі. Oudh Upadhyaya. “А note on quin-qui section.” 

29. Mr. Benode Bihari Paul, M.A., * Analytical Theory and 
Principle of Mathematical Evolution." [Communicated by Mr. 
Devaprasad Ghosh, M. А, NUE 

30. Mi. Haripada Datta, M.A. “On. some symmetric 
determinants.” | | 

31. Mr. Oudh Upadhyaya.’ “On Cyelotomie Hepta-seetion. “ 

32. Mr. Dhirendranath ^ Mookerjee. “Оп  Libration of 


. T , 
Equinoxes."*  : 


S. К. BANERJI, 0.8с, 
Secretary. 
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